Chapter 3

= Off [General: :munfl]

Section 3.2
3.2.1

(a)
The function hereis f(x) = 1, -L < x < L. Since this function is a periodic continuous function its
Fourier series equals 1 on entire real line. With L = 2 this is shown below.

X -aa

bb - aa

nei= aa =-2; bb=2; FF[x_] =1; fft[x_] := -Ff[x— (Ceiling[ ] -1) (bb—aa)]

in@l= Module[ {picl, pic2}, picl = Plot[{ff[x]}, {x, -2, 2},
PlotStyle » {{Thickness[0.01], Blue}}, PlotRange » {{-4, 7}, {-2, 2}}];
pic2 = Plot[{fft[x]}, {x, -5, 10}, PlotStyle » {{Thickness[0.005], Green}},
PlotRange -» {{-4, 7}, {-2, 2}}];
Show[picl, pic2]]
P

out[3l=
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(b)
The function hereis f(x) = x?, -L < x <L. Since the periodic extension of this function is continuous,

its Fourier series equals the periodic extension. With L = 2 this is shown below.
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n4)= aa = =23
bb = 2;
ffx_] =x"2;
X - aa

FRE[X_] := -F-F[x— (Ceiling[ ] - 1) (bb—aa)]

bb - aa
5= Module[ {picl, pic2}, picl = Plot[{ff[x]}, {x, -2, 2},
PlotStyle -» {{Thickness[0.01], Blue}}, PlotRange » {{-4, 7}, {-2, 5}}1;
pic2 = Plot[{fft[x]}, {x, -5, 10}, PlotStyle » {{Thickness[0.005], Green}}, Exclusions -
Range[-10, 14, 4], PlotRange » {{-4, 7}, {-2, 5}}, AspectRatio » Automatic];
pic2a = Graphics|[{
{PointSize[0.02], Green,
{Point[{#, 3}], Point[{#, -1}], Point[{#, 1}]} & /@Range[-10, 13, 4]},
{PointSize[0.014], White, {Point[{#, 3}], Point[{#, -1}]} & /@Range[-10, 13, 4]}
115
Show[picl, pic2]]
5.
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(c)
The function hereis f(x) = 1+ x, —L < x < L. The periodic extension of this function has jumps. The
Fourier series takes average values exactly in the middle of each jump. With L = 2 this is shown
below.
ne}= aa = =23
bb = 2;

fFIx_] =1+x;
X - aa

bb - aa

fftx_] := -F-F[x— (Ceiling[ ] - 1) (bb - aa)]
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in7= Module[{picl, pic2, pic2a}, picl = Plot[{ff[x]}, {x, -2, 2},
PlotStyle -» {{Thickness[0.01], Blue}}, PlotRange -» {{-4, 7}, {-4, 4}}];
pic2 = Plot[{fft[x]}, {x, -5, 10}, PlotStyle » {{Thickness[0.005], Green}}, Exclusions »
Range[-10, 14, 4], PlotRange » {{-4, 7}, {-4, 4}}, AspectRatio -» Automatic];
pic2a = Graphics|[{
{PointSize[0.02], Green,
{Point[{#, 3}], Point[{#, -1}], Point[{#, 1}]} & /@Range[-10, 13, 4]},
{PointSize[0.014], White, {Point[{#, 3}], Point[{#, -1}]} & /@Range[-10, 13, 4]}
11
Show[picl, pic2, pic2a]]
4.
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(d)

The function hereis f(x) = ¥, -L < x< L. The periodic extension of this function has jumps. The
Fourier series takes average values exactly in the middle of each jump. With L = 2 this is shown

below.
ngl= aa = =23
bb = 2;

ffx_]1 = Exp[x];
X - aa

bb - aa

fftx_] := -F-F[x— (Ceiling[ ] - 1) (bb - aa)]

o= N[Exp[2]]
outie)= 7 .38906
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In[10]:= Module[{picl, pic2, pic2a}, picl = Plot[{ff[x]}, {X, aa, bb},

PlotStyle » {{Thickness[0.01], Blue}}, PlotRange » {{-4, 11}, {9, 8}}];
pic2 = Plot[{fft[x]}, {X, -5, 10}, PlotStyle » {{Thickness[0.005], Green}}, Exclusions -
Range[-10, 14, 1], PlotRange -» {{-4, 11}, {0, 8}}, AspectRatio -» Automatic];
pic2a = Graphics [{

{Pointsize [0.02], Green,

1
{Point[{tt, Exp[2]}], Point[{#, Exp[-2]}], Point[{n, — (Exp[2] +Exp[—2])}]} &/@
2

Range[-10, 13, 4]}, {PointSize[0.014], White,
{Point[{#, Exp[2]}], Point[{#, Exp[-2]}]} & /@Range[-10, 13, 4]}
s
Show[picl, pic2, pic2a]]

8-
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(e)

The function hereis f(x) = x, -L <x<0, f(x) = 2x, 0 < x<L. The periodic extension of this function
has jumps. The Fourier series takes average values exactly in the middle of each jump. With L = 1 this
is shown below.

In[(11]:= aAa = —1;
bb = 1;

ffx_] =If[x<0, x, 2X];
X - aa

FRE[X_] := ff[x— (Ceiling[ ] - 1) (bb—aa)]

bb - aa



Chapter 3.nb | 5

ni12)= Module[ {picl, pic2, pic2a}, picl = Plot[{ff[x]}, {x, -1, 1},
PlotStyle -» {{Thickness[0.01], Blue}}, PlotRange -» {{-4, 7}, {-2, 3}}1;
pic2 = Plot[{fft[x]}, {x, -5, 10}, PlotStyle » {{Thickness[0.005], Green}}, Exclusions »
Range[-11, 14, 2], PlotRange » {{-4, 7}, {-2, 3}}, AspectRatio » Automatic];
pic2a = Graphics|[{
{PointSize[0.02], Green,
{Point[{#, 1/2}], Point[{#, -1}], Point[{#, 2}]} & /@Range[-11, 13, 2]},
{PointSize[0.014], White, {Point[{#, 2}], Point[{#, -1}]} & /@Range[-11, 13, 2]}
11
Show[picl, pic2, pic2a]]
3.

Out[12]=
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(f)
The function hereisf(x) = 0, -L <x<0, f(x) = 1+x, 0 S x<L. The periodic extension of this func-
tion has jumps. The Fourier series takes average values exactly in the middle of each jump. With L =1
this is shown below.

(3= aa = -1;
bb = 1;
ff[x_] = UnitStep[x] (1+Xx);

X - aa
fftx_] := -F-F[x— (Ceiling[bb_ a] —1) (bb—aa)]
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inj14}= Module[ {picl, pic2, pic2a},
picl = Plot[{ff[x]}, {Xx, aa, bb}, PlotStyle -» {{Thickness[0.01], Blue}},
Exclusions -» {0}, PlotRange -» {{-4, 7}, {-1, 3}}];
pic2 = Plot[{fft[x]}, {x, -5, 10}, PlotStyle » {{Thickness[0.005], Green}}, Exclusions »
Range[-10, 14, 1], PlotRange » {{-4, 7}, {-1, 3}}, AspectRatio » Automatic];
pic2a = Graphics|[{
{PointSize[0.02], Green,
{Point[{#, ©0}], Point[{#, 1}], Point[{#, 1/2}]} & /@Range[-10, 13, 2],
{Point[{#, ©0}], Point[{#, 2}], Point[{#, 1}]} & /@Range[-11, 13, 2]},
{PointSize[0.014], White, {Point[{#, ©}], Point[{#, 1}]} & /@Range[-10, 13, 2],
{Point[{#, ©0}], Point[{#, 2}]} & /@Range[-11, 13, 2]}
11
Show[picl, pic2, pic2a]]
3.

Out[14]= 1H

(g)

The function hereis f(x) = x, =L <x<L/2, f(x) =0, L/2 < x<L. The periodic extension of this func-
tion has jumps. The Fourier series takes average values exactly in the middle of each jump. With L =2
this is shown below.

(5= aa = =23
bb = 2;
ff[x_] = UnitStep[1-x] (x);

X - aa

fftx_] := -F-F[x— (Ceiling[ ] - 1) (bb - aa)]

bb - aa



Chapter_3.nb

init6}= Module[ {picl, pic2, pic2a},
picl = Plot[{ff[x]}, {Xx, aa, bb}, PlotStyle -» {{Thickness[0.01], Blue}},
Exclusions -» {1}, PlotRange -» {{-4, 11}, {-3, 2}}];
pic2 = Plot[{fft[x]}, {x, -5, 14}, PlotStyle » {{Thickness[0.005], Green}},
Exclusions -» Join[Range[-10, 14, 4], Range[-11, 14, 4]],
PlotRange » {{-4, 11}, {-3, 2}}, AspectRatio - Automatic];
pic2a = Graphics|[{
{PointSize[0.02], Green,
{Point[{#, ©0}], Point[{#, 1}], Point[{#, 1/2}]} & /@Range[-11, 13, 4],
{Point[{#, 0}], Point[{#, -2}], Point[{#, -1}]} & /@Range[-10, 13, 4]},
{PointSize[0.014], White, {Point[{#, ©0}], Point[{#, 1}]} & /@Range[-11, 13, 4],
{Point[{#, ©}], Point[{#, -2}]} & /@Range[-10, 13, 4]}
115
Show[picl, pic2, pic2a]]

2

Out[16]=
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3.2.2

(a)
The function hereis f(x) = x, —L < x < L. The periodic extension of this function has jumps. The

Fourier series takes the average values exactly in the middle of each jump. With L = 2 this is shown

below.

