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NotebookFileName[]
C:\Dropbox\Work\myweb\Courses\Math_pages\Math_430\20221104_EqTempDisk.nb

I want this to be the boundary temperature distribution along the unit circle (which is the boundary of
the unit disk):

Clear[ff]; ff[e_] = Pi’-6?

- 62
The average temperature along the unit circle is:

1
—— Integrate[ff[6], {6, -Pi, Pi}]
2Pi
2 72

3

For our calculations we will need the inner squares of the functions 1 (the constant function) and the
positive integer multiples of cosine

Integrate[1x1, {6, -Pi, Pi}]
27T

Table[Integrate[ Cos[n®] Cos[n6], {6, -Pi, Pi}], {n, 1, 20}]

{]T) 7TJ 7_() 7_(} ]TJ JT) JT) 7() 7T) JT) ]T) 7TJ 7_() ]T) JTJ 7_() JTJ 7() 7T) JT}

These are the Fourier coefficients of the upside down parabola that we have chosen for the tempera-
ture along the boundary (unit circle):

1
Table[— Integrate[ff[6] Cos[ne], {6, -Pi, Pi}], {n, 1, ze}]
Pi

4 1 4 1 4 1 4 1
{4) ’11 T T T T T T T T T T T T T
9 4 25 9 49 16 81 25

4 1 4 1 4 1 4 1 4 1

121° 36 169 49’ 225 64 289" 81 361° 75}
It is an amazing fact that | can write a partial sum of the Fourier series for the boundary function as the
dot product of the list of the coefficients and the list of cosines.

Table[Cos[ne©], {n, 1, 20}]

{Cos[©], Cos[26], Cos[306], Cos[40], Cos[56], Cos[6O],
Cos[70], Cos[86], Cos[96], Cos[1006], Cos[1106], Cos[1206], Cos[1306],
Cos[140], Cos[150], Cos[166], Cos[176], Cos[1860], Cos[196], Cos[200]}

This is the inner product
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4 1
y T s T T
25 9
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N

4
In[26]:= {4, -1, -, - K] ) K] ) E) ] ] K] K]
9 49 16 81 25 121 36 169 49 225

1 4 1 4 1
——y — - —, —, ——}.{Cos[e], Cos[206], Cos[36], Cos[46], Cos[50],

64 289 81 361 100
Cos[606], Cos[76], Cos[80], Cos[96], Cos[100], Cos[110], Cos[120], Cos[13 0],
Cos[14 0], Cos[156], Cos[1660], Cos[17 6], Cos[186], Cos[196], Cos[2006] }

4 1 4
ouzsl= 4 Cos[6] -Cos[26] + —Cos[36] - —Cos[40] + —Cos[50] -
9 4 25

1 4 1 4 1
—Cos[60] + —Cos[76] - — Cos[8O] + — Cos[96] - — Cos[10 O] +
9 49 16 81 25

4 1 4 1
— Cos[116] - — Cos[126] + — Cos[136] - — Cos[l46] + Cos[156] -

121 36 169 49 225

1 4 1 4 1
— Cos[166] + — Cos[176] - — Cos[189] + — Cos[196] - — Cos[2006]
64 289 81 361 100

Now define a Fourier approximation for out boundary function

2

4 1
ne7= faff[e_] = +4Cos[6] -Cos[20] + —Cos[36] - —Cos[40] +
9 4

4 1 4 1 4 1
— Cos[56] - —Cos[66] + — Cos[760] - — Cos[868] + — Cos[96] - — Cos[1lO O] +
25 9 49 16 81 25

a 1 a4 1 a
—— Cos[116] - — Cos[126] + — Cos[136] - — Cos[146] + — Cos [15 6] -
121 36 169 49 225

1 4 1 4 1
— Cos[16 8] + — Cos[176] - — Cos[1868] + — Cos[1968] - — Cos[20 0]
64 289 81 361 100

2

4 1 4
+4Cos[6] -Cos[26] + —Cos[36] - —Cos[40] + —Cos[50] -
3 9 4 25
1 4 1 4 1
—Cos[66] + —Cos[76] - — Cos[86] + — Cos[96] - — Cos[106] +
9 49 16 81 25
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4 1 4 1 4
—— Cos[119] - — Cos[126] + — Cos[136] - — Cos[146] + — Cos[150] -
121 36 169 49 225

1 4 1 4 1
— Cos[166] + — Cos[176] - — Cos[189] + — Co0s[196] - — Cos[200]
64 289 81 361 100

Let us see how good our approximation is:



20221104_EgTempDisk.nb | 3

nes= Plot[{ff[e], faff[©]}, {6, -Pi, Pi},
PlotStyle -» { {RGBColor[@9, @, 0], Thickness[0.01]}, {RGBColor[1, @, O], Thickness[0.005]}},
ImageSize - 500]

out[28]=

Quite good.

