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Exercises
12. The initial value problem to be solved is

0.12"(¢t) + 3.62(t) =0, x(0)=0, 2'(0)=—-04.

The solution of this initial value problem is z(t) = _L sin(6t). From the solution we see
that the amplitude is 1/15, the natural frequency is 6. To get the phase we rewrite the
solution in the form

A cos(6t — ¢)
To get ¢ we write in the polar form the complex number 0 — 1—15@ Clearly 0 — 1—15z = 1—156_2%
Therefore, the phase is —g.
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Figure 1: Problem 12

15. We are given an LC circuit with the C' = 2 x 107°F capacitor and L = 6 x 107°H
inductor. It is given that initially the current is 0. That is @'(0) = I(0) = 0. The equation

governing this circuit is

LQ'()+ £ QW =0, Q)= Q0)=0.



How do we determine @(0)7 It is given that the capacitor is charged to 20V and then
connected to the circuit. This implies that the voltage drop at the capacitor at t = 0 is 20V.
The capacitance law establishes the connection between the voltage drop at the capacitor

and the charge:

Eo==Q.

i
C
Therefore
QO0)=CE:0)=2x10°x20=4x 107",
This is the initial charge at the capacitor: Q(0) =4 x 107°C (coulombs).

The solution of the initial value problem

1

L) +7Q) =0,  Q0)=0Q, Q(0)=0,

is

Qt) = Qo cos (%t) |

This is the equation for the charge. The solution for the current is

— o sin( L t)—&cos(Lthz)
VILC VILC VILC VIC  2)°

Thus the amplitude for the current is

I(t) = Q'(t) =

-5
@ _ 110 20D s

VIC V6x106x2x10% V12 3

The natural frequency for the current is the same as natural frequency for the charge:

1 1 108
_ 10 ~ 2.88675 x 10°.

JIC V6x10°x2x10° 12

The phase is —7/2. In this problem book’s solution seems to be wrong. The question in

the problem is about the current. The answer is about the charge. Even the graph in the

answer indicated the charge. Clearly inconsistent with the question.

16. The spring constant k is determined from the equation 1-9.8 = 4.8 - k. Hence k = 2.

The initial value problem to be solved is
2(t) + 32'(t) + 2x(t) =0, z(0)=-1, 2/(0)=—1.

The solution is z(t) = —3e~" + 2e~%. Hence this is an overdamped case.
An additional interesting question here is to find the maximal displacements of the mass.

To answer this question find the derivative of the solution and find where derivative is
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Figure 2: Problem 15
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Figure 3: Problem 16



0. Then use this value in the solution. The zero of the derivative is ¢ = In(4/3). The
corresponding value of the function is —9/8. Hence the maximum displacement of the mass

from the equilibrium is 9/8m.

18. The spring constant k is determined from the equation 0.05-9.8 = 0.2 - k. Hence
k = 49/20. To find p so that the system is critically damped we solve the equation y? — 4 -
0.05 - % = 0. We get u = 7/10. The initial value problem to be solved is

I N A 5,
50" (t)—l—loz(t)—l—zox(t)—o, z(0) = 2'(0) =0.

The solution is z(t) = % e (1 +1t).

22. The coefficient p satisfies the equation 0.3 = 0.2u. Hence g = 3/2. The initial value

problem to be solved is

1, 3, 98 o 1 "0 —
0° (1) + 3% (t) + 1—0:)3(t) =0, z(0)=—, 2'(0)=0.

The symbolic solution of this equation is

A
sin(wt)) where w = T67 ~ 6.4614

1
z(t) = e 10U/2 <— cos(wt) +

3
10 24167

To write this solution in amplitude-phase form we calculate

1 3 T2 . 15
il = 4] —— ¢ h = arct —— | = 0.85965
10 + Wil 7 =\ 67 e, where ¢ = arctan (\/ﬁ)

Now we can write the solution as

2
x(t) = g\/ o7 e 12 cos(wt — ¢)

From this formula we can read that amplitude decays exponentially, the quasi-period of the

motion is 7' = 27 /w & 0.972415. The first passage through the equilibrium occurs at

2

O+7/2 037615
w

The subsequent passages occur for k =1,2,3,... at

¢+ m/2
W

T
+ k:§ ~ 0.37615 + k - 0.48621



Since the derivative of the solution 2/(0) = 0, all maximal displacements in positive direction
occur at integer multiples of 7', that is 7,27, 3T, ..., and the maximum displacements in
negative direction occur at odd multiples of T'/2, that is, T/2,T/2+ T,T/2+ 2T, .. ..