X - aa

nt71= @a = -23 bb =2; ff[x_] = x; fft[x_] := -Ff[x- (Ceiling[ ] -1) (bb-aa)]

bb - aa
Since this function is odd we have a, =0 foralln =0, 1, .... The coefficients with the sine functions

are given below

| 7
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nps:= Clear[cb, 1L, nn];

nn = 20;
1 nPi
cb[n_, 1L_] = FullSimpli-Fy[— Integrate[x Sin[— x] s {X, -1L, 1L}] , he Integers]
1L 1L
2 (-1)"1L
out[20p — ——8—
n

In[21]):= Module[{picl, pic2, pic2a, pic3}, picl = Plot[{ff[x]}, {x, -2, 2},

PlotStyle » {{Thickness[0.01], Blue}}, PlotRange » {{-4, 11}, {-3, 3}}1;
pic2 = Plot[{fft[x]}, {X, -5, 10}, PlotStyle » {{Thickness[0.005], Green}}, Exclusions -
Range[-10, 14, 4], PlotRange » {{-4, 11}, {-3, 3}}, AspectRatio -» Automatic];
pic2a = Graphics|[{
{PointSize[0.02], Green,
{Point[{#, -2}], Point[{#, 2}], Point[{#, ©}]} & /@Range[-10, 13, 4]},
{PointSize[0.014], White, {Point[{#, -2}], Point[{#, 2}]} & /@Range[-10, 13, 4]}
115

pic3 = Plot[Evaluate[{Sum[cb[n, 2] Sin[%x], {n, 1, nn}]}], {x, -12, 14},

PlotStyle » {{Thickness[0.003], Black}}, PlotRange » {{-4, 11}, {-3, 3}}];

Show[picl, pic2, pic2a, pic3]]

3-
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(b)
The function here is f(x) = Exp[-x], -L < x < L. The periodic extension of this function has jumps. The
Fourier series takes the average values exactly in the middle of each jump. With L = 1 this is shown
below.
n22]= aa = -1;
bb = 1;

ffx_] = Exp[-X];
X - aa

fftx_] := -F-F[x— (Ceiling[ ] - 1) (bb - aa)]

bb - aa
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The Fourier coefficients are given below
ine3;= Clear[ca®, ca, cb, 1L, nn];
nn = 20;
1
ca@[lL_] = Fullsimplify[— Integrate[Exp[-x], {x, -1L, 1L}]]
21L
ca[n_, 1L_] =

1 nPi
FullSimplify| — Integrate|Exp[-x] Cos| — x|, {x, -1L, 1L} |, n € Integers
11Simplif t t C 1, 1 t
1L 1L

1 nPi
cb[n_, 1L_] = FullSimpli-Fy[— Integr‘ate[Exp[—x] Sin[— x], {x, -1L, 1L}], ne Integer‘s]
1L 1L

Sinh[1L]
1L

out[25]=

2 (-1)"1LSinh[1L]

Out[26]=

1L2 + n? 72

2 (-1)"nxSinh[1L]

out[27]=
112 + n? 2
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In[28]:= Module[{picl, pic2, pic2a, pic3}, picl = Plot[{ff[x]}, {x, -1, 1},

PlotStyle » {{Thickness[0.01], Blue}}, PlotRange -» {{-4, 7}, {0, 3}}1;
pic2 = Plot[{fft[x]}, {X, -5, 10}, PlotStyle » {{Thickness[0.005], Green}}, Exclusions -
Range[-11, 14, 2], PlotRange -» {{-4, 7}, {0, 3}}, AspectRatio - Automatic];

pic2a = Gr‘aphics[{
{Pointsize [0.02], Green,
1
{Point[{tt, Exp[-1]}], Point[{#, Exp[1]}], Point[{n, Z (Exp[-1] + Exp[1])}]} & /e
2

Range[-11, 13, 2]}, {PointSize[0.014], White,
{Point[{#, Exp[-1]}], Point[{#, Exp[1]}]} & /@Range[-11, 13, 2]}

Hs
nPi nPi
pic3 = Plot[Evaluate[{caa[l] + Sum[ca[n, 1] COS[— x] +cb[n, 1] Sin[— x],
1 1
(n, 1, nn}]}], {x, -12, 14}, PlotStyle » {{Thickness[0.003], Black}},
PlotPoints —» 200, PlotRange - {{-4, 7}, {0, 3}}];

Show[picl, pic2, pic2a, pic3]]

301

Out[28]=
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(d)

The function here is f(x) = x UnitStep[x], -L < x < L. The periodic extension of this function has
jumps. The Fourier series takes the average values exactly in the middle of each jump. With L =1 this
is shown below.

neoy= aa = -1;
bb = 1_;

ff[x_] = xUnitStep[x];
X - aa

bb - aa

FFLIX_] 1= FF[x - (Ceiling[ ] - 1) (bb - aa) |

The Fourier coefficients are given below
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ngo= Clear[ca®, ca, cb, 1L, nn];
nn = 20;
1
cad[lL_] = FullSimpli-Fy[— Integrate[ff[x], {x, -1L, 1L}], And[1lL € Reals, 1L > 0]]
21L

ca[n_, 1L_] = FullSimpli-Fy[

1 nPi
— Integr‘ate[ff[x] Cos[— x] s {X, -1L, 1L}] ,» And[1lL € Reals, 1L >0, n € Integer‘s]]
1L 1L

1 nPi
cb[n_, 1L_] = FullSimplify[— Integr‘ate[ff[x] Sin[— x], {x, -1L, 1L}],
1L 1L

And[1L € Reals, 1L >0, n € Integer‘s]]

1L
out[32l= —

4

(-1+(-1)") 1L
out[33]=

n2 n2

(- 1) 1+n 1L

Out[34]=
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In[35]:= Module[{picl, pic2, pic2a, pic3}, picl = Plot[{ff[x]}, {x, -1, 1},

PlotStyle » {{Thickness[0.01], Blue}}, PlotRange » {{-4, 7}, {-1, 2}}];
pic2 = Plot[{fft[x]}, {X, -5, 10}, PlotStyle » {{Thickness[0.005], Green}}, Exclusions -
Range[-11, 14, 2], PlotRange » {{-4, 7}, {-1, 2}}, AspectRatio » Automatic];

pic2a = Graphics [{
{Pointsize [0.02], Green,
1
{Point[{tt, 0}1, Point[{#, 1}, Point[{n, —}]} & /@Range[-11, 13, 21},
2
{PointSize[0.014], White, {Point[{#, ©}], Point[{#, 1}]} & /@Range[-11, 13, 2]}
s
nPi nPi
pic3 = Plot[Evaluate[{cae[l] + Sum[ca[n, 1] Cos[— x] +cb[n, 1] Sin[— x],
1 1
n, 1, nn}]}], {x, -12, 14}, PlotStyle - {{Thickness[0.003], Black}},

PlotPoints —» 200, AspectRatio - Automatic, PlotRange » {{-4, 7}, {-1, z}}];

Show[picl, pic2, pic2a, pic3, AspectRatio » Automatic, ImageSize -» 596]]

A A

20
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out[35]= 05F

-4 -2

-05F

-1.0t

(e)
The function here is f(x) = UnitStep[L/2 - Abs[x]], -L < x < L. The periodic extension of this function

has jumps. The Fourier series takes the average values exactly in the middle of each jump. With L =2
this is shown below.

ngze:= Clear[aa, bb, ff, fft];

aa = -2;
bb = 2;
ff[x_, IL_] = UnitStep[1L/2-Abs[x]];

X -
fft{x_, 1L ] := ff[x- (Ceiling[
b

b_aaa] -1) (bb - aa), lL]

The Fourier coefficients are given below
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ngs:= Clear[ca®, ca, cb, 1L, nn];
nn = 20;
1
ca@[lL_] = FullSimpli-Fy[— Integrate[1, {x, -1L/2, 1L/ 2}], And[1L € Reals, 1L > 0]]
21L

ca[n_, 1L_] = FullSimpli-Fy[

1 nPi
— Integr‘ate[l Cos[— x] s {X, -1L/2, 1L/ 2}] , And[1L € Reals, 1L > 9, n € Integers]]
1L 1L

1 nPi
cb[n_, 1L_] = FullSimpli-Fy[— Integr‘ate[l Sin[— x] > {x, =1L/ 2, 1L/ 2}] N
1L 1L

And[1L € Reals, 1L >0, n € Integer‘s]]

1
Out[40]= —
2
2sin[ "]
2
Out[41]=

out[42]= @
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In[43]:= Module[{picl, pic2, pic2a, pic3}, picl = Plot[{ff[x, 2]}, {x, -2, 2},

PlotStyle » {{Thickness[0.01], Blue}}, PlotRange » {{-4, 7}, {-1, 2}}];
pic2 = Plot[{fft[x, 2]}, {X, -5, 10}, PlotStyle » {{Thickness[0.005], Green}},

Exclusions -» Range[-11, 14, 2],

PlotRange » {{-4, 7}, {-1, 2}}, AspectRatio » Automatic];

pic2a = Graphics [{
{Pointsize [0.02], Green,
1
{Point[{u, 0}1, Point[{#, 1}, Point[{n, —}]} & /@Range[-11, 13, 2]},
2
{PointSize[0.014], White, {Point[{#, ©}], Point[{#, 1}]} & /@Range[-11, 13, 2]}
s
nPi nPi
pic3 = Plot[Evaluate[{cae[Z] + Sum[ca[n, 2] Cos[— x] +cb[n, 2] Sin[— x],
2 2
n, 1, nn}]}], {x, -12, 14}, PlotStyle - {{Thickness[0.003], Black}},

PlotPoints —» 200, AspectRatio —» Automatic, PlotRange » {{-4, 7}, {-1, z}}];

Show[picl, pic2, pic2a, pic3, AspectRatio -» Automatic, ImageSize -» 506]]
20¢

15F

Out[43]=

-1.0t

25in[”7"]

nr

The Fourier seriesis 1/2 + 377, COS[”TH J!

(f)

The function here is f(x) = UnitStep[L/2 - Abs[x]], -L < x < L. The periodic extension of this function
has jumps. The Fourier series takes the average values exactly in the middle of each jump. With L =2
this is shown below.

n@4:= Clear[aa, bb, ff, fft];

aa=-2;
bb = 2;
ff[x_] = UnitStep[x];

X+ 1L
FRtx_, 1L 7] := ff[x- (Ceiling[ - ] -1] (2 1|.)]

The Fourier coefficients are given below
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n4e;= Clear[ca®, ca, cb, 1L, nn];
nn = 20;
1
ca@[lL_] = FullSimpli-Fy[— Integrate[1, {x, O, 1L}], And[1lL € Reals, 1L > 0]]
21L

ca[n_, 1L_] = FullSimpli-Fy[

1 nPi
— Integr‘ate[l Cos[— x] » {X, 0, 1L}] , And[1L € Reals, 1L > 9, n € Integer‘s]]
1L 1L

1 nPi
cb[n_, 1L_] = FullSimpli-Fy[— Integr‘ate[l Sin[— x] s {X, 9, 1L}],
1L 1L

And[1L € Reals, 1L >0, n € Integer‘s]]

1
Out[48]= —

2
out49]= @

1+ (_ 1) 1+n
out[50]=
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In[51]:= Module[{picl, pic2, pic2a, pic3}, picl = Plot[{ff[x]}, {x, -2, 2},

PlotStyle » {{Thickness[0.01], Blue}}, PlotRange » {{-4, 7}, {-1, 2}}];
pic2 = Plot[{fft[x, 2]}, {X, -5, 10}, PlotStyle » {{Thickness[0.005], Green}},

Exclusions -» Range[-11, 14, 2],

PlotRange » {{-4, 7}, {-1, 2}}, AspectRatio » Automatic];

pic2a = Graphics [{

{Pointsize [0.02], Green,

1
{Point[{u, 0}1, Point[{#, 1}, Point[{n, —}]} & /@Range[-10, 13, 2]},
2
{PointSize[0.014], White, {Point[{#, ©}], Point[{#, 1}]} & /@Range[-10, 13, 2]}
s
nPi nPi
pic3 = Plot[Evaluate[{cae[Z] + Sum[ca[n, 2] Cos[— x] +cb[n, 2] Sin[— x],
2 2

n, 1, nn}]}], {x, -12, 14}, PlotStyle - {{Thickness[0.003], Black}},
PlotPoints —» 200, AspectRatio —» Automatic, PlotRange » {{-4, 7}, {-1, z}}];

