1 The Spectral Theorem

Theorem 1.1 (Thm 7.9). Let V be a finite dimensional vector space over C and (- ,-) be a positive definite
inner product on V. Let T € L(V). Then V has an orthonormal basis of eigenvectors if and only if T is
normal.

Proof. («<=) Assume T is normal. Set n = dim()). Then there exists an orthonormal basis B =
{u1,...,u,} of V such that Mg(T) is upper-triangular. Thus,

(Tur,ur) (Tug,ur) -+ (Tup,u)
0 (Tug,ug) -+ (Tup,us)

Mg (T) = : : . :
0 0 oo (Tup, up)

Let v € V. Then v = (v,u1)us + ... + (Vup)u,. Since TU; C U;, we have Tu; € spanfuy,...,u;},
Vje{l,...,n}. It follows that Tu; = (Tujui)us + ... + (Tujuj)u;.

Now ME(T*) = (ME(T))" = [CB(T*ul) CB(T*un)} and || Tui]|?> = ||T*u1||>. Tt follows that
| Tuy||? = [(Tuy,ur)|? and ||T*uq||? = Py [(Twj,u1)[®. Thus, we have (Twj,u1) =0, for j=2,...,n. A

similar argument for || Tu;|[?, Vj € {2,...,n}, shows that all nondiagonal entries are zero.
(=) Now assume {ui,...,u,} is an orthonormal basis of V such that Tu; = \ju;, Vj € {1,...,n}.
A1 0 A1 0
Then MB(T) = and ME(T*) = .
0 An 0 An
A1 0
Since ME(TT*) = ME(T)ME(T*) = = ME(T*T), we have TT* = T*T. Hence, T
0 A
is normal. O

2 Invariance under a linear operator

Theorem 2.1. Let V be a finite dimensional vector space over C. Let (-,-) be a positive definite inner
product on V. Let T € L(V) be normal. Lastly, let U be a subspace of V. Then

TU CU < TU C Ut

(Recall that we have previously proved that for any T € L(V), TU C U < T*U+ C UL. Hence if T is
normal, showing that any one of U or U is invariant under either T or T* implies that the rest are, also.)

Proof. Assume TU C U. We know V = U & U*. Let ui,...,u, be an orthonormal basis of U and
Uma1, - -, U, bean orthonormal basis of 4. Then uy, ..., u, is an orthonormal basis of V. If j € {1,...,m}
then u; € U, so Tu; € U. Hence

m

Tuj = Z(Tuj,uk>uk.
k=1

Also, clearly,

n

T uj = Z(T*uj,uk>uk.
k=1



On the most recent exam, we proved that || Tu;||? = S°jL [(Tu;, ug)|?. Further, by normality, || Tu;||* =
| T*u;||>. Hence

m m
S ITugl? =Y T,
=1 =1

m n
=D > T uj,up)
j=1k=1
m n
= Z [(w, T’ukﬂz (by the definition of T*)
j=1k=1
m n
= Z [(Tug, uj >‘2 (by hermiticity)
j=1k=1

[(Tug, uj)|? (because moduli are real)

I
NE

<

Il
A
ES

Il
—

I
NgE

Il
MS iMS HMS

n
i+ r<m,uj>\2)

j=1 k=m+1
)2
(Tug, uj) \ + E E [(Tug, uj)l
j=1 7=1 k=m+1

M= TM: T

(Tug, uj)* + Z Z (Tuj,up)|*  (by exchanging the order of summation)

j=1 j=1k=m+1
m
= Z| Tuj, ug)|? —G-Z Z (Tuj, ug)|? (by reindexing)
7=1 k=1 7=1 k=m+1
m
SIS i N
j=1 7=1 k=m+1

implying 377" >0, |(Tuj,ug)|?> = 0. As each term is nonnegative, we conclude that [(Tu;,uy)> = 0
for all j € {1,...,n} and all k € {1,...,n}. Thus (T*u;,ux)> =0,¥ 1 <j<m,m+1<k<n. Hence
(T"uj,up) =0,V1<j<m,m+1<k<n. Thus

m

T uj = Z(T*uj,uk>uk.

k=1

Therefore T*U C U. Then, because we know that U is invariant under 7" if and only if U+ is invariant
under T*, we conclude that TU+ C U~+. ]

(Alternate proof)

Proof. Assume T is normal. Then there exists an orthonormal basis {u1,...,u,} and {A1,...,\,} € C
such that o
TUj = )\ju]' <~ T*Uj = )\ju]',j S {1, . ,n}.

