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Throughout this note V is a finite dimensional vector space over C. The symbol N denotes the
set of positive integers and i, 7, k,l,m,n,p,q,r € N.

1 Nilpotent operators

Theorem 1.1. Let V be a nontrivial finite dimensional vector space over C with n = dimV. Let
N € L(V) be a nilpotent operator such that m = dim N (N). Then there exist vectors vy, ..., vy, € V
and positive integers qi, ..., qm Such that

vg € R(N)  for all kEe{l,...,m},
the vectors
Ny NIy

form a basis of € N(N) and the vectors
U, NUgg, .., Ny kEe{l,...,m},
form a basis of V.

Proof. First notice that if N = 0, then N(N) = V and the theorem is trivially true. In this
case m = n and any basis vy,...,v, of V with positive integers ¢ = --- = ¢, = 1 satisfies the
requirement of the theorem. From now on we assume that N # 0.

The proof is by induction on the dimension n. The statement is trivially true for n = 1. Let
n € N and assume that the statement is true for any vector space of dimension less or equal to n.
It is always good to be specific and state what is being assumed. The following implication is our
inductive hypothesis:

If W is a vector space over C such that dimW < n and if M € L(W) is a nilpotent operator
such that [ = dim N (M), then there exist wy, ..., w; € W and positive integers p, ..., p; such that

w; € R(M) forall  je{l,...,1},

the vectors
MPY Ly, o MP Ty,

form a basis of N (M) and the vectors
wj,ij,...,ij_le, jE{l,...,l},

form a basis of W.
Next we present a proof of the inductive step.



Let V be a nontrivial finite dimensional vector space over C with dimV =n+ 1. Let N € L(V)
be a nilpotent operator such that m = dim N (N). Set W = R(N). Since N is nilpotent it is
not invertible. Thus m = dim N (N) > 1. By the famous “rank-nullity” theorem dim W < n + 1.
Since N # 0, dimW > 0. Clearly NW C W. Denote by M the restriction N|y of N to W.
Then M € L(W). Since N is nilpotent, M is nilpotent as well. Clearly, N'(M) = N (N) N R(N).
Set I = dim N (M). The vector space W and the operator M satisfy all the assumptions of the
inductive hypothesis. This allows us to deduce that there exist wy, ..., w; € VW and positive integers
P1, - - -, pp such that

w; € R(M) forall  je{l,...,1}, (1)

the vectors
Mpl_l’wl,...,Mpl_lwl (2)

form a basis of N (M) the vectors
wi, Mw;, ..., MPi~tw;, je{l,... 1}, (3)

form a basis of W = R(N). Since w; € R(N), there exist v; € V such that w; = Nv; for all
je€{l,...,1l}. Since by (1), wj € R(M), we have v; € R(N) for all j € {1,...,l}. We know that
vectors in (2), that is,

MPr~ Yy = NPy, .., MP Ly = NPy,

form a basis of N (M) = N(N) NR(N). Recall that m = dim N (N), I < m, and let vj1q,...,0m,
be such that
Nplvla---valvb Vi1 -+ 5 Umys (4)

form a basis of N (N). (It is possible that [ = m. In this case we already have a basis of N'(N) and
the last step can be skipped.)
Now let us review the stage: We started with the basis

w; = Nv;, Mwj = N%vj,..., MPi~tw; = NPiy;, je{l,...,1},

of W = R(N) which has exactly dimR(N) vectors. Then we added the vectors vy, ..., v,. Now
we have m + dim R(N) = dim N (N) + dim R(N) = dim V vectors:

vj, Nvj, N2Uj,...,ijUj, Jjed{l,... 1}, Vltty -y Ume (5)
For easier record keeping set

pr+1 it ke{l,...,l}
qr =
1 if ke{l+1,...,m}.

Then (5) can be rewritten as

vk, Nug, N2vg, ..., N 1y, kEe{l,...,m}. (6)
Next we will prove that the vectors in (6) are linearly independent. Let

ap; €C, je{0,...,q—1}, ke{l,...,m}

be such that

m gg—1

Z Z OékJ'Nj’Uk = 0. (7)

k=1 j=0



Applying N to the last equality yields

I q—1 I qr—2 I prp—1
E OékJN]—i_lUk = E E OékJN]—i_lUk = E E amMka = 0.
k=1 j=0 k=1 j= k=1 j=0

Since the vectors in the last double sum are linearly independent (they are the vectors from (3))
we have
Qpo ="+ = Qpg,—2 =0, ke{l,...,l}.

