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Do 8 out of the following 9 problems. O

Problem 1. (a) Give a definition of a prime.

(b) Let @ be a positive integer greater than 1. Prove that there exists a prime p such that
pla. (Give all details of the proof.)

Problem 2. (a) Let a and b be positive integers. Prove ab = ged(a, b) lem(a, b).

(b) Calculate lem(9009,6279).

Problem 3. Prove that there exist infinitely many primes.

Problem 4. By deﬁnitionﬂa{r primes p and ¢ are called twin primes if ¢ = p+ 2. Examples: 5,7;
11,13; 17,19; 29,31, 41.43;59,61; 71,73; 101,103; 107,109; 137,139; 149,151; 179,181.

(a) If p and ¢ are twin primes with 3 < p < ¢, then p + 1 is divisible by 6.

(b) If p and ¢ are twin primes, then pg + 1 is a perfect square.

(¢) If p and g are twin primes with 3 < p < ¢, then pg + 1 is divisible by 36.

Problem 5. Let ¢ and b be integers, not both zero. Prove that there exist integers x and y such
that az + by = ged(a, b).

Problem 6. (a) State and prove Fermat’s Little Theorem.

(b) State the main proposition that you used in the proof of Fermat’s Little Theorem.

Problem 7. Solve the linear congruence 2076z = 3076 (mod 1076). Express your solution as
z = ¢ (mod n) where 0 < ¢ < m.

Problem 8. (a) Let a and b be any integers. Let m and n be positive relatively prime integers.
Lrevedhatthora oyictes an integor.c such that 1

1
z=a(mod m) and =z =0b(mod n) ) '1[&04 gc&é

r = ¢ (mod mn).

il

(b) Solve the system of congruences

r=3(mod 7), z=2(mod 8), z=1(mod9).

3

Problem 9. Let p and ¢ be distinct primes. Prove that

P+ g7 =1 (mod pg).
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