A squeeze for two common sequences that converge to €

The following two sequences are commonly used to define the number e:

Sy = PR Pn:<1+ﬁ>7 n € N. calﬂ‘fﬁf‘l
k=0 Two f&(uj-’v .
Here N denotes the set of positive integers. &

In this note we give a direct proof that {.5,, } and { P, } converge to thessamenlimit.
The main toeol in our proof is the Squeeze Theorem, which is probably the easiest to
prove among the limit theorems. However, to use the Squeeze Theorem, we need to
festablishrarelevant'squeeze, which is the main result of this note.

Surprisingly, many elementary mathematical analysis textbooks do not include a
proofthat {S,, } and { P, } converge to the same limit. The proofs in the classical book
[4] Theorem 3.31], and in more recent [1} Proposition 3.3.1] and [3} Appendix 2] all
use a limit theorem which they do not prove.

Sreanily

For completeness we give the standard proof that

{S,,} is bounded above by 3.
Clearly, Sy =2 < 3and as 1/kl < 1/((k = 1)k) for all k > 1 we have that

é Sn—z !_2+Z<———>:3—%,

for all@a > 1. Thus'S,, < 3 for allm € N. Since {:S,, } is increasing, it converges by
the Monotone Convergence Theorem.

The squeeze The squeeze that we announced earlier is:

\

3
S, — o <P, <8, for all n € N. €))
n
-—
Applying the Squeeze Theorem to (1) shows that {P } converges to the same limit as
{S,}, namely e. Tl Cast QwJeuce s brmf’- To wSW.Y 'T
&_'ggo( Su- Fw) = 0“9 zJ.

W
Proof of the squeeze Since (1) is true forn < 2, con51der n > 2. Our proof of .
is a succession of four steps, each suggesting the next one.

1. The binomial theorem yiclds an expanded expression for P,:
please rwiens

1\" - n!
Pn:(1+;> =;k!(n_k 1+1+Zk, k),nk )

2.For k € {2,...,n}, we rewrite tthe coefficient with 1/k!\in (2) as the product of
k — 1 factors:

(n_nk!;)!nk o (n—l)..n.k(_ri_ml) - (1_%>_”(1_k;1>. )

3. An.upper bound for the product in (@) is clearly 1, so we look for its lowerbound

next. We proceed recursively. At each step, in some sense, we turn a product into a
smaller sum.
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For k = 2 the product in has only one term and obviously (1 — 1/n) > 1 —
1/n. For k = 3, we expand the product and drop a positive term to get:

For k = 4, we multiply both sidesabove b (1 — %), expend the product on the right
and drop a positive term to get: (-Cpped <1¢p)

(2)0-0-2)> (5202122

Repeating this process a total of £ — 1 times and, at the end, using the familiar for-
mulal+2+---4 (k—1) = (k — 1)k/2 (whose history is given in the impressive
collection [2[) yields

<1—%><1_%>...<1_%>>1_1+..:(/§—1):1_%.

In conclusion, for the product in (3) we have

Tlas &
k—1k !

‘”’6 - > L T <1 forall ke {2...,n}. 4)

4. The inequalities in (4) are applied to the most right expression in (2) to establish
the inequalities for P,:

"1 (k- 1)k — 1
1+1+ZH<1—T><PH<1+1+;E'1=Sn- ©)

k=2 """
A simplification of the‘left-hand side of (3) leads to

1 & 1 1

~1 K1(k-1k B
LETLE m T mAla

Further. since S, 3 h _Cu}zﬂtrao‘f Wm)—{‘em
urther, since 5, _» < o, we have \//_\ yavu. hawte less
1 3

S, — —S5,_ S, — —
2n 25 2n

Consequently, the left-hand side of (5) is greater than S,, — 3/(2n). This proves the
squeeze in (1) for all n > 2 and completes the proof.

7ﬁ( Squesee tu (1) wat red. Hm q,'f 1S TW%“A
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