Substituting these values in (7) we get

m

—1
E g1 N v, = 0.
k=1

But, beautifully, the vectors in the last sum are exactly the vectors in (4) which are linearly
independent. Thus
Qg g—1 = 0, ke{l,...,m}.

This completes the proof that all the coefficients in (7) must be zero. Thus, the vectors in (6) are
linearly independent. Since there are exactly n + 1 vectors in (6) they form a basis of V. This

completes the proof. O
Remark 1.2. In this remark we will establish a connection between the lengths ¢1, ..., ¢, and the
numbers

m; = dim N (N7), je{l,...,d}.

Here d € {1,...,n} is the degree of nilpotency of N, that is the smallest positive integer such that
T = 0. Then
O=mp<mi=m<mg<---<mg=n=mgq1,

where, for convenience, we define mo = 0 and mgy11 = n. It follows from the previous theorem that
0<mipr —m; <my—my—q, iG{l,...,d—l}.

We can always assume that the lengths ¢q,...,q, € {1,...,d} from the previous theorem are
in nonincreasing order. That is,
d=q > >qm=>1

Then the formula for ¢, is
qk:max{je{l,...,d}:mj—mj_lzk;}, kEe{l,...,m}.

Conversely, the numbers m; — mg > mo — my > --+ > mg — mg_1 > 1 can be determined from
q1s- -5 qm by

mj—mj_lzmax{ke{l,...,m}:qkzj}, je{l,...,d}.



2 More about the upper triangular matrix representations

In class we proved the following theorem.

Theorem 2.1. Let V be a finite dimensional vector space over C. For T € L(V) there exists a
basis B for V such that the matrix Mp(T") is upper triangular.

Our next goal is to understand which complex numbers are on the diagonal of a triangular
matrix Mp(T).

Theorem 2.2. Let V be a finite dimensional vector space over C and n = dimV. Let T € L(V),
let B=A{v ...,v,} be a basis for V such that the matriz Mg(T') is upper triangular, that is

a1 a2 aiz - Gin
0 agzy a23 -+ Q2p
Ma(T)=1|0 0 as --- asn|, (8)
0 0 0 - apn
Then each eigenvalue A of T appears among {an,agg, . ,ann} at least

dim N ((T — AI)™)
times.

Proof. We shall prove the theorem for A = 0. The general case follows by considering the operator
T—X. Let B={v1,...,v,}. Assume that the set {i € {1,...,n} : a;; # 0} has exactly r elements.
Let

{z' e{l,...,n}:ay #O} = {k‘l,...,kr}, where ki < -+ <k,.

In other words, the diagonal entries ag,,, ..., Gk, are nonzero and all other diagonal entries are
0. Since the matrix Mp(T') is upper triangular, the vectors

Q1k;

CB(T’Ukj) = . ’ je {17---7T}7

are linearly independent. As the mapping Cp :V — C" is an isomorphism, the vectors Ty, j €
{1,...,r}, are linearly independent. Consequently, dimR(T) > r. Hence dimN(T) = n —
dimR(T) < n —r. Since there are exactly d — r zero entries on the diagonal of Mp(T'), we see
that there are at least dim N (T') zero entries on the diagonal of Mg(T'). Applying this result to the
operator T we conclude that there are at least dim N (7™) zero entries on the diagonal of Mg(7T™).

But, the diagonal entries of Mg(T™) are a}y,...,al, and the number of zeros among afy,...,ap,
is identical to the number of zeros among ai1,...,a,,. Hence, there are at least dim N (T™) zero
entries on the diagonal of Mg (7). O



Theorem 2.3. Let V be a finite dimensional vector space over C and n = dimV. Let T € L(V)
and let B ={v, ...,v,} be a basis for V such that the matriz Mp(T") is upper triangular with the
elements on the main diagonal being ay1,. .., any, see (8). Let

p(z) = (z — CL11) (z — CL22) e (z — a,m). (9)
Then p(T) = 0.