Let v be arbitrary in V. We can write

Tv = Z Aj (v, uj)u;
j=1



and .
T = S Tlonug)
j=1

Set p(z) = ap+arz+- -+ +apz™ € Clz]. Then p(Tv) = 3°7_; p(A;) (v, u;j)u;. We need a p € C[z] such that
p(Aj) = \j, Vi € {1,...,n}. We proved in the homework (assignment 2, #3), that if S : C[z]<,, — C" is
defined by

Sp — [p(zl) .. .p(ll_l) (Zl) .. p(zm) .. .p(lm_l)(zm)]T7
then S is an isomorphism. Hence by the surjectivity of S, we can find p € C[z] such that p(\;) = )\_j, Vi €
{1,...,n}, Thus p(Tv) = T*v. Now assume TU C U. Tt follows that T*U/ C U for all k € N and also that
aTU C U for all o € C. Hence p(T)U =T*U CU. O

(Thm 7.18 Axler)

Let V be a finite dimensional vector space over C with a positive definite inner product. Let T € L(V)
be normal. Let U be a subspace of V. Then TU C U +—= T(U+) C U*t.

Proof. Assume TU C U. Let u € Y. Then Tu € U. Let w € U+. Then 0 = (Tu,w) = (u, T*w), which
implies T*w € U+. Hence, T*(U*) C U*.
Now V =USU*L. Let n = dim(V). Let {uy,...,u,} be an orthonormal basis of U and {t, 1, ..., un}

be an orthonormal basis of Y. Then B = {uy,...,u,} is an orthonormal basis of V such that
ul Um Um+1 . Un
w [ (Tui,u) oo (Tupm,up) i
: . : B
ME(T) = *m (Tup,ur) oo (T, up,)
B Um+1
0 C
Un | ]

Take j € {1,...,m}. Then Tu; = > ;o (Tuj,up)ug. Calculate ||Tu;|*> = S04, [(Tuj, ux)|* and
| T*ui||> = Y7, |<T uj,ug)|>. Since T is normal, Py | Tu;||? = Py | T*u;||>. Now we have

m m
ZZ\ Tuj,up)? =

n

(T ugue) P+ Y (T ug, ue)

INgE
MS gk

7=1k=1 7 k=m+1
m
= g (T wy, ug, )2 + E E (T uj, ug,)|
=1 k=1 71=1 k=m+1

Since [(T*uj,ux)|* = [(uj, Tug)|* = [(Tug,u;)|?, it follows that (T*uj,ux) = 0, Vj € {1,...,m},
Vke{m+1,...,n}. Thus, B =0. Hence, T*u; € U, Vj € {1,...,m}, which implies T*U C U.

Considering ME(T) for j € {m +1,...,n}, we have Tu; € span{um1,...,u,}. Thus, Tu; € UL,
which implies T(U+) C U*. Finally, letting U = U+, a similar argument shows that TU C U. U

3 Polar Decomposition

Consider an analogy between L£(V) and C. The adjoint of T, T*, is analogous to Z, the conjugate of
z, although T*T = TT* only when T is normal, whereas zz = 2z, Vz € C. Self-adjoint maps in L(V)
correspond to R C C. The set of unitary operators, i.e. all T € £(V) such that T*T = I, correspond to
II={z€eC:|z| =1}. Whence given that all z € C have a polar decomposition, i.e. for all z there exists
an r > 0 and a u € C such that |u| = 1, such that z = ru, there exists an equivalent concept in L£(V).



Definition 3.1. An operator P € £(V) is nonnegative if (Pv,v) > 0, Yv € V. Please note, Axler uses the
term “positive” to describe such an operator. Also note, if an operator is nonnegative, that implies that it
is self-adjoint, and hence normal.

Definition 3.2. An operator U € £(V) is unitary if U*U = I. An operator is unitary if and only if it is
angle preserving:

= (Tu,v) for any u,v € V
= (U"Uu,v)

= (Uu,Uv).

(u,v)

Theorem 3.3. For all nonnegative P € L(V) there exists a unique nonnegative Q € L(V) such that
P = Q% We will use /P to denote this Q.

Proof. (This is a proof for existence only.) By the spectral theorem, we know there exists an orthonormal

basis uq,...,u, and eigenvalues A\i,...,\, > 0 such that Pv = Z?:l Aj(v, uj)uj. Set

Qu = Z VA, u5)uy
j=1

Notice that nul P = nul Q). Also, the eigenvalues of ) are in the form /A;.