Show[picl, pic2, pic2a, pic3, AspectRatio -» Automatic, ImageSize -» 506]]
2.0

1.5

1.0

out[51]= 0.5

-1.0

(g)

The function hereis f(x) = 1+ UnitStep[x], -L < x < L. The periodic extension of this function has
jumps. The Fourier series takes the average values exactly in the middle of each jump. With L = 2 this
is shown below.

ns2;= Clear[aa, bb, ff, fft];

aa = -2;

bb = 2;

ff[x_] =1 +UnitStep[x];

X+ 1L

fftx_, 1L_] := -F-F[x— [Ceiling[ ] - 1] (2 1L)]

21L

The Fourier coefficients are given below
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ins4:= Clear[ca®, ca, cb, 1L, nn];
nn = 20;
1
ca@[lL_] = FullSimpli-Fy[— Integrate[ff[x], {x, -1L, 1L}], And[1lL € Reals, 1L > 0]]
21L

ca[n_, 1L_] = FullSimpli-Fy[

1 nPi
— Integr‘ate[ff[x] Cos[— x] s {X, -1L, 1L}] ,» And[1lL € Reals, 1L >0, n € Integer‘s]]
1L 1L

1 nPi
cb[n_, 1L_] = FullSimpli-Fy[— Integr‘ate[ff[x] Sin[— x], {x, -1L, 1L}],
1L 1L

And[1L € Reals, 1L >0, n € Integer‘s]]

3
Out[56]= —

2
out571= @

1+ (_ 1) 1+n
out[58]=
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In[59]:= Module[{picl, pic2, pic2a, pic3}, picl = Plot[{ff[x]}, {x, -2, 2},

PlotStyle » {{Thickness[0.01], Blue}}, PlotRange » {{-4, 7}, {-1, 3}}1;

pic2 = Plot[{fft[x, 2]}, {X, -5, 10}, PlotStyle » {{Thickness[0.005], Green}},
Exclusions -» Range[-11, 14, 2],

PlotRange -» {{-4, 7}, {-1, 3}}, AspectRatio -» Automatic];
pic2a = Graphics [{

1
{PointSize[e.az] , Green, {Point[{n, 1+0}], Point[{#, 1+1}], Point[{n, 1+ —}]} &/@
2

Range[-10, 13, 2]}, (PointSize[0.014], White,
{Point[{#, 1+0}], Point[{#, 1+1}]} & /@Range[-10, 13, 2]}

s
nPi nPi
pic3 = Plot[Evaluate[{cae[Z] + Sum[ca[n, 2] Cos[— x] +cb[n, 2] Sin[— x],
2 2
n, 1, nn}]}], {x, -12, 14}, PlotStyle - {{Thickness[0.003], Black}},
PlotPoints - 200, AspectRatio -» Automatic, PlotRange -» {{-4, 7}, {-1, 3}}];

Show[picl, pic2, pic2a, pic3, AspectRatio -» Automatic, ImageSize -» 506]]

3

out[59]= b

3.2.3

Given two pws functions f and g both defined on (L, L] and their Fourier series

a@+i(anCos[n—ﬂx] +bnSin[n—ﬂx”

n=1 L L

where

1 L 1 L n st 1 L n st
ag= — | f (x)dx, a,= —me COS[—X] dx, bn = —Jf (X) Si“{—x} dx
2L Joo L J- -

L L L J-L L
Similarly
c@+i (chos[n—JT x] +dnSin[n—7T x”
) L L

where
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1 . nr
Cop = g( ) dXx, Cp = Jg Cos —x] dx, d, = Jg Sln[—x} dx
2L L

Let a, B bereal numbers. Now we consider the function af + Bg. This function is pwc on (-L, L].
Let

[ee)

p9+Z(pnCos[nTﬂx

n=1

+anin[nT7TxH

be the Fourier series of af +fg.

1 L
Po = — (af (x) +Bg (x)) dx,
2L J-L

L nt
J (af (xX) +Bg (X)) Cos[—x} dx,
L L

1
Pn = —
L

1 L n
qn = —J (af (x) +Bg (X)) Sin[—x} dx
L J-L L

From the linearity property of integrals we have

Po = Gt ag + 3 Cop,
Ppn = aap+BCp,

dn = aby+Bd,.

Therefore

[ee)

p9+Z(pnCos[nTﬂx

n=1

+anin[nT7TxH =

[ee)

n st
(xag +3Co) +Z(aan+/3c Cos[—x
n=1 L

n it
+ (aby+ B dy) Sin[Tx” -

e

n st n st
o ag + (aanCos[Tx}benSin{Tx] +
n=1
(Bcwi(ﬁchos{nLﬁx +5dnSin[n—ﬁx] =
n=1 L
a ae+i(anCos[nﬁx]+bnSin[nﬂ ] +B[Ca+i(chos[nﬂx}+dnSin{nﬂx}
n=1 L L n=1 L L

Thus we proved:

(the Fourier series of af + 8g) = a (the Fourier series of f) + B (the Fourier series of g)
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3.24

Let f be a pws function on [-L, L]. Then one sided limits f(-L +) and f(L =) exist. If f(-L+) = f(L -)
then the periodic extension of f is continuous at both -L and L. Therefore the sum of the Fourier
series of f at L and -L equals to the value f(L) = f(-L). If f(-L+) * f(L -) then the periodic exten-
sion of f hasajump atboth -L and L. The left-hand limit of the periodic extension of f at -L is

f(L -). The right-hand limit of the periodic extension of f at -L is f(-L +). Therefore the sum of the

Fourier series of f at -L is % (F(L) + f(-L)). The left-hand limit of the periodic extension of f at L is

f(L -). The right-hand limit of the periodic extension of f at L is f(-L +). Therefore the sum of the

Fourier series of f at L is also %(f(L) + f(=L)).

Section 3.3

General definitions:

neo= Clear[vf, fft, ffo, ffe, 1L, x];

X+ 1L
fftivf_, x_, 1L_] := vf[x— [Ceiling[ -~ ] - 1J (2 1L)];

ffo[vf_, x_] :=If[x<@, -vFf[-x], vf[x]];
ffe[vf_, x_] :=If[x< 0, vf[-x], vf[x]];

3.3.1

(a)
The function hereisf(x) = 1, -L <x<L.

npeai= Clear [ff];

ffix_]1=1; 1L=2;

The Fourier series
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neej= Show[Plot[{ff[x]}, {x, -1L, 1L}, PlotStyle » {{Thickness[0.01], Blue}},
PlotRange -» {{-7, 11}, {-1.5, 1.5}}]1, Plot[{fft[ff[H] &, x, 1L]}, {x, -20, 20},
PlotStyle » {{Thickness[0.005], Green}}, PlotRange » {{-7, 11}, {-1.5, 1.5}}1]

1.5

0.5

Out[66]= L

-5

-0.5

-1.0

-1.5

The Fourier sine series

10

ne7:= Show[Plot[ {ff[x], ffo[ff[#] &, x]}, {x, -1L, 1L},
PlotStyle -» {{Thickness[0.01], Blue}, {Thickness[0.007], Cyan}},
Exclusions -» {0}, PlotRange » {{-7, 11}, {-1.5, 1.5}}], Plot[
{fft[ffo[ff[#] &, #] &, x, 1L]}, {x, -20, 20}, PlotStyle -» {{Thickness[0.001], Green}},
Exclusions -» Range[-10, 12, 2], PlotRange » {{-7, 11}, {-1.5, 1.5}}]1]

1.5

0.5

out[67]= :

-1.0

-1.5

The Fourier cosine series

10

| 21
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nes:= Show[Plot[ {ff[x], ffe[ff[#] &, x]}, {x, -1L, 1L},
PlotStyle -» {{Thickness[0.01], Blue}, {Thickness[0.007], Cyan}},
Exclusions -» {0}, PlotRange » {{-7, 11}, {-1.5, 1.5}}], Plot[
{fft[ffe[ff[#] &, #] &, x, 1L]}, {x, -20, 20}, PlotStyle -» {{Thickness[0.001], Green}},
Exclusions -» Range[-10, 12, 2], PlotRange » {{-7, 11}, {-1.5, 1.5}}]1]

151

051

outfsl= ————— L
-5 5 10

-15%

(b)
The function hereisf(x) = 1+ x, -L S x<L.

npeo:= Clear[ff];

ff[x_] =1+x; xmin = -7; xmax = 11; ymin = -4; ymax = 4; 1L = 2;

The Fourier series

n71= Show[Plot [ {ff[x]}, {x, -1L, 1L}, PlotStyle » {{Thickness[0.01], Blue}},
PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[{fft[ff[#] &, x, 1L]}, {x, -20, 20},
PlotStyle » {{Thickness[0.003], Green}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]]

out71}s ———Hf——— e e
Z5 / 5 10

2+

4L
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The Fourier sine series

n72;= Show[Plot [ {ff[x], ffo[ff[#] &, x]}, {x, -1L, 1L},
PlotStyle » {{Thickness[0.01], Blue}, {Thickness[0.007], Cyan}},
Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[
{fft[ffo[ff[#] &, #] &, x, 1L]}, {x, -20, 20}, PlotStyle -» {{Thickness[0.003], Green}},
Exclusions -» Range[-10, 12, 2], PlotRange » {{xmin, xmax}, {ymin, ymax}}]]

omm]/

4L
The Fourier cosine series

n73=- Show[Plot[{ff[x], ffe[ff[#] &, x]}, {x, -1L, 1L},
PlotStyle » {{Thickness[0.01], Blue}, {Thickness[0.007], Cyan}},
Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[
{fft[ffe[ff[#] &, #] &, x, 1L]}, {x, -20, 20}, PlotStyle -» {{Thickness[0.003], Green}},
Exclusions -» Range[-10, 12, 2], PlotRange » {{xmin, xmax}, {ymin, ymax}}]]

Out[73]= - L . . . / . . . . L . . . . I

(c)

The function hereis f(x) = x + UnitStep[x], -L < x<L.
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ina;= Clear [ff];

ff[x_] = x+UnitStep[x]; xmin = -7; xmax = 11; ymin = -4; ymax = 4; 1L = 2;

The Fourier series

in76}= Show[Plot [ {ff[x]}, {x, -1L, 1L}, PlotStyle » {{Thickness[0.01], Blue}},
PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[{fft[ff[#] &, x, 1L]}, {x, -20, 20},
PlotStyle » {{Thickness[0.003], Green}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]]

Out[76]= . 1 s . . . . . . . 1 . . n . |
-5 5 10

4L
The Fourier sine series

n77:= Show[Plot [ {ff[x], ffo[ff[#] &, x]}, {x, -1L, 1L},
PlotStyle » {{Thickness[0.01], Blue}, {Thickness[0.007], Cyan}},
Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[
{fft[ffo[ff[#] &, #] &, x, 1L]}, {x, -20, 20}, PlotStyle -» {{Thickness[0.003], Green}},
Exclusions -» Range[-10, 12, 2], PlotRange -» {{xmin, xmax}, {ymin, ymax}}]]

Out[77]= - L . . . : . . . . 1 . . . . I
-5 5 10

2t

4L

The Fourier cosine series
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n7e:= Show[Plot[ {ff[x], ffe[ff[#] &, x]}, {x, -1L, 1L},
PlotStyle -» {{Thickness[0.01], Blue}, {Thickness[0.007], Cyan}},
Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[
{fft[ffe[ff[#] &, #] &, x, 1L]}, {x, -20, 20}, PlotStyle -» {{Thickness[0.003], Green}},
Exclusions -» Range[-10, 12, 2], PlotRange » {{xmin, xmax}, {ymin, ymax}}]]

out[78]= —— ‘5

4L

(d)

The function here is f(x)

nro= Clear[ff];

ff[x_] = Exp[x]; xmin =

The Fourier series

Exp[x], -L <x<L.

