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along the z-axis near (0, 0), then the values g(z,0) are equal to 1, while if we consider points
(0, ) lying along the y-axis near (0, 0), then the values ¢(0, y) are equal to 0. Thus, within any
distance (no matter how small) from the origin, there are points where ¢ = 0 and points where

g = 1. Therefore the limit lim(, .y (0.0y g(2, y) does not exist, and thus g is not continuous at
{0,0).

While the notions of limit and continuity look formally the same for one- and two-variable
functions, they are somewhat more subtle in the multivariable case. The reason for this is that on the
line (1-space), we can approach a point from just two directions (left or right) but in 2-space there
are an infinite number of ways to approach a given point.

Exercises and Problems for Section 12.6

Exercises

Are the functions in Exercises 1-6 continuous at all points in
the given regions?

1
1. ——F——onthesquare -1 <z <1, -1<y<1
+y

22
2. onthesquare 1l <z < 2,1 <y <2
22 + y2 g s Y =
3. ()y on the disk z° + y? < 1
‘ 2+ 2
l 4. (—fontherectangle—ga_'-'.mgg,oi:iji
cos Yy

5. tan(zy) onthesquare ~2 <z < 2, -2 <y <
. 2z —yonthedisk 2® +y* < 4

=2

Problems

In Exercises 7—11, find the limits of the functions f(z,y) as
(z,y) — (0,0). Assume that polynomials, exponentials, log-
arithmic, and trigonometric functions are continuous.

7. flzy)=e"77

8. flz,y) =2 +¢°

x
9. f(a:,y)ZW
T+y
10. f(: e N 1 5
o2 2 i
sin(z* 4 1 . . sint
1Lf@y%?‘%;j%2 (Hint:Jing =~ = 1]

In Problems 12-13, show that the function f(z,y) does not
have a limit as (z,y) — (0, 0). [Hint: Use the line y = ma.]

' T+
2. floy) =222,
z—y
! 22—y
13. f(z,y) = ==
14. Show that f(z,y) has no limit as (z,y) — (0, 0) if

' oy
flz,y) oyl

T#Y

x # 0andy # 0.

15. Show that the function f does not have a limit at (0, 0)
by examining the limits of f as (z,y) — (0,0) along the
line y = x and along the parabola y = z°:

2y

f(l')l/)=ﬁy7-,

(z,y) # (0,0).

16. Show that the function f does not have a limit at (0, 0)
by examining the limits of f as (z,y) — (0,0) along the
curve y = kz? for different vatues of &:

.IQ

24y

flz,y) = , 24y #o

B

17. Explain why the following function is not continuous
along the line y = 0:

Fla,y) = {1 — %
-3,

y =0,
y < 0.

In Problems 18-19, determine whether there is a value for ¢
making the function continuous everywhere. If so, find it. If
not, explain why not.

. c+y, =<3,

18, f(z-,y):{ o =
S5—xz, x>3
c+y, x<3,

19, f(x,y)z{ T
S5—y, x>3.

20. Ts the following function continuous at (0, 0)?

_ )+ i@y £ (0,0)
fy) {2 if (z,y) = (0,0)
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21. What value of ¢ makes the following function continuous
at (0,0)?

Tlroy) = oyt ]f(7y) #(0,0)
¢ if (z.y) = (0,0)

x

22. (a) Use a computer to draw the graph and the contour
diagram of the following function:

xy(r® — y?) N
flay) = { it o W00
0, (x,y) = (0,0).
(b) Do your answers to part (a) suggest that f 1s contin-

vous at (0, 0)? Explain your answer.

23. The function f, whose graph and contour diagram are in
Figures 12.86 and 12.87, is given by

il L
Flz.y) = { B ,y'w (-L: y) # (0,0),
0, (r,9) = (0,0).

(a) Show that f(0,y) and f(x,0) are each continuous
functions of one variable. Figure 12.87: Contour diagram of
(b) Show that rays emanating from the origin are con- z = .ry/(:L'2 + yQ)
tained in contours of f.
(¢) Is J continuous at (0,0)?