23. We will formulate an initial value problem for the charge Q(t). It is given that the initial
voltage drop on the capacitor is 50V. Since the capacitance of the capacitor is C' = 0.008F
and the charge is given by Q(0) = CE(0) we have Q(0) = 2/5 coulombs. The initial value

problem to be solved is

1O + 200/ () +125Q() =0, Q(0) = % Q'0) = 0.

The solution is 1
Q) = 5 e~3? (2 cos(5t) + sin(5t))

The problem asks for the current:
1) = Q'(t) = —g e=5/2 in(5¢)

To get the expression in amplitude-phase form we calculate

5. b5 _
0—5'&—56

T .
22

Then .
I(t) = 3 e %2 cos <5t + g)

An additional interesting question here is to calculate the local maximums and the local

minimums of the current, see Figure 4. We first find the derivative of the current

I'(t) = 27:5 e~ *"/% (=2 cos(5t) + sin(5t))

Then we write the derivative of the current in the amplitude-phase form. The first step is the
calculation of the polar form (notice that since the real part is negative and the imaginary

part is positive the argument is between 7 /2 and )

) 2
—24+i=15¢6? where = arccos <——) ~ 2.67795.
¢ NG

So the amplitude-phase of the derivative is

255
_ [6—&/2

I'(t) cos(5t — ¢)

We need zeros of this function. The smallest positive zero is the solution of

5t—¢:—g, t = —%+§zo.22143
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Figure 4: Problem 23

Since the period of this function is 27 /5 all other zeros appear at distances 7/5, that is
tg :t1—|—7T/5, tg :t1—|—271'/5,....
Thus the first few maximums of the current are

I(t) = —v/5ei™ 2 ~ —1.2855,

I(ty) = vVBe 5% ~ 0.26723

I(t5) = —V5e73577 &~ —0.055551

Q

e

One can see that the next extreme current is obtained from the previous one just by multi-
plication by
—e72 ~0.20788

24. First we calculate the spring constant k. We use the fact that the weight 10-9.8 kg m/s?
stretches the spring 1m. Therefore, 10 - 9.8 = 1 - k; that is £ = 98. Now the initial value

problem to be solved is
10y"(t) + 20y/(t) + 98y(t) = 0, y(0) =0, 3 (0)=—-1.2.

The characteristic equation is 10A? 4 20\ 4+ 98 = 0. The solution of this quadratic equation

are

A1 = —1+1V8.38, Ao = —1+1V88.



The general solution is
y(t) = Cre " cos(V8.8t) + Cae'sin(V8.81).

We use the initial conditions to determine C and Csy, but first calculate the derivative of
y(t):
y(t) = e (C cos(V8.8t) 4+ Cosin(V8.8t));

y'(t) = —e? (01 cos (\/@t) +Cy sin(\/@t) ) +et (—CI\/@ sin(\/@ t) +C5V/8.8 cos (\/ﬁ t) );

Hence
0= Cl and —1.2= —Cl + Vv 8.802,

and consequently

1.2
Cl - 0, 02 = —\/T_S

Finally, the solution is
1.2

y(t) = —

The next step is to write the solution in the form Ae™* cos(wt — ¢). The amplitude and the

et sin(\/@ t).

natural frequency are clear (respectively)

1.2
—e and V8.8.
/8.8

To find the phase we need to express — sin(\/8.8t) as cos(\/8.8t — qb):

—sin(v8.8¢) = Re (ieimt> = Re <eimt+m/2) = cos(V8.8¢ +7/2)

Thus the phase is ¢ = —7/2.
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Figure 5: Problem 24