10

-4; xmax = 7; ymin = -3; ymax = 3; 1L = 1;

ns1= Show[Plot [ {ff[x]}, {x, -1L, 1L}, PlotStyle » {{Thickness[0.01], Blue}},
PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[{fft[ff[#] &, x, 1L]}, {x, -20, 20},
PlotStyle » {{Thickness[0.003], Green}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]]

Out[81]= ‘4

ol

3l

The Fourier sine series
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ns2;:= Show[Plot[ {ff[x], ffo[ff[#] &, x]}, {x, -1L, 1L},
PlotStyle -» {{Thickness[0.01], Blue}, {Thickness[0.007], Cyan}},
Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[
{fft[ffo[ff[#] &, #] &, x, 1L]}, {x, -20, 20}, PlotStyle -» {{Thickness[0.003], Green}},
Exclusions -» Range[-11, 12, 1], PlotRange » {{xmin, xmax}, {ymin, ymax}}]]

Ou([82]:‘4“““‘7““““““

3l
The Fourier cosine series

ns3:= Show[Plot[{ff[x], ffe[ff[#] &, x]}, {x, -1L, 1L},
PlotStyle » {{Thickness[0.01], Blue}, {Thickness[0.007], Cyan}},
Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[
{fft[ffe[ff[#] &, #] &, x, 1L]}, {x, -20, 20}, PlotStyle -» {{Thickness[0.003], Green}},
Exclusions -» Range[-10, 12, 2], PlotRange » {{xmin, xmax}, {ymin, ymax}}]]

Out[83]:‘4“““‘7““““““

3l

(e)

The function here is f(x) =2 (1 - UnitStep[x]) + UnitStep[x] Exp[-x], -L < x<L.
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ngaj= Clear [ff];

ff[x_] =2 (1-UnitStep[x]) +UnitStep[x] Exp[x]; xmin = -4;
xmax = 7;

ymin = -3;

ymax = 3; 1L =1;

The Fourier series

In[86]:=
Show[Plot[{ff[x]}, {x, -1L, 1L}, PlotStyle -» {{Thickness[©.01], Blue}},

PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[{fft[ff[#] &, x, 1L]}, {x, -20, 20},

PlotStyle -» {{Thickness[0.003], Green}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]]

- L N N N 1 N N N [ N N N 1 N N N 1 N N N 1
Out[86] 2 ) T D) 4 6

2l

3l
The Fourier sine series

7= Show[Plot [ {ff[x], ffo[ff[#] &, x]}, {X, -1L, 1L},
PlotStyle » {{Thickness[0.01], Blue}, {Thickness[0.007], Cyan}},
Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[
{fft[ffo[ff[#] &, #] &, x, 1L]}, {x, -20, 20}, PlotStyle » {{Thickness[0.003], Green}},
Exclusions -» Range[-10, 12, 1], PlotRange » {{xmin, xmax}, {ymin, ymax}}]]

outj87]= A A A | A A A [ A A | A A A | A A A |
vIsTE - 2 [ 2 4 6

2f
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The Fourier cosine series

nss:= Show[Plot[{ff[x], ffe[ff[#] &, x]}, {x, -1L, 1L},
PlotStyle » {{Thickness[0.01], Blue}, {Thickness[0.007], Cyan}},
Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}], Plot[
{fft[ffe[ff[#] &, #] &, x, 1L]}, {x, -20, 20}, PlotStyle -» {{Thickness[0.003], Green}},
Exclusions -» Range[-10, 12, 2], PlotRange » {{xmin, xmax}, {ymin, ymax}}]]

out[8g]= !
-4 -2 I 2 4 6

ol

3.3.2

(a)
The function here is f(x) = Cos[fx], 0sx<lL.

nso= Clear[ff, x, 1L];

Pi
ffix_, 1L_] = COS[I x];

wot= cbn_] = Fullsimpli-Fy[

2 nPi
— Integr‘ate[ff[x, 1L] Sin[— x], {x, 0, 1L}] , And[1L > @, n € Integers, n > 0]]
1L 1L
2(1+(-1)")n
ou9l] ———m—————

(71+n2) 7T

Thereisaproblematn=1
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In[92]:=

2 1Pi
cb[1] = Fullsimpli-Fy[— Integr‘ate[ff[x, 1L] Sin[— x] s {X, 0, 1L}] » And[1L > 0]]
1L 1L

cb[n_] = Fullsimplify[
2

nPi
— Integr‘ate[ff[x, 1L] Sin[— x], {x, 0, 1L}] , And[1L > @, n € Integers, n > 0]]
1L 1L

out[92)= @

2(1+(-1)")n

Out[93]=
(— 1+ n2> 7T
4= €b[1]
out[94]= ©
The Fourier sine series
nos= Xmin = -4; xmax = 7; ymin = -1.5; ymax = 1.5; 1L = 2; nn = 10;
Show[Plot[{-F-F[x, L1}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},
Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot [ {ffo[ff[#, 1L] &, x]1}, {x, -1L, 1L},
PlotStyle » {{Thickness[0.008], Cyan}},
Exclusions » {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot [ {fft[ffo[ff[#, 1L] &, #] &, X, 1L]}, {x, -20, 20},
PlotStyle -» {{Thickness[0.003], Red}},
Exclusions -» Range[-10, 12, 1], PlotRange » {{xmin, xmax}, {ymin, ymax}}],
nPi
Plot[Evaluate[{Sum[cb[n] Sin[—x], {n, 1, nn}]}], {x, -20, 20},
1L
PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]
150
Out[96]= b ]\ A /\

-15L

| 29
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(b)
The function here is f(x) = (-2 UnitStep[L/6 — x] + 3 UnitStep[L/2 - x]) UnitStep[L/2 - x], 0s x < L.

no7:= Clear[ff, x, 1L];

ffix_, 1L_] = (-2UnitStep[lL /6 -x] +3UnitStep[1lL /2 - x]) UnitStep[lL/2-x];
o= Plot [FFf[x, 5], {X, ©, 6}]
30fF
25
200

out[99]= 1.5

info0j= Clear[cb];
cb[n_] = Fullsimplify[

2 nPi nPi
—_ [Integrate[sin[— x] , {X, 0, 1L/ 6}] + Integrate[3 Sin[— x] s {X, 1L /6, 1L/ 2}] ] 5
1L 1L 1L

And[1L > @, n € Integers, n > 0]]

2+4Cos{n?”] —6Cos["7"]

out[101]=
n it

The Fourier sine series
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inf102;= Xmin = -7; xmax = 11; ymin = -3.5; ymax = 3.5; 1L = 3; nn = 20;

Show[Plot[{-F-F[x, L]}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» {@, 1L /6, 1L / 2}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[{ffo[ff[#, 1L] &, x]1}, {Xx, -1L, 1L},

PlotStyle -» {{Thickness[0.008], Cyan}},

Exclusions -» {@, 1L/6, 1L/ 2, -1L /6, -1L / 2},

PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[{fft[ffo[ff[#, 1L] &, #] &, X, 1L}, {X, -20, 20},

PlotStyle » {{Thickness[0.003], Red}},

Exclusions -» Range[-10, 12, 1/ 2], PlotRange -» {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ Sum[cb[n] Sin[%x], {n, 1, nn}]}], {x, -20, 20}, PlotPoints - 200,

PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

Ou[103)= 8 aaaannn’ i - st

-

(c)
The function here is f(x) = x UnitStep[x - L/2], 0 x<L.

info4;= Clear [ff, x, 1L];

ff[x_, 1L_] = xUnitStep[x-1L/2];
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6= Plot [fF[x, 5], {X, @, 6}]

6

out[106]= 3|

1 2 3 4 5 6
inf107:= Clear[cb];

cb[n_] = FullSimpli-Fy[

[ nPi
1L

Integr‘ate[x Sin[— x], {x, 1L/ 2, 1L}]], And[1L > @, n € Integers, n > 0]]
1L

1L (nrrcos[ "] -2 ((-1)"nn+sin[%]))

out[108]=

n2 7T2

The Fourier sine series
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inf109)= Xmin = -7; xmax = 11; ymin = -3.5; ymax = 3.5; 1L = 3; nn = 20;

Show[Plot[{-F-F[x, L]}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» {@, 1L /6, 1L / 2}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[{ffo[ff[#, 1L] &, x]1}, {Xx, -1L, 1L},

PlotStyle -» {{Thickness[0.008], Cyan}},

Exclusions -» {@, 1L/6, 1L/ 2, -1L /6, -1L / 2},

PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[{fft[ffo[ff[#, 1L] &, #] &, X, 1L}, {X, -20, 20},

PlotStyle » {{Thickness[0.003], Red}},

Exclusions -» Range[-10, 12, 1/ 2], PlotRange -» {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ Sum[cb[n] Sin[%x], {n, 1, nn}]}], {x, -20, 20}, PlotPoints - 200,

PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

Oout[110]= i A A . L A

-5 5 10

(d)
The function here is f(x) = x UnitStep[x - L/2], 0 x<L.

n11:= Clear[ff, x, 1L];

ff[x_, 1L_] = UnitStep[lL/2-x];

| 33
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nf13:= Plot [ff[x, 5], {X, @, 6}]

1.0

06
out[113]=
0.4}

0.2

P S B L I I I

1 2 3 4 5 6

in1141= Clear[cb];

cb[n_] =

2 nPi
FullSimpli-Fy[— [Integr‘ate[sin[— x] s {X, 0, 1L/ 2}]], And[1L > @, n € Integers, n > 0]]
1L 1L

. 2
4sin[ "]
4
out[115)r ——
n

The Fourier sine series
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(6= Xmin = -7; xmax = 11; ymin = -1.5; ymax = 1.5; 1L = 3; nn = 20;

Show[Plot[{-F-F[x, L]}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» {@, 1L /6, 1L / 2}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[{ffo[ff[#, 1L] &, x]1}, {Xx, -1L, 1L},

PlotStyle -» {{Thickness[0.008], Cyan}},

Exclusions -» {@, 1L/6, 1L/ 2, -1L /6, -1L / 2},

PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[{fft[ffo[ff[#, 1L] &, #] &, X, 1L}, {X, -20, 20},