Theorem 3.4. (Polar Decomposition in L(V)) For all T € L(V) there exists a unitary operator U in L(V)
and a nonnegative P € L(V) such that T = UP.

Proof. First, notice that T*T is nonnegative: (T*Tv,v) = (Tv,Tv) = ||Tv||> > 0. Set P = v/T*T. Then
nul P = nul(7*7T) O nul(T). Let v € nul(T*T). Then T#Tv = 0. Thus (I"Tv,v) = (Tv,Tv) = 0.
Hence ||Tv|| = 0, implying Tv = 0. Therefore v is in nul7’, for all v € nul(7*T). Thus by symmetric
containment, nul P = nul(7*7) = nul7. Then, by the rank-nullity theorem, dimran(P) = dimran(T).
Consider ¢ : ran(P) — ran(7T') such that Pv — Twv. Suppose Pv; = Pvy. Then vy — vy € nul P = nul7.
Thus vy — ve € nul7. Thus Twvy = Twvy. Hence ¢ is injective. Thus by injectivity and the dimension
argument, 1 is a bijection. Let v,w € V. Consider

= (P*Pv,w) (because P is self-adjoint)

= (Pv, Pw)
Thus v is angle-preserving on ran(P). Let us consider (ran(P))*. Let v1,...,v,, be an orthonormal basis
on (ran(P))* and let u1, . .., u, be an orthonormal basis on (ran(7"))*. Define Uy : (ran(P))* — (ran(T))*
by
Uw=U; Z(v,vj>vj
j=1
= Z(Uv Uj>uj'
j=1



Thus

Hence Uj is unitary on (ran(P))*. Define U : V — V by
Uv =1Pv+ U (I — P)w.
Notice that Pv € (ran(P)) and (I — P)v € (ran(P))*. We claim that U is unitary:

(Uv,Uw) = (¢ Pv+ Uy (I — P)v, o Pw + Uy (I — P)w)
= (Y Pv,ypPw) + (U1(I — P)v,Uy(I — P)w)
= (Tv,Twy+ (I —T)v,(I — T)w)

= (v,

w)
Hence U is unitary. Thus we can write 7' = U o v/T™*T', where U is unitary and v7T*T is nonnegative. [

(Thm 7.41 Axler)
If T e L(V), then there exists an isometry S € L£(V) such that T'= SVT*T.
Proof. Suppose T' € L(V). Let v € V. Then

|Tv||? = (T, Tv) = (T*Tv,v) = (VT*TVT*Tv,v) = (VT*Tv,VT*Tv) = |VT*Tv|?.

Thus, | Tv|| = |VT*Tv||, Yv € V.

Define Sy : ran(v/T*T) — ran(T) by S;(vVT*Tv) = Tv. We need to check that S is well-defined.
Let vy,v9 € V such that v/T*Tv; = VT*Twvs. Then ||[Tvy, — Tw|| = [|[T(v1 — v2)|| = |VT*T(v1 — va)||
= |VT*Tv, — VT*Tvs|| = 0. Thus, Tvy = Tvy, and S is well-defined.

Since Sy maps ran(v/T*T) onto ran(T), for every u € ran(v/T*T), we have ||Siu| = ||ul|.

Now we need to show nul(7*7T) = nul(7"). First of all, we have nul(7") C nul(7*T). For the other
direction, let v € nul(7T*T). Then T*Tv =0 = (T*Tvw =0 = (TvITv=0 = Tv=0 = v €
nul(7). Thus, nul(7T*T") C nul(T"), so that nul(7*7T") = nul(7).

Since nul(v/T*T) = nul(T*T), we have nul(v/T*T) = nul(T). By the Rank-Nullity theorem, it follows
that dim(ran(v/T*T)) = dim(ran(T)). Hence, dim(ran(v/7T*T))* = dim(ran(7T))" .

Let {ui,...,un} be an orthonormal basis of (ran(\/—T L and {vl, ...,Un} be an orthonormal basis
of (ran(T))*. Define Sy : (ran(v/T*T))* — (ran(T))* by So ( (v,uj)u ) = > 1L (v, uj)v;. We have
1S2w]| = [lwll, Yw € (ran(vT*T))*, since [[Saw|| = Z,:1 \(WWF [w]]-

Now let S : V — V be defined by S(v) = Sju + Syw where v = u + w with u € ran(v/T*T) and
w € (ran(v/T*T))*. For each v € V, we have S(vVT*Tv) = S1(VT*Tv) = Tv. Thus, T = SVT*T.