Notice that the Fourier approximation extends the function periodically to the entire real line
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neo= Plot[{ff[e], faff[©]}, {6, -3 Pi, 3Pi},
PlotStyle -» { {RGBColor[@9, @, 0], Thickness[0.01]}, {RGBColor[1, @, O], Thickness[0.005]}},
ImageSize - 700]

Out[29]=

Now show the unit circle and the boundary temperature in 3-space:
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o= Show[ParametricPlot3D[{Cos[©], Sin[®], 0}, {6, -Pi, Pi}],
ParametricPlot3D[{Cos[©], Sin[e], ff[©6]}, {6, -Pi, Pi}], BoxRatios -» {1, 1, 1}]
1.0

Out[30]=

1.0

Now we want to write an approximation for the solution. Again using the dot product

4 1 4 1 4 1 4 1 4 1 4
In[31]:= {41 mly, my s, Ty Ty Ty m Ty Ty m Ty, Ty m T, T,
9 4 25 9 49 16 81 25 121 36 169
1 4 1 4 1 4 1

L, s, = i, —, ——}.Table[r‘"n Cos[ne], {n, 1, 20}]
49° 225 64 289 81 361 100

2 4 3 1 4 4 5 1 6
ousi= 4rCos[6] -r°Cos[26] + —r Cos[36] - —r"Cos[40] + —r’Cos[56] - —r’Cos[60O] +

9 4 25 9
4 7 1 8 4 9 1 10 4 11
7 Cos[76] - — rfCos[860] + — r°Cos[90] - — rl®Cos[100] + — r!l Cos[116] -
49 16 81 25 121
1 4 1 4
—r'?cos[126] + — rP¥Cos[136] - — r'* Cos[146] + — r'® Cos[156] -
36 169 49 225
1 4 1 4 1
—r®cos[166] + — rt’ Cos[176] - — r*®Cos[186] + — r? Cos[196] - — r?®° Cos [20 6]
64 289 81 361 100

We are ready to write an approximation for the solution

| 5
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nz2i= Clear[sol];
7l'2

4 1 4
sol[r_, 6 ] = +4rCos[6] -r2Cos[26] + —r>Cos[36] - —r*Cos[46] + — r° Cos[56] -
9 4 25
1 4 1 4 o 1 5w
—r’Cos[66] + —r'Cos[76] - — r"Cos[86] + —r’Cos[96] - — r " Cos[l1l06] +
9 49 16 81 25

4 1 4 1 4
—r' cos[116] - — r'?cos[126] + — r*3® Cos[136] - — r'* Cos[14 6] + — r'® Cos[15 6] -

121 36 169 49 225
1 16 4 17 1 18 4 19 1 20
—r - Cos[166] + — r " Cos[176] - — r " Cos[186] + — r - Cos[196] - — r“" Cos[20 0]
64 289 81 361 100
27 X 4 1, 4 1,
out[32]= +4rCos[6] -r°Cos[26] + —r Cos[36] - —r"Cos[40] + —r’Cos[56] - —r°Cos[60O] +
3 9 4 25 9
4 7 1 8 4 9 1 10 4 11
—r’Cos[76] - —r°Cos[86] + —r’Cos[96] - —r~Cos[1l06] + — r~Cos[1l16] -
49 16 81 25 121
12 4 13 1 14 4 15
—r“Cos[126] + — r~Cos[136] - — r " Cos[146] + — r~ Cos[150] -
36 169 49 225
1 4 1 4 1
—r'®cos[160] + — r*’ Cos[176] - — r*®Cos[180] + — r*? Cos[196] - — r?®° Cos [20 0]
64 289 81 361 100

Seeitin 3-space
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inz3= Show[ParametricPlot3D[{Cos[©], Sin[e], @}, {6, -Pi, Pi}],
ParametricPlot3D[{Cos[®©], Sin[e], ff[6]}, {6, -Pi, Pi}],
ParametricPlot3D[{r Cos[©], rSin[e], sol[r, 6]}, {r, @, 1}, {6, -Pi, Pi},
PlotPoints » {30, 150}], BoxRatios » {1, 1, 1}, PlotRange » All, ImageSize - 500]
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out[33]=

-1.0



