Final Examination ' . " ;
MATH 321 December 7, 2009 Name T/ N\ oW I

Give all details of your reasoning. Each problem is worth 12.5 points for the total of 100 points.

Problem 1. Consider the differential equation

dy 2
= = 2ty~. 1
G 2t (1)

(a) Does equation (1) have any constant solutions? Find them if they exist.
(b) Find the general solution of (1).

(¢) Find the particular solution of (1) which satisfies the initial condition y(0) = 1. Determine the
interval of existence of the solution.

(d) Find the particular solution of (1) which satisfies the initial condition y(0) = —1. What is the
interval of existence of the solution?

(e) Do you notice a significant difference between the intervals of cxistence of solutions in (¢) and
(d)? Explain using the formula for the general solution.

Problem 2. Consider the differential equation

1 1
y-27y=1 ®

(a) Does equation (2) have a constant solution?
(b) Find the particular solution of (2) which satisfies the initial condition y(1) = —1.

(1) Determine the exact interval of existence of the solution. (Notice that (2) is not defined
for all t. This has impact of the interval of existence of the solution.)
(ii) Is this solution increasing, decreasing or neither?

(c) Now consider an initial condition y(1) = a. For which numbers a is the solution of the corre-
sponding initial value problem increasing? Explain your answer.

Problem 3. Initially a 100-gallon container is filled with pure water. At time ¢ = 0 brine is added
to the container at a rate of 1 gallon per minute. The well-stirred mixture is drained from the
container at the same rate of 1 gallon per minute. It is not known what is the concentration of the
salt in the incoming brine. After 100 minutes it is measured that the amount of salt in the tank is
50 pounds. Determine the concentration of the salt (in pounds per gallon) in the incoming brine.

Problem 4. Consider the initial value problem
Y1) +2/(1) +5y(t) =0, y(0)= V3, J(0)=v3+2.
(a) Solve the given initial value problem. Denote the solution by y(¢).

(b) Write the solution in the form y(t) = Ae™ cos(wt—¢). Here A, ¢,w, and ¢ should be specific
numbers.

(¢) Use (b) to find the smallest positive number ¢y for which y(tg) = 0. Give a formula for all
numbers ¢ for which y(¢) = 0.
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Problem 5. Consider the initial value problem

"(t) + x(t) = cos(wt), z(0)=0, 2'(0)=0.
(a) Solve the given initial value problem.

(b) Place the answer in the form A sin(ot) sin(@t). Calculate the amplitude and the period of the
envelope of the solution as a function of w.

(c¢) Find the smallest and the largest value of w for which the amplitude of the envelope will be
bigger than 10. (Note that the smallest such value will be less than 1 and the largest such value
will be greater than 1.)

Problem 6. Find the inverse Laplace transform of the following functions

4 35 — 2 4s — 1
—— B) —— - C) ————.
s3 +4s’ <>52+4s+3’ ()52+2s+5

(A)
Problem 7. Use the Laplace transform to solve the initial value problem

'+ 4y + 5y =2sin(t), y(0)=1, 2(0)=-1L

Problem 8. In Figure 1 below, the solution of

2" (t) + 2’ (t) + wiz(t) = cost (3)

w

is drawn in gray. The
driving force, cos(t), is
drawn in black. We
assume that ¢ < wd.
Thus all solutions of (3)
approach the steady-
state response.  Fsti-
mate the gain and the

phase from Figure 1.
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Figure 1: The response to cost ]
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