PlotStyle » {{Thickness[0.003], Red}},

Exclusions -» Range[-10, 12, 1/ 2], PlotRange -» {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ Sum[cb[n] Sin[%x], {n, 1, nn}]}], {x, -20, 20}, PlotPoints - 200,

PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

1.5
1.0
05}
Out[117]= _‘5 A A— o J é —a 1?)/«
-0.5})
i
-1.5

3.3.3

(a) Donein 3.3.2 (a)
(b) Donein 3.3.2 (d)
()

The function hereisf(x) =x, 0<sx<L.

inf1s= Clear[ff, x, 1L];

ffix_, 1L_] = x;

| 35
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np20p= €b[n_] = Fullsimplify[

2 nPi
— Integrate[ff[x, 1L] Sin[— x], {x, 0, 1L}] , And[1L > @, n € Integers, n > 0]]
1L 1L
2 (-1)"1L
Out[120]= — ———
n st

The Fourier sine series

nf21= Xmin = =73 xmax = 11; ymin = -2.5; ymax = 2.5; 1L = 2; nn = 10;

Show[Plot[{-F-F[x, L1}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[{ffo[ff[#, 1L] &, x]}, {X, -1L, 1L},

PlotStyle » {{Thickness[0.008], Cyan}},

Exclusions -» {0}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot [ {fft[ffo[ff[#, 1L] &, #] &, X, 1L]}, {x, -20, 20},

PlotStyle -» {{Thickness[0.003], Red}},

Exclusions -» Range[-10, 12, 1], PlotRange » {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{Sum[cb[n] Sin[%x], {n, 1, nn}]}], {x, -20, 20},

PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

]

Out[122]= « I . . . . I

-2+

3.34
The function here is f(x) = Sin[% x], 0sx<L.
inf23= Clear [ff, x, 1L];

Pi
ffx_, 1L_] = Sin[I x];
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inf25:= Clear[ca@];

1

cao = Fullsimpli-Fy[— Integrate[ff[x, 1L], {x, @, 1L}], And[1L > 0]]
1L

2

out[126]= —
T

ini271= Clear[ca];

ca[n_] = FullSimpli-Fy[
2

nPi
—_ Integr‘ate[ff[x, 1L] Cos[— x], {x, 0, 1L}] ,» And[1L > @, n € Integers, n > 0]]
1L 1L

2 (1+(-1)")
Oou[128] ———
7T-n? 5

There is a problem with n=1.

2 Pi
nf29p= caf[l] = Fullsimpli-Fy[— Integr‘ate[-F-F[x, 1L] Cos[— x] s {X, 9, lL}], And[1L > 6]]
1L 1L

out[129]= O

The Fourier cosine series
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in(130;:= Xmin = -3; xmax = 7; ymin = - .5; ymax = 1.5; 1L = 2; nn = 8;

Show[Plot[{-F-F[x, L]}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» {}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot [ {ffe[ff[#, 1L] &, x]1}, {Xx, -1L, 1L},

PlotStyle -» {{Thickness[0.008], Cyan}},

Exclusions -» {}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[ {fft[ffe[ff[#, 1L] &, #] &, X, 1L]}, {X, -20, 20},

PlotStyle » {{Thickness[0.003], Red}},

PlotRange -» {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ ca0+Sum[ca[n] Cos[% x], {n, 1, nn}]}], {x, -20, 20},

PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

1.5-

out[131]=

-0.5

3.3.5

(a)
The function hereis f(x) =x?, 0<x<L.

in1321= Clear [ff, x, 1L];

fFIx_, 1L_] = x%;
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inf34;= Plot [ff[x, 5], {X, @, 6}]
36
31f
26

21

Out[134]=

inf3s= Clear[ca®, ca, 1L];

1
ca@[lL_] = Fullsimplify[— (Integrate[ff[x, 1L], {x, ©, 1L}]), And[1lL > 0]]
1L

ca[n_, 1L_] = FullSimpli-Fy[

2 nPi
— [Integr‘ate[ff[x, 1L] Cos[— x] s> {X, 0, 1L}]], And[1L > @, n € Integers, n > 0]]
1L 1L
1L2
Oout[136]= ——
3
4 (-1)"112
ou[137 ——m
n? 2

The Fourier cosine series
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in(13s:= Xmin = -5; xmax = 7; ymin = -.5; ymax = 4.5; 1L =2; nn=7;

Show[Plot[{-F-F[x, L]}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» None, PlotRange - {{xmin, xmax}, {ymin, ymax}}],
Plot [ {ffe[ff[#, 1L] &, x]1}, {Xx, -1L, 1L},

PlotStyle -» {{Thickness[0.008], Cyan}},

Exclusions -» {@, 1L/6, 1L/ 2, -1L /6, -1L / 2},

PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[{fft[ffe[ff[#, 1L] &, #] &, X, 1L}, {X, -20, 20},

PlotStyle » {{Thickness[0.003], Red}},

Exclusions -» None, PlotRange » {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ cao[lL] +Sum[ca[n, 1L] Cos[%x], {n, 1, nn}]}],

{x, -20, 20}, PlotPoints - 200,
PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

out[139]= 2} )

-4 -2 2 4 6

(b)
The function here is f(x) = (-2 UnitStep[L/6 — x] + 3 UnitStep[L/2 - x]) UnitStep[L/2 - x], 0S x < L.

inf40= Clear [ff, x, 1L];

ffix_, IL_] = (-2UnitStep[1L /6 -x] +3UnitStep[1lL/2-x]) UnitStep[lL/2-x];
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infa2;= Plot [ff[x, 5], {X, @, 6}]

30f
25f
20F

outf142)= 15[

05F

1 2 3 4 5 6

in143= Clear[ca@, ca];
cao = Fullsimplify[

1
— (Integrate[1l, {x, 0, 1L /6}] + Integrate[3, {x, 1L /6, 1L/ 2}]), And[1L > 0]]
1L

ca[n_] = Fullsimplify[
2 nPi nPi
— [Integr‘ate[Cos[— x] , {X, 0, 1L/ 6}] + Integr‘ate[S Cos[— x] s {X, 1L /6, 1L/ 2}] ] 5
1L 1L 1L

And[1lL > @, n € Integers, n > 0]]

out[144]= —

~4sin["7] +6sin[ "]

out[145]=
n st

The Fourier cosine series
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inf146;= Xmin = -7; xmax = 11; ymin = - .5; ymax = 3.5; 1L = 3; nn = 20;

Show[Plot[{-F-F[x, L]}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» {@, 1L /6, 1L / 2}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot [ {ffe[ff[#, 1L] &, x]1}, {Xx, -1L, 1L},

PlotStyle -» {{Thickness[0.008], Cyan}},

Exclusions -» {@, 1L/6, 1L/ 2, -1L /6, -1L / 2},

PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[{fft[ffe[ff[#, 1L] &, #] &, X, 1L}, {X, -20, 20},

PlotStyle » {{Thickness[0.003], Red}},

Exclusions -» Range[-10, 12, 1/ 2], PlotRange -» {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ cae+Sum[ca[n] Cos[% x], {n, 1, nn}]}],

{x, -20, 20}, PlotPoints - 200,
PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

T s I

=

out[147]=

" il 2
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(c)
The function here is f(x) = x UnitStep[x - L/2], 0 x< L.

inf4s;= Clear [ff, x, 1L];

ff[x_, 1L_] = xUnitStep[x-1L/2];



In[150]:=

Out[150]=

In[151]:=

out[152]=

Out[153]=

Plot[ff[x, 5], {X, @, 6}]

6

Clear[ca®@, ca]l;

1

cao = Fullsimplify[— (Integrate[x, {x, 1L/ 2, 1L}]), And[1L > 0]]
1L

ca[n_] = Fullsimplify[

31L

8

The Fourier cosine series

1L (-2 (-1)"+2Cos[“F] +nxsin[ "X ])

Chapter_3.nb

nPi
[Integr‘ate[x Cos[— x], {x, 1L/ 2, 1L}]], And[1L > @, n € Integers, n > 0]]
1L

| 43
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(4= Xmin = =73 xmax = 11; ymin = - .5; ymax = 3.5; 1L = 3; nn = 10;

Show[Plot[{-F-F[x, L]}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» {@, 1L /6, 1L / 2}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot [ {ffe[ff[#, 1L] &, x]1}, {Xx, -1L, 1L},

PlotStyle -» {{Thickness[0.008], Cyan}},

Exclusions -» {@, 1L/6, 1L/ 2, -1L /6, -1L / 2},

PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot[{fft[ffe[ff[#, 1L] &, #] &, X, 1L}, {X, -20, 20},

PlotStyle » {{Thickness[0.003], Red}},

Exclusions -» Range[-10, 12, 1/ 2], PlotRange -» {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ cae+Sum[ca[n] Cos[% x], {n, 1, nn}]}],

{x, -20, 20}, PlotPoints - 200,
PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

out[155]=
1,
[P Fal O\ Fa DDA 1
AT A G Y 10V
3.3.6

(a)

The function hereis f(x) =x, 0<sx<L.

npser= Clear [ff, x, 1L];

ffix_, 1L_] = x;
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inpss= Plot [fF[x, 5], {X, @, 6}]

6

out[158]= 3|

! ! !

1 2 3 4 5 6

infs9:= Clear[ca®, ca, 1L, n];

1
ca@[lL_] = Fullsimplify[— (Integrate[ff[x, 1L], {x, ©, 1L}]), And[1L > 0]]
1L

ca[n_, 1L_] = FullSimplify[

2 nPi
—_ [Integr‘ate[ff[x, 1L] Cos[— x] s> {X, 0, 1L}]], And[1L > @, n € Integers, n > 0]]
1L 1L
1L
out[160]= ——
2
2 (-1+ (-1)") 1L
out[161]=

The Fourier cosine series
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(2= Xmin = =53 xmax = 7; ymin = -.5; ymax = 2.5; 1L =2; nn=7;

Show[Plot[{-F-F[x, L]}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},
Exclusions -» None, PlotRange - {{xmin, xmax}, {ymin, ymax}}],
Plot [ {ffe[ff[#, 1L] &, x]1}, {Xx, -1L, 1L},
PlotStyle -» {{Thickness[0.008], Cyan}},
Exclusions -» None, PlotRange » {{xmin, xmax}, {ymin, ymax}}],
Plot[ {fft[ffe[ff[#, 1L] &, #] &, X, 1L]}, {X, -20, 20},
PlotStyle » {{Thickness[0.003], Red}},
Exclusions -» None, PlotRange » {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ cao[l1L] +Sum[ca[n, 1L] Cos[%x], {n, 1, nn}]}],

{x, -20, 20}, PlotPoints - 200,
PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

25
201
/
out[163]= 10F /
.5*/'/
‘—4“‘—2“‘ “‘2“‘4“‘6
-0.5"%

(b)
The function hereis f(x) = UnitStep[x - L/2], 0sx<L.

inie41= Clear [ff, x, 1L];

ff[x_, 1L_] = UnitStep[x - 1L/ 2];
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inpeei= Plot [fF[x, 5], {X, @, 6}]