Proof. For k € {1,2,...,n}, the matrix Mg(T — agiI) is upper triangular and its entry in the k-th
column and the k-th row is 0. Therefore,

(T — ar 1) (Span{vl}) = {0y} (10)
and, for k € {2,...,n},
(T — age]) (span{vn, .. v}) C spanfor, .-, vg_1}. (11)
The inclusions (11) and (10) imply

p(T)(V) = (T' = and)(T — agoI) - (T — annI)(V)
= (T —ap ) (T — apyI) (Span{vl, . ,vn})
- (T — a11I) s (T — a(n_l)(n_l)l) (span{vl, . ,Un_l})

N ...

(T — an I)(T — ageI) (span{vy, va})
C(T —ayil) (span{vl})
= {0y}
Thus p(T') = 0. The theorem is proved. O

3 A decomposition of a vector space

Lemma 3.1. Let V be a vector space over a field F. Let A and B be linear mappings on V. If A
and B commute, then N (B) is an invariant subspace for A.

Proof. Let v be in N(B). Then 0y = Bv = ABv = BAv. Therefore Av belongs to NV (B). O

Lemma 3.2. Let V be a finite dimensional vector space over a field F. Let A and B be linear
operators on V. Assume that A and B commute and that N(A) NN (B) = {0y}. Then N(AB) =
N(A) & N(B).

Proof. By Lemma 3.1 N(B) is an invariant subspace of A. Denote by C the restriction of A to
N(B), that is Cw = Aw for all w in N(B). Then

N(C) = {w e N(B) : Cw = 0y} = N(A) N N(B) = {0y}

It follows that C' is a bijection of N(B) onto itself. Since NV (B) is finite dimensional, C' is onto.
Therefore, for every v in N(B) there exists u in N(B) such that v = Cu = Au. Let w be
arbitrary element of N(AB). Since N(AB) = N(BA) we have Aw € N(B). Hence, there exists
uw in N(B) such that Aw = Au. Consequently, w — u € N(A). Thus w = (w — u) + u, where
u € N(B) and w — u € N(A). This proves that N(AB) C N(A) ® N(B). The converse inclusion
is straightforward. O



Proposition 3.3. Let V be a finite dimensional vector space over a field F. Let ¢ € N,g > 1, and
let Ay, Ag, ..., Ay, be linear operators on V. Assume that

Then
q

N (A1Ay--- Ag) = PN (4)).

j=1
Proof. The proof is by mathematical induction. We already proved the proposition for two oper-

ators. The inductive hypothesis is that the proposition is true for ¢ — 1 operators. To prove the
inductive step assume (12). By the inductive hypothesis

-1
N(A1As - A1) = DN (4)). (13)
1

<

<.
Il

Set A= A1Ay---A;_1 and B = A,. By repeated application of the first equality in (12) it follows
that AB = BA. To apply Lemma 3.2 we need to verify N (A) N N(B) = {0yp}. By the inductive
hypothesis the null space of A is given by (13). Thus we need to prove

q—1
(@N(Aj)) AN = (0],
j=1

Let v be in the above intersection. Then there exist v; € N(4;),j € {1,...,¢ — 1} such that
v=0v1++ U1 and Agv = Oy.

The last two equalities imply
Ov = Aqvl +---+ Aq?}q_l.

Since by (12) A; and A, commute, Lemma 3.1 implies that N'(Ay) is invariant under 4,. That
is, Aquj € N(A;) for all j € {1,...,q— 1}. This and the fact that the sum in (13) is direct yield
Aqvj =0y for all j € {1,...,q — 1}. By the second relation in (12) we get

v € N(A;)) NN (Ag) ={0y} forall je{l,...,q—1}.

This proves that v = 0y. Now Lemma 3.2 yields N (AB) = N(A) & N (B). Together with (13),
this implies the claim of the proposition. O

Proposition 3.4. Let V be a finite dimensional vector space over a field F. Let T € L(V). If
and p are distinct eigenvalues of T and j and k are natural numbers, then

N((T = A1) (YN (T = uD)*) = {0y}
Proof. The set equality in the proposition is equivalent to the implication
veN((T—pD)F)\{0v} = vgN((T-AI)).