CHAPTER SUMMARY (see also Ready Reference at the end of the book)

e 3-Space Recognizing linear functions from tables, graphs, con-
Cartesian coordinates, -, - and z-axes, zy-, rz- and tour diagrams, formulas. Converting from one represen-
yz-planes, distance formula. tation to another.

s Functions of Two Variables e Functions of Three Variables
Represented by: tables, graphs, formulas, cross-sections Sketching level surfaces (function value fixed) in 3-
(one variable fixed), contours (function value fixed); space; graph of z = f(x,y) is same as level surface
cylinders (one variable missing). glz.y,2) = flz,y) — 2= 0.

e Linear Functions e Continuity
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Exercises

I. Onasetof z, y, and 2 axes oriented as in Figure 12.5 on  In Excrcises 3-6, determine if z is a function of = and y. If so,
page 641, draw a straight line through the origin, lying  find a formula for the function.
in the xz-plane and such that if you move along the line
with your z-coordinate increasing, your z-coordinate is 3. 6z —dy+22 =10
decreasing. 4, 72 - yz 122 =100

2. On aset of 2, y and ~ axes oriented as in Figure 12.5 on 5
page 641, draw a straight Jine through the origin, lying 6
in the yz-plane and such that if you move along the line
with your y-coordinate increasing, your z-coordinate is
increasing.

L322 -y 45z =104+x 4y
.22+ y? =100




7. Match the contour diagrams (a)—(d) with the surfaces (I)—
(IV). Give reasons for your choice.

(©

(I

m v

. Match the pairs of functions (a)—(d) with the contour di-
agrams (I)=(IV). In each case, show which contours rep-
resent f and which represent g. (The z- and y-scales are
equal.)

(@ flz,y)=z+y.g(z,y)=z—y

(b) flz,y) =22+ 3y, g(x,y) = 2x — 3y
© f(z,y)=2"~y,g(z,y) =2y +In|z|
@ flz,y)=2"~y> glz,y) =2y

w v

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER TWELVE 679
For each of the functions in Exercises 9-12, make a contour
plot in the region —2 < =z < 2and —2 < y < 2. In each
case, what is the equation and the shape of the contour lines?

9. 2=3x -5y +1 10. z =siny

11 2z =222 +4¢° 12, 7= e 22°-V°

13.

Describe the set of points whose z coordinate is 2 and
whose y coordinate is 1.

14. Find the equation of the sphere with radius 2 and centered
at (1,0,0).

Find the equation of the plane through the points
(0,0,2),(0,3,0),(5,0,0).

Find the center and radius of the sphere with equation
22+ de+y? —6y+22+122=0.

15.

16.

Which of the contour diagrams in Exercises 17-18 could rep-
resent linear functions?

17.

18.

@

8

/ 4
/ 0
19. (a) Complete the table with values of a linear function

Sz, y).
(b) Find a formula for f(z, y).

// /7/%

_87

4
’
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20. The charge, C, in dollars, to use an Internet service is a
function of m, the number of months of use, and ¢, the
total number of minutes on-line:

C = f(m,t) = 35+ 15m + 0.05¢.

(a) Is f alinear function?

(b) Give units for the coefficients of m and ¢, and inter-
pret them as charges.

(¢) Interpret the intercept 35 as a charge.

(d) Find f(3,800) and interpret your answer.

21. Find a formula for a function f(z,y, z) whose level sur-
faces look like those in Figure 12.88.

Figure 12.88

Use the catalog on page 671 to identify the surfaces in Exer-
cises 22-23.

—_ 00~

o ~5000

~10000
—15000 \

—20000 I
—25000 |

—100F——

Figure 12.89

25. Figure 12.90 shows the graph of z = f(z, y).

(a) Suppose y is fixed and positive. Does z increase or
decrease as z increases? Graph z against x.

(b) Suppose z is fixed and positive. Does z increase or
decrease as y increases? Graph z against y.

Y
2. 22+ 22 =1 23, —x2+y2—22:0
24. (a) What features of the contour diagram of g(z,y) in Figure 12.90
Figure 12.89 suggest that g is linear?

(b) Assuming g is linear, find a formula for g(z, y).
Problems
26. Use a computer or calculator to draw the graph of the exist:

vibrating guitar string function: 2z — y?

g(z,t) = costsin2z, 0<z<m, 0<t<2r

30.

Relate the shape of the graph to the cross-sections with ¢
fixed and those with x fixed.

27. Consider the Cobb-Douglas production function P =
F(L,K) = 1.01L* ™ K25 What is the effect on pro-
duction of doubling both labor and capital?

