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Exercises

2. The equation to be solved is
y"(t) +5y'(t) + 6y(t) = 0.

The characteristic equation is
N+ 51 +6=0.

The solutions are A\ = —2 and Ay = —3. Therefore,

yi(t) =€ and  y(t) =e

are solutions of the given equation. Now calculate the Wronskian

W(e_zt, 6_3t) — — e—2t(_3>e—3t _ e—3t(_2>e—2t — —6_5t # 0.

€—2t 6_3t
—26_2t —36_3t

Nonzero Wronskian implies that these solutions are linearly independent. Thus they form a

fundamental set of solutions. The general solution is

y(t) = Cre ™ + Che ™.

9. The equation to be solved is
y"(t) +4y'(t) + 5y(t) = 0.

The characteristic equation is
AN+ 41 +5=0.

The solutions are A\ = —2 4+ ¢ and Ay == —2 — i. Therefore,
y1(t) = e % cost and  yo(t) = e *'sint

are solutions of the given equation. The Wronskian is not zero, so these solutions are linearly

independent. Thus they form a fundamental set of solutions. The general solution is

y(t) = Cre* cost + Coe > sint = e *(Cy cost + Cysint) = Ae™* cos(t — ¢).

21. The initial value problem to be solved is

y'(t) +25y(t) =0, y(0)=1, ' (0)=-1.



First we find the general solution. The characteristic equation is
A’ +25 = 0.
The solutions are \; = 5¢ and Ay = —5i. Therefore,
yi(t)=e"" and  yy(t) = e

are solutions of the given equation. But, we are interested in real solutions. So, use Euler’s

formula to get the real and imaginary part:
y; = ™' = cos(5t) +isin(5t) and y, = e "' = cos(5t) — isin(5t).

As we showed in class the real part and the imaginary part of these functions are also

solutions of the given equation. Now calculate the Wronskian

cos(bt) sin(5t)

W (cos(5t),sin(5t)) = | sin(5t) 5 cos(51)

= 5(cos(5t))* + 5(sin(5t))* = 5 # 0.

Nonzero Wronskian implies that cos(5¢) and sin(5¢) are linearly independent. Thus they

form a fundamental set of solutions of the given equation. The general solution is
y(t) = C cos(bt) + Cysin(5t).
To solve the initial value problem we find the derivative first:
y'(t) = =5 Cy sin(5t) + 5 Cy cos(5t).
Now we use the initial conditions:
1=y(0)=C1-1+Cy-0, —1=¢'(0)=-5C,-0+5Cy-1.

Thus
Cl =1 and C2 = ——.

The solution of the given initial value problem is
1.
y(t) = cos(bt) — ; sin(5t).

But, much more preferable way to write the solution is in the form A cos(5t —¢). To do this

we use complex numbers:

cos(5t) = Re(e”"), —% sin(5t) = Re (% 65”)



Thus ' . |
cos(5t) — 5 sin(5t) = Re (65“ + % 65”) = Re ((1 + %) 65“) .

Now we convert 1+ i/5 to polar form

i T .. V26 .
1 R 1 i 29: 6
trT\V e 5

where 0 = arctan(l / 5). Hence,

(1_'_%) 652'1&: V526 eiG €5it: V526 ei(5t+9)

and therefore

1 ' - 26 . 2
cos(bt) — 5 sin(5t) = Re ((1 + é) 65”> = Re (g el(5t+9)> = g cos(5t+6).

Thus the solution is
1 V26
y(t) = cos(bt) — £ sin(bt) = e cos(5t — ¢), where ¢ = —arctan(1/5).
Just to make sure that the last two formulas represent the same function I plot them on the

same graph, see Figure 1.

22. The initial value problem to be solved is
y"(t) +10y'(t) + 25y(t) =0, y(0)=2, ¢'(0)=—1.
First we find the general solution. The characteristic equation is
A? 410X + 25 = 0.

There is only one solution \; = —5. The corresponding solution of the given differential
equation is
Y1 (t) = 6_5t.

As it is explained in the book the other solution is
yo(t) = te >t

The solutions

5t

yi(t) =e” and  yo(t) =te!

are linearly independent since their Wronskian is nonzero:

€—5t t 6_5t

5t , —5t\ _
W(e te )_ —5e Pt 5t _ Hte Ot

— 6_10t — 5¢ e—lOt + 5t€—10t — e—lOt % 0.
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Figure 1: Problem 21

The general solution is
y(t) = Cre "+ Cyte ™t

To solve the initial value problem we find the derivative first:
Y'(t)=—5C1e " + Cae® —5Cote™ = (=50, + Cy — 5Cyt) e,
Now we use the initial conditions:
2=y0)=C-14+C5-0, —1=19'(0) = -5C, + Cs.

Thus
Cl =2 and 02 =09.