We will prove the last implication. Let v € V be such that (7" — pl )kv = 0y and v # Oy. Let
i€ {l,...,k} besuch that (T — pul)v = 0y and (T — pl)"~'v # 0y. Set w := (T — pd)"~'v. Then



w is an eigenvector of T' corresponding to p: Tw = pw. Then (as we must have proven before),
for an arbitrary polynomial p € C[z] we have p(T)w = p(p)w. In particular

(T —AD'w = (u—N'w forall [eN.
Since p — A # 0 and w # 0y we have that

(T — AD'w # 0y forall [eN.

Consequently, '
(T — ANDNT — pI) v #0y forall [eN.

Since the operators (T — A)! and (T — pI)*~! commute we have
(T — pI) YT — XI)'v # 0y forall [eN.
Therefore (T — A )'v # 0y, for all | € N. Hence v & N'((T — AI)7). This proves the proposition. [

Theorem 3.5. Let V be a finite dimensional vector space over C and T € L(V). We make the

following assumptions:
(i) B is a basis of V for which Mg(T) is upper triangular.
(i) A1,...,Aq, are all the distinct eigenvalues of T.

(i) For k € {1,...,q} denote by my € {1,...,n} the number of times the eigenvalue Ay appears
on the diagonal of Mp(T).

(iv) Forke{1,...,q} set Wi :=N((T — XI)™).

Then

(a) FEach of the subspaces Wi, ..., Wy, is invariant subspace of T.

(b)) V=W d---aW,.

(¢) dimWy, =my, and Wi, =N ((T — M\,)") for all k € {1,...,q}.
)

(d) Forke{1,...,q} set Ty, = T|w, and Ny = T —NpI. Then N;** =0, that is, Ny, is a nilpotent
mapping on Wi.

Proof. (a) Since the mapping 7' commutes with each of the mappings (7" — A\pI)", Lemma 3.1
implies that each subspace Wi, ..., W, is an invariant subspace of 7T'.

(b) By Theorem 2.3 we have
P(T) = (T = NI)™ -+ (T = AgI)™ =0,

Notice that the mappings (T'— A\ 1)™, ..., (T — \;I)™ satisfy the assumptions of Proposition 3.3.
Consequently, V = N (p(T)) is the direct sum of the subspaces Wi, ... W,. This proves (b).

(c) Since clearly my < n, we have that

Wi CN((T = Xe)™). (14)



By Theorem 2.2, dim N ((T' — A\)") < my,, and hence
dim Wy, < dim N (T — M\)") < my. (15)

Since

q q
n = Zdika < ka = n,
k=1 k=1

the inequalities in (15) are in fact equalities. That is
dim Wy, = dim NV (T — \p)") = m. (16)

This and (14) imply Wy, = N ((T' — A\p)™).

(d) Clearly, W is also an invariant subspace of T'— A\xI. Denote by Ny, the restriction of T — A1
to its invariant subspace W, and by T} the restriction of 1" to Wj,. Then, T} = A\ + N and the
mapping Ny is nilpotent. O

Definition 3.6. Let )V be a finite dimensional vector space over C and T' € L(V). Let 1 < ¢ <n
and let A1,...,\; be all the distinct eigenvalues of T". Set

ng =dimN (T = X\p)"), ke{l,...,q}
The number ny, is called the algebraic multiplicity of the eigenvalue Ar. The polynomial
p(z) = (z—=M)" (2= Ag)™ (17)
is called the characteristic polynomial of T.

Theorem 3.7 (Hamilton-Cayley). LetV be a finite dimensional vector space over C and T € L(V).
Let p be a characteristic polynomial of T. Then p(T) = 0.

