Final Examination VAN
MATH 504 November 11, 2008 Name l “/

Problem 1. Let V be a vector space over F and let u,v € V. Let (-,-) be an inner product
on V. Prove that (u,v)(v,u) = (u,u)(v,v) if and only if the vectors v and v are linearly
dependent.

Problem 2. Assume:

(a) k€N, (b) V is a vector space over [, (c) T € L(V),

(d) W is a subspace of V which is invariant under T, (e) vy,...,vx € V,

(f) A1, ... Ax are mutually distinct scalars in F, (g) Tv; = A, 7 =1,...,k.
Prove the following implication: Ifo,+-+v, €W, thenv; € Wiorallj € {1,...,k}.

Problem 3. Let V be a finite dimensional vector space over a field F. Let (-,-) be a positive
definite inner product on V. Let L(V,F) be the space of all linear functionals on V. Define
the mapping
® V- LV
by the formula
(®v)(u) = (u,v) foreach weV.

Here v is an arbitrary vector in V. Prove that ® is a bijection.

Problem 4. Let V be a finite dimensional vector spaces over F and let (-,-) be an inner
product on V. Let u,v € V. Prove that (u,v) = 0 if and only if

lu]| < lu+awv|| forall «€F.

(One direction is easy. The other direction is easier if you assume F C R. This will earn you
partial credit.)

Problem 5. Let V be a finite dimensional vector spaces over F and let {-,-) be an inner
product on V. Let T': V — V be a self-adjoint mapping. Prove the following implications.

(a) If a, B € R are such that o? < 43, then T? + oT + BI is an invertible mapping.
(b) If F = R, then 7T has an eigenvalue.

Problem 6. Let V and W be finite-dimensional vector spaces over F. Let U be a subspace
of V. Set k = dimU,m = dimV and n = dimW. For T' € L(V, W) we define the mapping
Ty (the restriction of T to U) by

(Tlu)z =Tz forall zel.
Clearly T'|, € L(U, W) whenever T € L(V,W). Next, we define the mapping
ULV, W) — L(U,W)
by
U(T) =Tl foral T e L(V,W).

Prove that W is linear. (This is easy, but do it right.) Describe A'(¥) and R(¥). Calculate
dim N (V) and dim R(¥). Prove your claims.

Problem 7. Let V be a finite-dimensional vector space over C. Suppose S,7 € L(V) be
such that ST = TS. Then S and T have a common 1l-dimensional invariant subspace W,
that is S and T have a common eigenvector w.
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