To show that S is an isometry, let v € V such that v = u + w where u € ran(v/T*T) and w €
(ran(v/T*T))*:. Then [|Sv||? = ||S1u + Sow||? = ||S1ul|® + ||Saw||? (since Syu L Sow), = ||lul|® + |w|® =
lv]]?. O

Thm 7.46 Singular-Value Decomposition.

Suppose T' € L(V) has singular values s1,...,s,. Then there exist an orthonormal bases {u,...,u,}
and {v1,...,v,} such that Tv = s1(v,u1)vy + -+ + (v, Up)Vp.

Proof. By the spectral theorem applied to v/T*T, there exists an orthonormal basis {u1,...,u,} of V
such that \/Wuj =sju;, Vje{l,...,n}. Let v € V. Then v = (vuju; + ...+ (vun u,. Applying VT*T
to both sides, we get VT*Tv = sy {(vuiuy + ... + S, (Vty Uy



By polar decomposition, there exists an isometry S € L£(V) such that 7' = SvT*T. Applying S to
both sides, we get SVT*T'v = Tv = s1(v, u1)Su1 + - - - + 5, (v, up ) Su,. Now let v; = Suj, Vj e {1,...,n}.
Since S is an isometry, {v1,...,v,} is an orthonormal of V. Hence, Tv = s1(v,ui)vy + -+ + 85 (v, up )0y,
Voe V. O

4 Cauchy-Bunyakovsky-Schwarz Inequality

Theorem 4.1. (Cauchy-Bunyakovsky-Schwarz Inequality) If (V,(-,-)) is an inner product space, where
(+,+) is a nonnegative inner product, then ¥ u,v € V,

[, 0)* < (u, u){v, v),

or equivalently,
[(w, 0)| < [ull [[o]],

with equality if and only if there exists a, B, not both zero, in F such that
(o + po, au + pv) = 0.

P B Branko Curgus’ comment starts here. B ......... . ... ... . |
I don’t see that the proof below proves what the claim.
There are two claims.
Assume that V a vector space over F and (-, -) is a nonnegative inner product on V.
The first claim is:
Let u,v € V and «, 8 € F. Then

la? + 8> >0 and (au+ Bu,au+ Bv) =0 = [(w, v)[* = (u, u)(v,v).

This is the easier part of the proof. I do not see that it is proved below. I will prove it here.

Assume |a|? + [B8]? > 0 and (au + Bv, au + Bv) = 0. We consider two cases a # 0 and 3 # 0. Assume
a # 0. Set w = au + fv. Then (w,w) = 0. Also u = yv + dw where 7 = —f/a and § = 1/a. Notice that
the Cauchy-Bunyakovsky-Schwarz inequality and (w,w) = 0 implies that (w,z) = 0 for all x € V. Now we
calculate

[(u, 0)|? = [(yv + dw, v)[?
= [7(v,v) + 6(w, v)[?
= |y(v,v)?
= [y[*(v,v)(v, v)
= (yv,y0){v,v)
= (yv + dw, yv + dw) (v, v)
= (u, u){v,v).
This completes the proof of the first claim.
The proof of the second claim is more complicated.

The second claim is:
Let w,v € V. Then

[(u, v) |2 = (u,u)(v,v) = Ja,BeFst |a?+|8?>0 and (au+ Bv,au+ Bv) = 0.



To create «, 5 € F one has to go back to the proof of the Cauchy-Bunyakovsky-Schwarz inequality and
use the high school theorem to create o and 5. A correct proof of this must offer a way of creating o and

P B Branko Curgus’ comment ends here. W ........................... |

Proof. (Proof of equality condition only) We know that when (-, -) is positive definite, |(u,v)|? = (u, u)(vv)
if and only if u and v are linearly independent (Axler). When (-, -) is nonnegative, but not positive definite,
there exists a ug # 0 in V such that (ug, ug) = 0. Hence (ug, up)(v,v) = 0 for all v € V. From the inequality,
we know |(ug,v)|? < 0, but by the non-negativity of (-,-) we also know that |{ug,v)|?> > 0. Hence

|<UO,U>|2 =0= <’LL(],’LLO><’U,U>,V’U ev.