1.0

06
out[166]=
0.2

L L S S S S S B S S S |

1 2 3 4 5 6

ine71= Clear[ca@, ca, 1L];

1
cao[lL_] = FullSimpli-Fy[— (Integrate[1, {x, 1L /2, 1L}1), And[1L > a]]
1L

ca[n_, 1L_] = FullSimpli-Fy[

2 nPi
— [Integr‘ate[Cos[— x], {x, 1L/ 2, 1L}]], And[1L > @, n € Integers, n > 0]]
1L 1L

1
out[168]= —
2

2sin[ "7 ]
ou[169]= — ——————————
n st

The Fourier cosine series
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n(70}:= Xmin = -4; xmax = 7; ymin = - .5; ymax = 1.5; 1L = 2; nn = 10;

Show[Plot[{-F-F[x, L]}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» {1L / 2}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot [ {ffe[ff[#, 1L] &, x]1}, {Xx, -1L, 1L},

PlotStyle -» {{Thickness[0.008], Cyan}},

Exclusions -» Range[-11, 12, 2], PlotRange » {{xmin, xmax}, {ymin, ymax}}],
Plot[ {fft[ffe[ff[#, 1L] &, #] &, X, 1L]}, {X, -20, 20},

PlotStyle » {{Thickness[0.003], Red}},

Exclusions -» Range[-10, 12, 1/ 2], PlotRange -» {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ cao[l1L] +Sum[ca[n, 1L] Cos[%x], {n, 1, nn}]}],

{x, -20, 20}, PlotPoints - 200,
PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

15
1.0
out[171]= 0.5
f AV/\ . | . ,\VI\‘: Av/\ L I L /\Vl\ L /\v/\ L |
A -2 VA A 2 VVyVvy 6
05l

The function hereis f(x) = UnitStep[L/2 - x], 0 x<L.

ini721= Clear [ff, x, 1L];

ff[x_, 1L_] = UnitStep[lL/2-x];
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inf74;= Plot [ff[x, 5], {X, @, 6}]

1.0

0.8
06
out[174]=
0.2

P S B L L L I

1 2 3 4 5 6

in7s= Clear[ca@, ca, 1L];
1
ca@[lL_] = FullSimpli-Fy[— (Integrate[1, {x, 0, 1L/ 2}]), And[1L > 0]]
1L

ca[n_, 1L_] =

2 nPi
Fullsimplify[— [Integr‘ate[Cos[— x] s> {X, 0, 1L/ 2}]], And[1L > @, n € Integers, n > 0]]
1L 1L

1
out[176]=
2
2sin[ "]
2
ouf177) ——————

nJt

The Fourier cosine series
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n(78}= Xmin = -4; xmax = 7; ymin = - .5; ymax = 1.5; 1L = 2; nn = 10;

Show[Plot[{-F-F[x, L]}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» {1L / 2}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}],
Plot [ {ffe[ff[#, 1L] &, x]1}, {Xx, -1L, 1L},

PlotStyle -» {{Thickness[0.008], Cyan}},

Exclusions -» Range[-11, 12, 2], PlotRange » {{xmin, xmax}, {ymin, ymax}}],
Plot[ {fft[ffe[ff[#, 1L] &, #] &, X, 1L]}, {X, -20, 20},

PlotStyle » {{Thickness[0.003], Red}},

Exclusions -» Range[-10, 12, 1/ 2], PlotRange -» {{xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ cao[l1L] +Sum[ca[n, 1L] Cos[%x], {n, 1, nn}]}],

{x, -20, 20}, PlotPoints - 200,
PlotStyle » {{Thickness[0.003], Black}}, PlotRange -» {{xmin, xmax}, {ymin, ymax}}]

151

out[179]= 0.5

-05"-

Notice that adding the functions in (b) and (c) one gets 1. So we did not even need to calculate the
second series; we could have subbtracted the series in (b) from 1.
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3.3.7

infisoi= Plot[{Cosh[x], Sinh[x], Exp[x] + ©.07, Exp[x] -©0.07, Exp[x]}, {X, -2.6, 2.6}, PlotStyle »
{{Thickness[0.005], Blue}, {Thickness[0.005], Red}, {Thickness[0.005], Blue},
{Thickness[0.005], Red}, {Thickness[0.004], White}}, PlotRange » {-6, 6}]
6,

Oout[180]= —== = 3 ] 5

oL
_4:,
6l

The above plot is my attempt to illustrate the formula

Exp[x] = Cosh[x] +Sinh[x]

which follows from the definition of the hyperbolic functions Cosh and Sinh.

3.3.8

(a)
Here is a Mathematica formula for the even part (its funny name is ffep) of a function (with a funny

name) vf and a Mathematica formula for the even extension (its funny name is ffee) of a function
(with a funny name) vf.

nps1:= Clear[vf, ffep, ffee, 1L, x];

1

ffep[vf_, x_] := — (vf[x] +vFf[-x]);
2

ffee[vf_, x_] :

If[x <0, vf[-x], vf[x]];

The formula for the even part takes into accunt values of vf at positive and at negative numbers x.
The formula for the even extension takes into accunt only the values of vf at positive x by reflecting
the graph of vfaccross the y-axes. Here is an example: the original function is blue, its even part in
cyan and the even extension in magenta.

infisai= Clear [ff, X];

ffx_1 = Exp[x];
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nfsei= Plot [ {ff[x], ffep[ff[#] &, x], ffee[ff[#] &, X]},
{x, -2.6, 2.6}, PlotStyle -» {{Thickness[0.01], Blue},

{Thickness[0.005], Cyan}, {Thickness[0.005], Magenta}}, PlotRange » {-.2, 6}]
6

out[186]=

In[187]:=

In[189]:=

out[189]=

Clear[ff, Xx];

ff[x_] = x¥* Exp[-x] UnitStep[x];

Plot[ {ff[x], ffep[ff[#] &, x], ffee[ff[#] &, x]}, {X, -4.6, 4.6},

PlotStyle » {{Thickness[0.01], Blue}, {Thickness[0.005], Cyan},
{Thickness[0.005], Magenta}}, PlotRange » {-.2, .7}]

-4 -2 I 2 4

(b)
Here is a Mathematica formula for the odd part (its funny name is ffop) of a function (with a funny

name) vf and a Mathematica formula for the odd extension (its funny name is ffoe) of a function
(with a funny name) vf.
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0= Clear[vf, ffop, ffoe, 1L, x];

1
ffop[vf_, x_] := — (vf[x] -vFf[-x]);
2

ffoe[vf_, x_] :=If[x<0, -vFf[-x], vF[x]];

infe3;= Clear [ff, Xx];

fFIx_1 = Exp[x];

nfesi= Plot [ {ff[x], ffop[ff[#] &, x], ffoe[ff[#] &, x]}, {x, -2.6, 2.6}, PlotStyle »
{{Thickness[0.01], Blue}, {Thickness[0.005], Cyan}, {Thickness[0.005], Magenta}},
Exclusions -» {0}, PlotRange » {-6, 6}]

out[195]=

nroer= Clear [ff, X];

ff[x_] = x* Exp[-X] UnitStep[x];

nfosi= Plot [ {ff[x], ffop[ff[#] &, x], ffoe[ff[#] &, x]}, {x, -4.6, 4.6},
PlotStyle » {{Thickness[0.01], Blue}, {Thickness[0.005], Cyan},
{Thickness[0.005], Magenta}}, PlotRange -» {-.7, .7}]

065
045

0.25[

out[198]=
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(c)

o= Clear [ff, x];

ff[x_] = x* UnitStep[x] + xUnitStep[-X];
In the plot below the odd part blue, the even part red, the sum green and the original function black.

in2o1= Plot[{
ffop[ff[#] &, x], ffep[ff[#] &, x],
ffop[ff[#] &, x] + ffep[ff[#] &, X],
ff[x]}, {x, -3., 3.}, PlotStyle » {{Thickness[0.005], Blue},
{Thickness[0.005], Red}, {Thickness[0.01], Green}, {Thickness[0.004], Black}},
PlotRange » {-3, 3}, AspectRatio -» Automatic]
3

out[201]=

_3,
In the plot below the odd extension blue, the even extension red, the sum green and the original

function black.
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in2o2j= Plot [ {
ffoe[ff[#] &, x], ffee[ff[#] &, X],
ffoe[ff[#] &, x] + ffee[ff[#] &, X],
ff[x]1}, {x, -3., 3.}, PlotStyle -» {{Thickness[0.005], Blue},
{Thickness[0.005], Red}, {Thickness[0.01], Green}, {Thickness[0.004], Black}},
PlotRange » {-3, 3}, AspectRatio -» Automatic]
3.

-
——

Out[202]= — . . A
-3 -2 -1 | 1 2 3

3.3.9

The sum of the Fourier sine series and the Fourier cosine series of f (defined on (0, L)) is the function
which equals 0 on (=L, 0) equals2f on (0, L) and then periodically extended. Here are examples.

Example 1

The function hereis f(x) =x?, 0<x<L.

inz03= Clear [ff, x, 1L];

fFIx_, 1L_] = x%;
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In[205]:=

Out[206]=

Out[207]=

out[208]=

Clear[ca®@, ca, 1L];

1
ca@[lL_] = Fullsimplify[— (Integrate[ff[x, 1L], {x, ©, 1L}]), And[1lL > 0]]
1L

ca[n_, 1L_] = FullSimpli-Fy[

2 nPi
—_ [Integr‘ate[ff[x, 1L] Cos[— x] s> {X, 0, 1L}]], And[1L > @, n € Integers, n > 0]]
1L 1L

cb[n_, 1L_] = FullSimplify[
2

nPi
— [Integr‘ate[ff[x, 1L] Sin[— x], {x, 0, lL}]], And[1L > @, n € Integers, n > 0]]
1L 1L

The function is in blue. The approximation of Fourier cosine series is in magenta, the approximation
of the Fourier sine series is in cyan, the sum of the previous two series is in black, the periodic
extension of the function 2 UnitStep[x]f (x) is yellow.
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in2o9}= Xmin = -3; xmax = 5; ymin = -1.5; ymax = 2.5; 1L =1; nn = 20;

Show[Plot[{-F-F[x, L1}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» None, PlotRange - {{xmin, xmax}, {ymin, ymax}}],
Plot[{fft[2 (UnitStep[#] ff[#, 1L]) &, x, 1L]}, {X, -20, 20},
PlotStyle » {{Thickness[0.005], Yellow}},
Exclusions - Range[-11, 12, 2], PlotRange -» { {xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ cao[1L] +Sum[ca[n, 1L] Cos[% x], {n, 1, nn}], Sum[

nPi nPi
cb[n, 1L] Sin[T x], {n, 1, nn}], caf[lL] +Sum[ca[n, 1L] Cos[Tx], {n, 1, nn}]

nPi
Sum[cb[n, L] Sin[Tx], (n, 1, nn}]}], {x, -20, 20}, PlotPoints - 200,

PlotStyle » {{Thickness[0.003], Magenta}, {Thickness[0.003], Cyan},
{Thickness[0.003], Black}}, PlotRange -» { {xmin, xmax}, {ymin, ymax}}]

out[210]=

Example 2

The function hereis f(x) = x?, 0<x<L.
n2i11:= Clear[ff, x, 1L];
4
ffix_, 1L_] = —x (IL-x);
1L

in213= FFLIL / 2, 1L]

out213)= 1L

| 57

+
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In[214]:=

Out[215]=

out[216]=

Out[217]=

Clear[ca®@, ca, 1L];