The solution of the given initial value problem is, see Figure 2,

y(t) =2e " +9te® = (2+9t) e "

My comment. The initial value problem that we solved here can be interpreted as describ-
ing the motion of a mass attached to a spring with damping. Here the mass is 1kg, damping
is 10kg/s and spring constant 25kg/s*. At time 0 the mass is displaced by 2m from the

equilibrium position and it is given the initial velocity -1m/s. The solution that we found
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Figure 2: Problem 22

describes the position of the mass at any time ¢ > 0. It means that the mass will just creep

back to the equilibrium position.

An interesting question that arises here is whether we can give the mass an initial velocity
so that it passes through the equilibrium. To solve this problem we need to set the initial

velocity as an unknown quantity, call it vy and solve the initial value problem:
y'(t) + 10y/(t) + 25y(t) =0, y(0) =2, ¢'(0) = vo.
The solution of this problem is
y(t) = (24 (10 +vp) t) e,

Now the question is: for which vy there exists ¢t > 0 such that y(t) = 0. Since e ! > 0, we

need a positive ¢t such that
24+ (10+v)t =0.

Solving for ¢ we get t = —2/(10 + vg). This quantity will be positive if vy < —10. For
example, for vy = —18 we have t = 1/4 see Figure 3.
Looking at Figure 3, a natural question arises: What is the lowest position that the mass

will reach in this situation? Here we assume that vy = —18 and the solution is

y(t) = (2—8t)e "
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Figure 3: Problem 22, my comments

To answer the question, we take the derivative

y'(t)=-5(2—-8t)e " — 8" = (—18+40t)e "
Solving y'(t) = 0 for t > 0 we get t = 9/20. The lowest position of the mass is

(9/20) = (2 —89/20) e 920 = —(8/5) e /* ~ —0.168639.

24. The initial value problem to be solved is

y'(t) —4y'(t) = 5y(t) =0, y(1)=-1, y'(1)=-L
First we find the general solution. The characteristic equation is

N —4N—5=0.
The solutions are A\ = —1 and Ay = 5. Therefore,
pt)=c"  and  yp(t) =

are solutions of the given equation. These solutions are linearly independent. The general

solution is
y(t) = Cre™" + Coe™.



To solve the initial value problem we find the derivative first:
y'(t) = — Cre " + 5 Cye™.
Now we use the initial conditions:
—1=y(1)=Cr-et+Cy-¢€, —1=y(1)==Cy-e ' +5C,-¢
Thus we need to solve

C’le_l + 0265 =—1
—016_1 —+ 50265 =—1

We can always solve one equation and substitute the solution into the other equation. But,

here it is easier to add two equations to get
6C265 = —2.

Thus Cy = —e°/3. Substituting this in the first equation we get Cye™ —1/3 = —1. Thus
Cy = —2¢/3. Finally, the solution is

y(t) = —%e_t L - —% (261_t + 65(t_1)>.
26. The initial value problem to be solved is
W'(t) +yt) =0, y(1)=0, y1)=-2
First we find the general solution. The characteristic equation is
AN +1=0.
The solutions are A\; =i/2 and Ay = —i/2. The complex solutions are
e/t = cos(t/2) + isin(t/2), e 2 — cos(t/2) —isin(t/2).

The real solutions are
cos(t/2), sin(t/2)

These solutions are linearly independent. The general solution is
y(t) = Ccos(t/2) + Cysin(t/2).

To solve the initial value problem we find the derivative first:

v (0) = ~sin(/2) + 2 eos(1/2)



Now we use the initial conditions:
0 =y(1) = Oy cos(1/2) + Cysin(1/2), —2=19(1) = —% sin(1/2) + % cos(1/2).
Thus we need to solve
Cycos(1/2) + Cysin(1/2) =0
—% sin(1/2) + % cos(1/2) = -2
Solve the first equation for C'; and substitute the solution into the second equation:
1 sin(1/2)

Cr = =Gosin(1/2)/ cos(1/2),  Cag5 Cae

sin(1/2) + Cy % cos(1/2) = —2.

Solve the last equation for Cs:

o) (sin(1/2))2 + (cos(1/2))>

P cos(1/2) =2
S
2 cos(1/2)
Cy = —4cos(1/2)
o in(1/2) in(1/2)
Cr = ~Cyot o = eos(1/2) SR = dsin(12)

Finally, the solution is (see Figure 4)
y(t) = 4sin(1/2) cos(t/2) — 4 cos(1/2) sin(t/2).

My comment. It is interesting to determine the amplitude and the phase of this solution.
y(t) = Re(4sin(1/2)e™/2 + 4cos(1/2) i ")
=4 Re((sin(1/2) +iq 005(1/2))6it/z)
= 4Re( (cos(1/2) — isin(1/2)) ’t/2>
=4Re (ze_”/2 ’t/2>
= 4Re< in/2=i1/2 zt/z>
("
((

— 4 Re i(t— 1+7r/2)
=4cos((t—1+m)/2)

Thus the amplitude and the phase are

A=4 and o=
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Figure 4: Problem 26
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