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1. (a) Prove that if x is a real number, then ⌊2x⌋ = ⌊x⌋ + ⌊x+ 1

2
⌋.

(b) Prove that if x is a real number, then ⌈2x⌉ = ⌈x⌉+???. (You invent the formula and
prove it.)

(c) Prove that if x is a real number, then ⌈3x⌉ = ⌈x⌉ +
⌈

x− 1

3

⌉

+
⌈

x− 2

3

⌉

.

2. (a) State the definition of a countable set. (You must use the word “bijection” in this
definition.)

(b) Prove that the set Z of all integers is countable. (You need to prove that the formula
that you are giving is really a bijection.)

3. Recall that the factorial of a nonnegative integer is recursively defined by

0! = 1, ∀n ∈ Z+ n! = n · (n− 1)!.

(a) Prove

∀n ∈ Z+

1

(n+ 1)!
≤

1

n(n + 1)
.

(b) Prove

∀n ∈ Z+

n
∑

j=0

1

j!
≤ 3−

1

n
.

4. Recall that the Fibonacci numbers are recursively defined by

f0 = 0, f1 = 1, ∀n ∈ Z+ fn+1 = fn + fn−1.

Prove

∀n ∈ Z+

n
∑

j=1

jfj = nfn+2 − fn+3 + 2.