1
ca@[lL_] = Fullsimplify[— (Integrate[ff[x, 1L], {x, ©, 1L}]), And[1lL > 0]]
1L

ca[n_, 1L_] = FullSimpli-Fy[
2

nPi
—_ [Integr‘ate[ff[x, 1L] Cos[— x] s {X, 0, 1L}]], And[1L > @, n € Integers, n > 0]]
1L 1L

cb[n_, 1L_] = FullSimplify[
2 nPi
— [Integr‘ate[ff[x, 1L] Sin[— x], {x, 0, lL}]], And[1L > @, n € Integers, n > 0]]
1L 1L

21L

The function is in blue. The approximation of Fourier cosine series is in magenta, the approximation
of the Fourier sine series is in cyan, the sum of the previous two series is in black, the periodic
extension of the function 2 UnitStep[x]f (x) is yellow.
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n21gl= Xmin = -3; xmax = 4; ymin = -1.2; ymax = 2.2; 1L =1; nn=7;

Show[Plot[{-F-F[x, L1}, {x, 9, 1L}, PlotStyle » {{Thickness[0.01], Blue}},

Exclusions -» None, PlotRange - {{xmin, xmax}, {ymin, ymax}}],
Plot[{fft[2 (UnitStep[#] ff[#, 1L]) &, x, 1L]}, {X, -20, 20},
PlotStyle » {{Thickness[0.01], Yellow}},
Exclusions - Range[-11, 12, 2], PlotRange -» { {xmin, xmax}, {ymin, ymax}}],

Plot[Evaluate[{ cao[1L] +Sum[ca[n, 1L] Cos[% x], {n, 1, nn}], Sum[

nPi nPi
cb[n, 1L] Sin[T x], {n, 1, nn}], caf[lL] +Sum[ca[n, 1L] Cos[Tx], {n, 1, nn}]

nPi
Sum[cb[n, L] Sin[Tx], (n, 1, nn}]}], {x, -20, 20}, PlotPoints - 200,

PlotStyle » {{Thickness[0.003], Magenta}, {Thickness[0.003], Cyan},
{Thickness[0.003], Black}}, PlotRange -» { {xmin, xmax}, {ymin, ymax}}]

out[219]=

3.3.10

in20p= Clear [ff, X];

ff[x_] = Exp[-Xx] UnitStep[x] + X2 UnitStep[-x];

| 59
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in222)= Plot [ {ff[x], ffep[ff[#] &, x], ffop[ff[#] &, x]1},
{x, -2, 2}, PlotStyle -» {{Thickness[0.01], Blue},
{Thickness[0.005], Cyan}, {Thickness[0.005], Magenta}}, PlotRange » {-4, 4}]
4,

Oout[222]= — .
-2 - — ] 2

L
3.3.12

(a)

Here we make linear combination of the functions of the form Sin[Z"T’T x], where k is an integer. Itis

sufficient to prove that all these functions is odd around L/2. The easiest way to show this is to
tranlaste this function to the left by L/2 and show that such a function is odd. The translation is

2kPi 1L
in223;= Clear[tf, x, k, 1L]; tf[x_] = Sin[ [x+ —]]
1L 2

2k7r(12—|'+x>

out[223]= Sin{
1L

Here is the mathematica proof:
ineeap= FullSimplify [tf[x] + tf[-x], k € Integers]

out[224= ©

Or we could have done this directly with the given function

2kPi 1L
in225)= FullSimplify [Sin [ [

x+—]]+$in[2kpi( 1L
1L 2 1L

-X + —]], k e Integer‘s]
2
out2251= @

To do this by hand we just use periodicity of the sine function.

(b)

To prove this statement it is useful to shift all functions by L/2 to the left. By assumption the func-
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tion f(x+L/2) isodd. Below Mathematica shows that the functions Sin[M ( L

m X+ ;)] are even.

(2k +1) Pi 1L
noze- FullSimplify [Sin [ - - [

X + —]] -Sin[Ll)Pi [-x+ l—L]], k e Integers]
1L 2 1L 2

out[226]= @

Consequently the products f(x +L/2) Sin[@ (x+ %)] are odd. Therefore the integrals over

(-L/2, L/2)are 0. Therefore the integrals of s f(x)Sin[@ x] over (0, L) are 0.

3.3.13

This is similar to 3.3.12 (b).

3.3.14

(a)

This is similar to 3.3.12(b).

(b)

Assume that the function f is even around x = L/2. This symmetry implies (prove this) that the Fourier
cosine series of the function f defined on (0, L) is identical to the Fourier cosine series of the function
f defined on (0, L/2).

3.3.15

This is similar to 3.3.12 (b).

3.3.17
In[227]:= Integr‘ate[ , {X, 0, 1}]
1+X
JT
out[227]= —
4

nzzp= Sum[ (-1)"x*", {n, @, Infinity}]
1

out[228]=
1+ x?

nzeop= FullSimplify [Integrate[(-1)"x*", {x, 8, 1}], n> -1/2]
(-n"

out[229]=
1+2n
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(-1)"
In[230]:= Sum[ , {n, 0, Infinity}]
1+2n
T
out[230)= —
3.3.18

(a)

Assume that f(x) is a continuous and piecewise smooth function on the interval [-L, L] and
f(-L) = f(L). Then the Fourier series of f converges uniformly to f on the interval [-L, L].

(b)

Assume that f(x) is a continuous and piecewise smooth function on the interval [0, L] and
f(0) =f(L) = 0. Then the Fourier sine series of f converges uniformly to f on the interval [0, L].

(c)

Assume that f(x) is a continuous and piecewise smooth function on the interval [0, L]. Then the
Fourier cosine series of f converges uniformly to f on the interval [0, L].

Section 3.4
3.4.10

Solution

We look for a solution in the form
nJt

urx, tj = ibn[t} Sin{T x]
n=1

This function satisfies the boundary condition.

Using the initial condition yields the information about
L . n

ba(@] = ~ J f1&] Sin[— ¢] a¢
0 L

Now we only have to make sure that the given function satisfies the PDE

@

S b’ [t] Sin[nT]T x| = -k ibn[t} (T)ZSin[T x| +g(x]
n=1 n=1
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@

n st n st
| =g1x]

) 2
[bn t] +k (—) bnm] Sin[—x
" L L
Using the orthogonality of sines we get

L . N2 L .rhr

~ o011 0k (2] oare | = [ e sin[ 2 ] ac
2 L ) L

no?2 2 (Lt LA

— | bart] :—Jg[é] sin| ¢ ac
L L Jeo L

b, [t] +k

This is a simple linear equation for b, [t]. Itis solved by using integrating factor

Exp[k(nTﬂ)zt} bn'[t]+k nTN)ZExp{k(nTﬂ)zt} b,[t] =
Exp[k (nTﬂ)zt} %J:g[g] Sin[nT]T 5} as
% Exp[k (anr)Zt] bn[t]J :Exp{k (nTﬂ)zt} %LLg[é] Sin[nT]T g] ae
ni\2 1 ni2 2 L . nt
Exp{k (T) t} by[t] = WEEE Exp[k (T) t] o BlE sln[Tg} ds+ C[1]
L

2 L
bn[e]-—fﬂa sin| — ¢| a¢
L Jo
2 L P 2L L Cn
—Jf[é] Sln[—§] d¢ - Jg[é] Sln[—§} dé=C[1)
L Je L k (nm)? Je L
Thus
ni?2 2L L nt
bn[t]_(l_Exp[_k(—) t” Jg[§] Sin[—g} ae+
L k (nm)? Je L
n2 2 (L . n
Exp[—k (—) t] —Jﬂg] sln{—g] ae
L L Jo L

Implementation 1

Given the following functions
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inezs1= Clear[ff, gg, 1L, kk];

1L = 1;

kk = 1;

ff[x_] =0;
gglx_1=x(1-x);

in23e;= Clear [bb, nJ;

niy2 21L 1L
bb[t _, n_] = [1—Exp[—kk (—] t]]

BLE
gg[€] sin[— £] ag+
1L 1L

kk (n)2 Je
nmy2 2 1L nr
Exp[—kk(—) t —j ff[£] sin[— ] a¢
1L 1L Jo 1L
2 (1-e™"%) (2-2Cos[nx] ~nnsSin(nr])

out[237]=

n®
in23g;= Clear [uu, nnJ;
nn = 20;
nn n
uulx_, t_] = bb[t, n] Sin|— x
» €1 = ) bbIt, n] Sin[ —=x]

n=1

8 (1-e %) sin[nx] 8 (1-e®"*)sin[3rx]
Out[240]= + +

0 243 57°

8 (1-e®7 %) sin[5nx] 8 (1-e* ) sin(7xx] 8 (1-e®7 %) sin[9x]
+ + +

3125 n° 16 807 1i° 59049 °

8 (1-e7 %) sin[11x] 8 (1-e 7 t) Sin[137x]
+

+

161051 ° 371293 n°
8 (1-e257%) sin[157x] 8 (1-e27 %) sin(177x] 8 (1-e 17 %) sin[197x]
+ +

759 375 7° 1419857 i° 2476099 5°
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ineat1:= Plot3D[uu[x, t], {x, @, 1}, {t, 0, 1}]

out[241]=

in2az;= Plot[{uu[x, 10], gg[x]}, {x, 0, 1}]
025}
0.20}
0.15}
out[242]=

010}

0.05f

““““““““““““““

How can we verify this solution? We can find the equilibrium temperature distribution and compare
to the function uu[x,t]. That is done below:

nz43- DSolve[{y "' [x] = -gg[x], y[@] = @, y[1] = @}, y[x], ]

1

Out[243)= {{Y[X] - Py (X*2X3+X4)}}
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In{244]= Plot[{uu[x, 101, gg[x], 11—2 (x-2x° +x4)}, {x, 0, 1}, PlotStyle -
{{Blue, Thickness[0.01]}, {Green, Thickness[0.01]}, {Red, Thickness[0.005] }}]
025
020}
015

out[244]=

0.05[

Implementation 2

Given the following functions

inpeas= Clear [ff, gg, 1L, kk];
1L =1;
kk = 1;
ffix ] =4x* (1-Exp[x-1]);
gglx_1=1;
in2s0;= Plot [FF[x], {X, 0, 1}]
osf
0.4}
o3f

Out[250]=

041l

o2 o4 o6 o8 10
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in2s1:= Clear[bb, n];

ny?2 21L 1L . fhm
bb[t_, n_] = (1—Exp[—kk (I) t]) —j gg €] Sln[I g] dg+

kk (n)? Je
ny2 2 1L nr
Exp[—kk (—) t] —j FFLE] Sin[— §] de
1L 1L Je 1L
2(17e’”2”2t) (1-Cos[nnl) ... | -8+ (8-4n%s%) Cos[nn] +8nxSin[n ]
out[252]= +2e Mt +
3 3 3 3

ann (-3+n?7) (2+e (-1+n?n?) Cos[nn]) -4e (1-4n%7%+3n*7*) Sin[n )
(

e (1 +n? 7r2) ’
in2s3= Clear [uu, nnJ;
nn = 20;

nn

uu[x_, t_] = be[t, n] Sin[r;—:x];

n=1

in2se= Plot3D[uu[x, t], {x, @, 1}, {t, 0, 1}, PlotRange » All]

Out[256]=
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In[257):=

out[257]=

In[258]:=

out[258]=

In[259]:=

out[259]=

Plot[{uu[x, 18], gg[x]}, {x, 0, 1}]

1.0 r
0.8 k
0.6 k
04}
0.2 k

! " " " ! " " " ! " " " !