Proof. We use the notation of Theorem 3.5 and Definition 3.6. By Theorem 3.5 (¢) we have
ni = my, for all k =1,...,q. Therefore the polynomials defined in (9) and (17) are identical. Now
the theorem follows from Theorem 2.3. O

4 The Jordan Normal Form

Let T be a linear operator on a vector space V over C. Let A be an eigenvalue of T and [ € N. A
sequence of nonzero vectors

Vlyenn, U (18)
such that
Tvy = Avy, and v € R(T — \I), (19)
and, if [ > 1,
T’Uj = )\’Uj +vj-1, jE {2,,[} (20)

is called a Jordan chain of T corresponding to the eigenvalue A. The number [ is the length of the
Jordan chain. The vector v; is called the lead vector of the Jordan chain.
The lead vector of a Jordan chain satisfies

v & R(T — \)



and all the other vectors of the corresponding Jordan chain can be expressed in terms of the lead
vector:

v_j= (T —X)v, je{01,...,1—1}

Notice that (T — AI)!v; = 0y since vy is an eigenvector of T'.

A sequence
(T — M), (T = XD'20, (T = M), ..., v, (21)

is a Jordan chain, provided that (T — A )=tv # Oy, (T — A)'v = 0y and v ¢ R(T — \I).
Let W be a subspace of V spanned by a Jordan chain (18) of 7. The first equality in (19) and
(20) imply that W is an invariant subspace of T'. If we denote by S the restriction of T' to W, then

the matrix representation of S with respect to the basis {vy,...,v;} is
A1 0 0]
0 A 1 0 0
Ma(S) = | = : 22
(5) 0 00 10 (22)
0 0 0 Al
| 0 0 0 0 A |

A matrix of this form is called a Jordan block corresponding to the eigenvalue A. In words: a Jordan
block corresponding to the eigenvalue A is a square matrix with all elements on the main diagonal
equal to A and all elements on the superdiagonal equal to 1.

A basis for V which consists of Jordan chains of T is called a Jordan basis for V with respect

to T

If a basis B for V is a Jordan basis with respect to 7" then the matrix Mg(7") has Jordan blocks
of different sizes on the diagonal and all other elements of Mp(T') are zeros. Each eigenvalue of T
is represented in Mp(T") by one or more Jordan blocks:

[l 1 - 0 0 0 0 i
0 N\ -+ 0 0 0 0
0 0 1 0 0 0
0 0 A 0 0 0
0 0 0 Ao 1 0
0 0 0 0 A 0
. . . . (23)
0 0 0 0 0 1
0 0 0 0 0 Ao

In the above matrix A; and Ay are not necessarily distinct eigenvalues. A matrix of the form (23)
is called the Jordan normal form for T'. More precisely, a square matrix M = [aj7k] is a Jordan
normal form for T if:

(i) all elements of M outside of the main diagonal and the superdiagonal are 0,



(ii) all elements on the main diagonal of M are eigenvalues of T
(iii) all elements on the superdiagonal of M are either 1 or 0, and,
(iv) if Aj—1,j—1 =+ aj;, with j € {2, R ,n}, then a;_1 ; = 0.

Theorem 4.1. Let V be a finite dimensional vector space over C and let T € L(V). Then V has a
Jordan basis with respect to T.

Proof. We use the notation and the results of Theorem 3.5. Let k € {1,...,¢}. It is important to
notice that each Jordan chain of the nilpotent operator Ny is a Jordan chain of T" which corresponds
to the eigenvalue \i. Since Ny is a nilpotent mapping in £(W), by Theorem 1.1 there exists a basis
B = {vk1,...,Vkm,} for Wy which consists of Jordan chains of Nj. Consequently, Bj, consists of
Jordan chains of T'. Since V is a direct sum of Wy, ..., W, the union B = By U ---U B, that is,

B={vi1, s Vlmi 0215, V2mas-- Vg ls- - Vgmg }

is a basis for V. This basis consists of Jordan chains of T'.
The matrix Mp(T") is a block diagonal with the blocks Mg, (T}), kK = 1,...,q, on the diagonal
and with zeros every where else:

(Mg, (T1) 0 0
0 Mg, (T) --- 0
Mp(T) =
0 0 S Mg, (Ty))

Since Ty, = Al + Ni, we have
MBk(Tk) = M\l + MBk(Nk)

Thus all the elements on the main diagonal of Mp, (T}) equal A, and all the elements of super-
diagonal of Mp, (T},) are either 1 or 0. If there are exactly hj Jordan chains in the basis By, then
0 appears exactly hy — 1 times on the superdiagonal of Mg, (T}). Therefore Mp(T") is a Jordan
normal form for 7. O
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