28. (a) Sketch level curves of f(z,y) =
=123
(b) For what values of ¢ can level curves f = ¢ be
drawn?

z? 4+ y2 + z for

29. By approaching the origin along the positive z-axis and
the positive y-axis, show that the following limit does not

31.

lim .
(z,4)—(0,0) 2z + Y2

By approaching the origin along the positive xz-axis and
the positive y-axis, show that the following limit does not
exist:
T+ y
im
(@)= (0.0) 22 +y

You are in a room 30 feet long with a heater at one end.
In the morning the room is 65°F. You turn on the heater,
which quickly warms up to 85°F. Let H (, t) be the tem-
perature z feet from the heater, ¢ minutes after the heater
is turned on. Figure 12.91 shows the contour diagram for
H.How warm is it 10 feet from the heater 5 minutes after
it was turned on? 10 minutes after it was turned on?




t (minutes)

60
50
40
30

20 7

10

- T (feet)
15 20 25 30

Figure 12.91

10

5

32. Using the contour diagram in Figure 12.91, sketch
the graphs of the one-variable functions H(x,5) and
H (z,20). Interpret the two graphs in practical terms, and
explain the difference between them.

33. Sketch cross-sections of f(r, h) = wr2h, first keeping h

fixed, then keeping r fixed.

34. Find a linear function whose graph is the plane that inter-
sects the zy-plane along the line y = 2x+ 2 and contains

the point (1, 2, 2).
(a) Sketch the level curves of z = cos v/ z2 + y2.

(b) Sketch a cross-section through the surface z
cos v/ 2 + y? in the plane containing the z- and z-
axes. Put units on your axes.

(c) Sketch the cross-section through the surface z =
cos 4/ 22 + y? in the plane containing the z-axis and
the line y = z in the zy-plane.

3s.

Problems 36-39 concern a vibrating guitar string. Snapshots
of the guitar string at millisecond intervals are shown in Fig-
ure 12.92.

CAS Challenge Problems
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Figure 12.92: A vibrating guitar string:
f(z,t) = costsinz for four ¢t values.

The guitar string is stretched tight along the z-axis fromz = 0
to x = 7. Each point on the string has an z-value, 0 < z < 7.
As the string vibrates, each point on the string moves back and
forth on either side of the z-axis. Let y = f(x,t) be the dis-
placement at time ¢ of the point on the string located x units
from the left end. A possible formula is

y = f(z,t) =costsinzg, 0<z<w ¢inmilliseconds.

36. Explain what the functions f(z,0) and f(x, 1) represent

in terms of the vibrating string.

37. Explain what the functions f(0,t) and f(1,¢) represent

in terms of the vibrating string.

38. (a) Sketch graphs of y versus z for fixed ¢ values, t = 0,
w/4,w/2, 3w /4, 7.
(b) Use your graphs to explain why this function could

represent a vibrating guitar string.

39. Describe the motion of the guitar strings whose displace-

ments are given by the following:

(a) y=g(x,t) =cos2tsinzx
(b) y = h(z,t) = costsin 2z

40. Let A = (0,0,0) and B = (2,0,0).

(a) Find a point C in the zy-plane that is a distance 2
from both A and B.

(b) Find a point D in 3-space that is a distance 2 from
eachof A, B, and C.

(¢) Describe the figure obtained by joining A, B, C, and
D with straight lines.

41. Let f(z,y) =3+ x + 2y.

(a) Find formulas for f(x, f(2,y)), f(z, f(z, f(z,y)))
by hand.

(b) Consider (=, f(x, f(z, f(=, f(z, [z, y))))))-

Conjecture a formula for this function and check
your answer with a computer algebra system.

42. A function f(z,y, z) has the property that f(1,0,1) =

20, f(1,1,1) = 16, and f(1,1,2) = 21.

(a) Estimate f(1,1,3) and f(1,2,1), assuming f is a
linear function of each variable with the other vari-
ables held fixed.

Suppose in fact that f(z,y, 2) = az®+byz+czx’+
d2*~Y for constants a, b, c and d. Which of your es-
timates in part (a) do you expect to be exact?
Suppose in addition that f(0,0,1) = 6. Find an ex-
act formula for f by solving for a, b, ¢, and d.