To say that u, v are linearly independent is equivalent to saying there exists «, 3, not both zero, in I, such
that au+pBv = 0 implies (au+Pv, autBv) = 0. Thusif (-, -) is nonnegative, whenever (au+ v, au+p5v) =0
for some a, B not both zero, we have equality. Suppose |{u,v)|?> = (u,u)(v,v). Then either u or v is such
that (u,u) = 0 or (v,v) = 0. If, without loss of generality, (u,u) = 0, then for any nonzero a and for
B =0, (au+ pfv,au+ Pv) = 0. If u,v # 0, and neither (u,u) = 0 nor (v,v) = 0, then it must be that u,v
are linearly independent. Hence (au + v, au 4+ fv) = 0. Thus in either case we have equality if and only
if there exists «, 3, not both zero, in F such that (au + v, au + fv) = 0. O

For an example suppose V = C[0, 1], the set of all continuous functions on the interval [0,1]. The
inner product (f, g) fo z)dz, where [ dx denotes the Riemann integral, is a positive definite inner
product V. However, with the correspondlng norm the space V is not complete. Since the completeness is
the founding principle of analysis one needs to complete this space. The completion leads to the concept
of the Lebesgue mtegral We consider the space of all measurable functions f on [0,1] such that the
Lebesgue integral fo x))2dp is finite. The corresponding inner product (f,g) = fol f(x)g(z)u(dx),
where p denotes the Lebesgue measure, is not positive definite. It is a nonnegative inner product. Hence
the Cauchy-Bunyakovsky-Schwarz Inequality holds for the inner product fol f(x)g(z)u(dx).

5 Jordan Normal Form
Let V be vector space over C. Let dimV = n. Let T' € L(V). Consider the set of nilpotent operators in

L(V): {N € £L(V): 3k € N such that N¥ = 0}. We define the degree of nilpotency of N to be ¢ such that
N9 =0, but N9~! £ 0. For an example, suppose n = 3 and there exists a basis B of V such that

Mg (N) =

o O O

10
0 1
0 0

Suppose B = {v1,v9,v3}. Notice that vy is an eigenvector of N, with eigenvalue 0. Also, Nvy = v; and
Nuv3 = vy. Because M, g (N) is upper triangular, span{vs, Nvs, N?v3} is invariant under N. The sequence
v3, Nvs, N2v3 is an example of a Jordan chain. If v € V, 1 € N and N is nilpotent, we define a Jordan
chain to be {v, Nv, ..., N""1}, where N'"'v is an eigenvector (and hence # 0) and N'v = 0. The span of
a Jordan chain is an invariant subspace for N.

Theorem 5.1. Every Jordan chain is linearly independent.

Proof. The proof will proceed by induction on [. When [ = 1, the chain is vy, which is clearly linearly
independent since it is an eigenvector, which is by definition different from 0. Next, let m € N be arbitrary
and assume that each Jordan chain of length m is linearly independent. Consider a Jordan chain of



length m+1: {w, Nw,..., N™w} is a Jordan chain of a nilpotent linear operator N. Suppose there exists
g, . ..,y such that
aow + o Nw+ -+ + a,p, N™w = 0.

Take N of both sides of the equation:

N(awyw + oy Nw + -+ + app N w

agN(w) + arN(Nw) + - + apm_ 1 N(N™ tw) + a,, N(N™w
aoNw + a1 N?w+ -+ - + a1 N™w + ay Nl = 0

aoNw+ oy N>w+ - + ag i N™w 40 = 0 (because the chain is Jordan)

N(0)

) =
)=0 (by linearity)

Notice that {Nw, N?w, ..., N™w} is a Jordan chain of N of length m. Hence by the inductive hypothesis,
{Nw, N?w,..., N™w} is linearly independent, so a;; = 0 for all j € {0,...,m — 1}. Thus

amN™w = 0.

Thus as N™w # 0, ay, = 0. Thence a; = 0 for all j € {0,...,m}. So {w, Nw,..., N™w} is linearly
independent. O

Theorem 5.2. Let N be nilpotent in L(V). Then there exists a basis B of V that consists of Jordan chains
corresponding to N.

Before we begin the proof, a point of clarification: if {w, Nw, ..., N'"1w} is a Jordan chain, for any k €
{0,...,1-2}, {w, Nw, ..., N*w} is not a Jordan chain, because N**1w # 0, but { N*w, N¥*1w, ... N'=lw}
is.

Proof. Let dimV. Let N be nilpotent in £(V). Let dim N'(N) = m. Then there exists {v; ..., v} € V and
q1s- -+, qm € Nsuch that {N9 1y, N9 =Ly} is a basis for N(N). We claim that v;, Nv; ... N9ty },Vj €
{1...m} is a basis for V. O



