Final Examination
MATH 224 March 14, 2012 Name
GIVE DETAILED EXPLANATIONS FOR YOUR ANSWERS. There are eight problems. Each is worth 12.5 points.

/g

1. The goal of this problem is to design a cardboard box
with the volume of 1 cubic unit and with the minimum
surface area.

(a) Label the edges on the picture to the right with
z,y, z. Calculate the exact values of x, y, z which , :
give the minimum area. X ;”7/

(b) Calculate the exact value of the minimum area.

(Notice that the bottom of the box is constructed in
the same way as the top. This is not shown in the
picture.)

2. The graph on the right shows three points A =
(3,2,1),B =(1,4.1) and C = (3,0,2).

(a) Use the cross product to find a vector
orthogonal to the plane drawn through
!

the points A, B and C.
(b) Calculate the area of the triangle ABC'

(c) Calculate the angle in radians between
the vectors ﬁ and AB.

(d) Find a point D in the same plane as
A, B,C such that the triangle ABD is
a right triangle. Notice that the vectors
ﬁ and /@ must be orthogonal.

3. The monthly payment P on a mortgage amortized over 30 years at nominal interest rate r% compounded
monthly is a function of two variables: the mortgage amount L and the interest rate r. That is P = f(L,7).
In this problem L is given in thousands of dollars, 7 is given in percentages and P is in dollars.

(a) Explain the financial significance of the numerical information given below:

(A)  £(230,5) = 1,234.69; (B) ol _oeiL ©) of 537
or oL
(L) (L45)
For each number in (A), (B) and (C) above provide the corresponding units. S

(b) Find a local linearization of the function f(L,r) near the point (230, 5).

(c) Assume that you plan to borrow between 28 and 240 thousands dollars. Assume also that the interest
rate fluctuates between 4.5% and 5.5%. Give an estimate for the lowest and the highest monthly
mortgage payment P under these assumptions and using the information given above.
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4. In this problem we consider the region in Ozy plane shaded in gray in Figure 1. Denote this region by R.

(a) Find the exact average value of the product zy if the point (z,y) belongs the region R.
(b) Find the exact average value of the sum z + y if the point (z,y) belongs to the region R.
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Figure 1: The region R Figure 2: The unit cube
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5. Consider the triple integral: / / / zdz dydz. Denote by W the region of integration in this integral.
0 Jz JO

(a) Evaluate this integral.

(b) The region W is a pyramid in the unit cube in Ozyz space. In Figure 2 T denoted the vertexes of the
unit cube by O. A, B,C,D,E, F.G. Determine which of these eight vertexes are the vertexes of the
pyramid W.

6. The temperature at a point (z,y, 2) in space is given by
T(x,y,z2) = 2wyz — day — z°
where T is measured in °C and z,y, z in meters. A bug is located at the point P = (1,2, 3).

(a) The bugs leaves the point P on the straight line towards the point @ = (2,3,4). At which rate is the
temperature changing as the bug leaves the point P?7

(b) In which direction should bug proceed from P in order to increase the temperature most rapidly?

(c) If the bug travels at 1 meters per second, if it proceeds in the direction that you found in (6b), how
fast will the temperature increase? (Denote this rate of increase by r.)

(d) Find a vector in a direction in which the rate of change of temperature at P is 0.

(e) Find a vector in a direction in which the rate of change of temperature at P is r/2.
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7. In this problem we consider the unit sphere and two integrals related to it.

2 s bty E ool
(a) Use jsoles coordinates to calculate the volume of the unit sphere. Give all details of your calculation.

(b) Determine the mass of the unit sphere whose density at the point P is given as the distance of the point
P from the z-axis. To help you visualize this unit sphere, in Figure 3 I provided a cross section of this
sphere and the zz-plane. >
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Figure 3: The unit sphere Figure 4: For Problem 8

8. Consider the function
flz,y) = 3% + 4oy + 1

subject to the constraint
1y =5

(a) Usc Lagrange multipliers to find the maximum and minimum values of f subject to the given constraint.
(Hint: The values of the parameter A are —1 and 4. To help you with this problem, in Figure 4 I provided
a contour plot of f and the graph of the constraint.)

(b) If the constraint is changed to
z? 4 y2 =5.1,

estimate, without any calculations, the maximum and minimum values of f subject to this new con-
straint.
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