Use the formula in part (¢) to evaluate f(1,1, 3) and
f(1,2,1) exactly. Do the values confirm your an-
swer to part (b)?

(b)

(©)
(d)
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CHECK YOUR UNDERSTANDING

Decide if the statements in Exercises 1-5 must be true, might
be true, or could not be true. The function z = f(z,y) is
defined everywhere.

1. The level curves correspondingto z = 1 and z = —1
cross at the origin.

2. The level curve z = 1 consists of the circle 22 + 3% = 2
and the circle z° + y* = 3, but no other points.

3. The level curve z = 1 consists of two lines which inter-
sect at the origin.

4, If z = e‘(z2+y2), there is a level curve for every value
of z.

5. Ifz = e*(z2+y2), there is a level curve through every
point (z,y).

Are the statements in Problems 6-66 true or false? Give rea-
sons for your answer.

6. The function represented in Table 12.13 is linear.

Table 12.13

luvo | 21 [ 12 [ 13 [ 14
| 3.2 | 11.06 [ 12.06 | 13.06 | 14.06
| 3.4 1175 [ 1282 | 13.80 | 14.96 |

L3.6 12.44 | 13.58 | 14.72 | 15.86
L3.8 13.13 | 14.34 | 15.55 | 16.76

40 | 1382 | 15.10 | 1638 | 17.66 |

7. ¥f f(z,y) is a function of two variables defined for all =
and y, then f(10, y) is a function of one variable.

8. The volume V of a box of height ~ and square base of
side length s is a function of h and s.

9. If H = f(t,d) is the function giving the water temper-
ature H°C of a lake at time ¢ hours after midnight and
depth d meters, then ¢ is a function of d and H.

10. A table for a function f(x,y) cannot have any values of
f appearing twice.

11. The function given by the formula f (v, w) = e”/w is an
increasing function of v when w is a nonzero constant.

12. If f(z) and g(y) are both functions of a single variable,
then the product f(z) - g(y) is a function of two vari-
ables.

13. Two isotherms representing distinct temperatures on a
weather map cannot intersect.

14. On a weather map, there can be two isotherms which rep-
resent the same temperature but that do not intersect.

15. A function f(z,y) can be an increasing function of x
with y held fixed, and be a decreasing function of y with
z held fixed.

16.

17.
18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34,

35.

36.

37.

38.

39.

A function f(z,y) can have the property that g(z) =
f(z,5) is increasing, whereas h(z) = f(z,10) is de-
creasing.

The plane z + 2y — 3z = 1 passes through the origin.
The point (1,2, 3) lies above the plane z = 2.

The graph of the equation z = 2 is a plane parallel to the
zz-plane.

The points (1,0, 1) and (0, —1, 1) are the same distance
from the origin.

The plane = + y + 2z = 3 intersects the x-axis when
T =3.

The point (2,—1,3) lies on the graph of the sphere
(=22 + (y+1)2+ (2 —3)2 =25.

There is only one point in the yz-plane that is a distance
3 from the point (3,0, 0).

There is only one point in the yz-plane that is distance 5
from the point (3,0, 0).

The sphere 2% + y2 + 22 = 10 intersects the plane
z =10.

If the point (0, b, 0) has distance 4 from the plane y = 0,
then b must be 4.

The cross-section of the function f(x, y) = « + 3> with
y = 11is aline.

The function g(z,y) = 1 — y* has identical parabolas
for all cross-sections with x = c.

The function g(z,y) = 1 — y? has lines for all cross-
sections with y = c.

The graphs of f(z,y) = sin(zy) and g{z,y) =
sin(zy) + 2 never intersect.

The graphs of f(z,y) = z*+y* and g(2,y) = 1 -2~
y? intersect in a circle.

If all of the x = c cross-sections of the graph of f(z,y)
are lines, then the graph of f is a plane.

The only point of intersection of the graphs of f(z,y)
and — f(z, y) is the origin.

A line parallel to the z-axis can intersect the graph of
f(z,y) at most once.

A line parallel to the y-axis can intersect the graph of
f(z,y) at most once.

The point (0,0, 10) is the highest point on the graph of
the function f(z,y) = 10 — 22 — 32,

The contours of the function f(x,y) = y* + (x — 2)?
are either circles or a single point.

Two contours of f(x,y) with different heights never in-
tersect.

