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Give all details of your reasoning. {
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Problem 1. (a) Prove that 'z + y‘ < \z‘ + }y‘ for all real numbers z and y.
(b) Prove that Hal - le < [a - b[ for all real numbers a and b.

Problem 2. (a) State the definition of lim f(z) = L.
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(b) Use the definition of limit to prove that

lim z+VE
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Problem 3. (a) State the ¢-0 definition of continuity of a function f at a point a.

(b) Use the e-¢ definition of continuity to prove that the function f(z) = 1.2 8 continuous on its
T

domain.
Problem 4. (a) State the definition (using €) of a convergent sequence.
(b) State the definition of a bounded sequence.
(c) Prove that a convergent sequence is bounded.
Problem 5. (a) Consider the sequence
ar =3, tne1 =V1+a, neN.
Prove that this sequence converges and find its limit.
(b) State clearly the most important theorem which you used in the proof.

Problem 6. Find the sums of the following three series:

IX g2 XK1 R
(A) ;—2%; (B) ;——n(n+l); (C) ;—ng_l.

Problem 7. Use convergence tests to decide whether the series is absolutely convergent, conditionally
convergent, or divergent. Explain your reasoning: State clearly which test is being used and make sure
that all requirements of that test are fulfilled.
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Problem 8. (a) Find the domain of the function f(z) = Z % z*. (Pay special attention to the end-
k=1

points of the interval.) Calculate f(0), f'(0), f"(0).
(b) Calculate the power series for g(z) = f'(z). Here f(z) is given in part (a). What is the domain of g?

(¢) Find simple formulas for the functions g(z) and f(z) given in parts (b) and (a).
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(d) Based on (a), (b) and (c) calculate the exact values of Z kIZk and Z ) .
k=1
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