If the contours of g(x, y) are concentric circles, then the
graph of g is a cone.

R




40.

41.

42.

43.

44,

45.

46.
47.
48.
49,

50.
51,

52.

53.

54,

If the contours for f(z, y) get closer together in a certain
direction, then f is increasing in that direction.

If all of the contours of f(x, y) are parallel lines, then the
graph of f is a plane. N

The h = 1 contour of the function h{z,y) = zy is a
hyperbola.

If the f = 10 contour of the function f(x,y) is identi-
cal to the g = 10 contour of the function g(x,y), then
f(=,y) = g(x,y) forall (z,y).

A function f(z,y) has a contour f = c for every value
of c.

The f = 5 contour of the function f(z,y) is identical to
the g = O contour of the function g(z,y) = f(x,y)—5.

Contours of f{z,y) = 3z + 2y are lines with slope 3.
If the contours of f are all parallel lines, then f is linear.
If f is linear, then the contours of f are parallel lines.

The function f satisfying f(0,0) = 1,f(0,1) =
4, £(0,3) = 5 cannot be linear.

The graph of a linear function is always a plane.

The cross-section = ¢ of a linear function f(z,y) is
always a line.

There is no linear function f(z,y) with a graph parallel
to the zy-plane.

There is no linear function f(z,y) with a graph parallel
to the zz-plane.

A linear function f(x,y) = 2x + 3y — b, has exactly one
point (a, b) satisfying f{a,b) = 0.
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55,

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.
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In a table of values of a linear function, the columns have
the same slope as the rows.

There is exactly one linear function f{x,y) whose f = 0
contour is y = 2x + 1.

The graph of the function f(x,y) = = + ¢ is the same
as the level surface g(z,y,2) = 2% +y° — 2 = 0.

The graph of f(z,y) = 4/1 — 22 — y? is the same as

the level surface g(z,y,2) = 2 + y* + 2% = 1.

Any surface which is the graph of a two-variable function
f(z,y) can also be represented as the level surface of a
three-variable function g(z, y, 2).

Any surface which is the level surface of a three-variable
function g(x, y, z) can also be represented as the graph
of a two-variable function f(z,y).

The level surfaces of the function g(z,y,2) = z+2y+=z
are parallel planes.

The level surfaces of g(z,y, 2} = 22 + y 4 z* are cylin-
ders with axis along the y-axis.

A level surface of a function g(x, y, z) cannot be a single
point.

If g(x,y,2) = ax + by + cz + d, where a, b, ¢, d are
nonzero constants, then the level surfaces of g are planes.

If the level surfaces of g are planes, then g{z,y,2) =
ax + by + cz + d, where a, b, ¢, d are constants.

If the level surfaces g(z,y, z) = k1 and g(z,y,z) = ko
are the same surface, then k1 = k.

1. A Heater in a Room

Figure 12.93 shows the contours of the temperature along one wall of a heated room through
one winter day, with time indicated as on a 24-hour clock. The room has a heater located at the
left-most corner of the wall and one window in the wall. The heater is controlled by a thermostat
about 2 feet from the window.

(a) Where is the window?

(b) When is the window open?

(¢) When is the heat on?

(d) Draw graphs of the temperature along the wall of the room at 6 am, at 11 am, at 3 pm (15
hours) and at 5 pm (17 hours).

(e) Draw a graph of the temperature as a function of time at the heater, at the window and
midway between them.

(f) The temperature at the window at 5 pm (17 hours) is less than at 11 am. Why do you think
this might be?

(g) To what temperature do you think the thermostat is set? How do you know?

(h) Where is the thermostat?
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Figure 12.93:

2. Light in a Wave-guide
Figure 12.94 shows the contours of light intensity as a function of location and time in a micro-
scopic wave-guide.

(@
(b)
(c)
(@

time {nanoseconds)

12

LYY/
o\
Y /\\
N
| AZ////

~10 —

«

10

distance from center
of wave-guide (microns)

Figure 12.94

Draw graphs showing intensity as a function of location at times 0, 2, 4, 6, 8, and 10
nanoseconds.

If you could create an animation showing how the graph of intensity as a function of loca-
tion varies as time passes, what would it look like?

Draw a graph of intensity as a function of time at locations —5, 0, and 5 microns from
center of wave-guide.

Describe what the light beams are doing in this wave-guide.