0.2 04 0.6 0.8 1.0

How can we verify this solution? We can find the equilibrium temperature distribution and compare
to the function uu[x,t]. That is done below:

eqsol[x_] = y[x] /. DSolve[{y"'[x] == -gg[x], y[O] == 0, y[1] =0}, y[x], x][[1]]
1
2
— (X=X
. x=)
Plot[{uu[x, 10], gg[x], eqsol[x]}, {x, @, 1}, PlotStyle -»
{{Blue, Thickness[0.01]}, {Green, Thickness[0.01]}, {Red, Thickness[0.005]}}]

10f

0.8;

0.6;

04}
111\
0.2 0.4 0.6 0.8 1.0

Implementation 3

Given the following functions
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inzeoj= Clear [ff, gg, 1L, kk];

In[265]

Out[266]

In[267]

Out[267]

In[268]

In[271]

out[271]

1L = 1;

kk = 1;

ff[x_ ] =4x* (1-Exp[x-1]);
gglx_] = (sin[2Pix])?;

Clear[bb, n];

nry2 21L 1L ns
bb[t_, n_] = FullSimpli-Fy[ (1- Exp[—kk (—) t]] —J ge €] Sin[— §] de +
1L kk (nx)? Je 1L
niy2 2 1L nr
Exp[—kk (—J t] —j ffl&] Sin[— §] d&, And[n >0, ne Integers]]
1L 1L Je 1L

16 (-1+ (-1)") (1-e ™Y

n3 (—16+n2) 3

ge 1t (—6n47T4+2n67(6—2<e <1+n27T2>3+ (-1) e (—2—5n27T2—6n47T4+5n67T6>)

(nn+n3n3)3

. . nsry2 21L 1L . [4rn
bb[t_, 4] = Fu1151mp11fy[ [(1— Exp[—kk (I) t]] ﬁ gegl&] Sln[I §] dég +
(nm) = o

ny2 2 1L 4 7
Exp[-kk (—] t] = | 13 Sin[— §] d1§J /. {n-4}, And[n >0, ne Integer‘s]]
1L 1L Jo 1L

9 e-1-1677t (e +9672+256 (-2+7e) )

(1416 7%)°
Clear[uu, nn];
nn = 20;

nn

uufx_, t_J = ébb[t, n] Sin[r;.—:-r x];

uul[.5, .5]
0.0650325

| 69
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in272;= Plot3D[Evaluate[uu[x, t1], {x, @, 1}, {t, 0, 1}, PlotRange -» All]

out[272]=

ine73= Plot[{uu[x, 10], gg[x]}, {x, 0, 1}]

1.0

out[273]=

0.4

0.2

! " " " !

02 04

How can we verify this solution? We can find the equilibrium temperature distribution and compare
to the function uu[x,t]. That is done below:
nz741= €qsol[x_] = y[x] /. DSolve[{y''[X] == -gg[x], y[@] =0, y[1] = @}, y[x], x] [[1]]

1+8m2x-8n%x%-Cos[4rx]

Out[274]=
32 772
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in27s= Plot[{uu[x, 10], gg[x], eqsol[x]}, {x, @, 1}, PlotStyle »
{{Blue, Thickness[0.01]}, {Green, Thickness[0.01]}, {Red, Thickness[0.005]}}]
0.8

0.6 -

out[275]=

3.4.12

Solution

We will consider a more general equation:

at U(X, t) :aX,Xu(X7 t) +g(X7 t)

We look for a solution in the form

WX, t] = Ag[t] +iAn[t] COS[nl x]

n=1 L

This function satisfies the boundary condition.

Using the initial condition yields the information about

1 L
Ao[0] = fjf[& de
L Jeo

2 L n st
—me COS{—@] ae
L Je L

An[0]

Now we only have to make sure that the given function satisfies the PDE

Ag ' [t] +:21An'[t] Cos{nTnx] k:ZlAn[t] (nTﬂ)zcos[nTﬂx +g8[X%, t]
A@'[t]+i(An'[t]+k nTﬁ)zAn[t] COS{nTﬂX}_g[X,t]

n=1

Using the orthogonality of cosines we get

. 1 L
Ae [t] = *Jg[& t] d¢
L Jo
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nJt

. 2 2 L n st
An [t] +k (—) An[t] = fjg[g, t] Cos| — ¢ | ae
L L Je L

This is a linear equation for A, [t]. To solve it we need to know the righ-hand side.

ine7ei= Clear[1L, n];

1 Al 3Pi
— (Exp[—t] +Exp[-2t] Cos[—f]Jdlé'
1L Je 1L

2 1L 3Pi nPi
Fullsimplify[—J [Exp[-t] +Exp[-2t] Cos[— §]) Cos[— Eldg, ne Integer‘s]
1L Je 1L

1L
out[277]= (e’t
out[2781= @
2 3Pi 3Pi
I —— (Exp[—t] +EXp[-2t] Cos[— §]) Cos[— §] ae
1L Jo 1L 1L
out[279]= e 2t

nizeoj= Expand [DSolve[{Ap ' [t] = EXp[-1], Ag[@] == AB}, Ap[t], t]1[[1]]]

ouzeol= {Ae[t] > 1+AB-e "}

ins11= Clear [kk, 1L7;

3 )2
Expand[DSolve[{A3 "[t] + kk (1—) As[t] = Exp[-2t], A;[0] == A3}, As[t], t] [[1]]]
L

79kk7'2t 79kk7'2t 79kkn2t+(72+9kkn2) t 79kknzt
{ e w 11° 2A3e w 112 e w w /112 9A3e @ kkﬂz}
outst= A3 [t] - - - + +
-21L%2+9kkm®  -21L2+9kk 2 ~21L% + 9 kk 72 -21L% +9kk 2

oKkt (-2+”""Z)t
In[282]:= Expand[[e e [(—1—2A3+e " )1L2+9A3kk7r2]]/ (—21L2+9kk7r2)]

79kk7r2t 79kkrr2t 79kk72t+(72+9kkn2) t 79kkrr2t
e w 1L? 2A3e w2 12 e 1@ w112 9A3e wr kk P
Out[282]= — - + +
~21L2+9kk* -21L?+9kk -21L% + 9 kk 52 -21L% + 9 kk 52
9kk 72 t
_okkrlt (_2+9kkx1 e w 1L2

In[283]:= Simplify[[e w

uz)tll.z]/ (-21L2 + 9 kk n?) - ]

-211% + 9 kk 2

9kk 72 t

-2t -

e -e 12

out[283]= —

21L% - 9 kk 2

In[284]:=
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_9kkr?t _9kkr’t
2A3e w 11> 9A3e w* kki?
In[285]:= Simplify[— + ] +
-21L2+9kk 7>  -21L2 + 9 kk 2

9kkn?t

e w 1L?

9kk 7% t 9 kk 72
-—+ -2+

Simplify| (e w )t 1L2]/ (-21L% + 9 kk n?) -

]

-21L% + 9 kk 72

9kk 2t

-2t B

e -e 1w 1L2

9kk 2 t
outess)= A3 e 12 —

21L% - 9 kk 72

ny?2
In{286]:= DSolve[{An "[t] + k (1—) A,[t] =0, A,[0] = An}, A [t], t] [[1]]
L

kn? 2t

Out[286]= {An [t] > Ane 12

We calculated as the initial values.

1 L
Aol0] - —Jﬂ& de
L Jo
2 (t n st
Aql0] - fjﬂﬁ Cos| — ¢| ag
L Je L

Implementation

nes7= Clear[kk, 1L, £f];

kk = 1; 1L = 1; 'F'F[X_] =1;

ins9= Clear[aa];

1 Al
aa[0Q] = —J- ff[g] A€
1L Je

2 L nPi
aa[n_] = Fullsimplify[—-J. ff[€] Cos[— §] d&é, ne Integer‘s]
1L Je 1L
out2901= 1

out291= @

nozi= AA[t_, @] =1+ aa[0] et

out292]= 2 — et
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_Bkknzt
[e'“ -e w ] 112

21L% - 9 kk n2

9Kk 7* t

nee3= AA[t_, 3] =aa[3]le u* -

2
2t _g9rt

out[293]= —

2-97
_kknzrrzt
inee4= AA[t_, n_] =aa[n] e w
ou[294]= @
ineosj= Clear [uu, nnJ;
nn = 20;

uuf[x_, t_] = AA[t, Q] +iAA[t, n]j Cos[rl—: x];

n=1

in2os= Plot3D[uu[x, t], {x, @, 1}, {t, @, 3}, PlotRange » {0, 2.3}]

Out[298]=

Implementation 2

nizoor= Clear[kk, 1L, £f];

kk =1; 1L = 1; ff[x_] =10x* (1-x)?%;
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npo1:= Clear[aa];

1 FlL
aa[0@] = —j ff[E] A€
1L Je

2 i nPi
aa[n_] = Fullsimplify[—J- ff[&] Cos[— §] dé, ne Integers]
1L Je 1L

out[302]= —

out[303]= —

inpo4i= AA[t_, @] =1+ aal0] et

out[3nal= — — @

In3os:= aa[3]

out[3051= @

9kkn? t

nzos= AA[t_, 3] =aa[3] e w -

9kkn? t
(e'“—e e ]le

21L? - 9 kk 72

2
(E_Zt _ e—97T t
out[306]= —

2-9772

Kk n? 7% t

inzo71= AA[t_, n_] = aa[n] e w

240 (1+ (-1)") et

Out[307]= —

n% 74

inzog)= Clear [uu, nnJ;

nn = 20;

uu[x_, t_] = AA[t, 0] +iAA[t, nj Cos[nl—: x];

n=1
n311= uuf[.5, .5]

out311= 0.726803
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In[312):=

out[312]=

Plot3D[uu[x, t], {x, 0, 1}, {t, 9, 1}, PlotRange -» {0, 1.}]

3.4.13

Solution

An awkward aspect of this problem is that one boundary condition depends on time. This is the
nonhomogeneous aspect of this problem. In the previous problems we delt with nonhomogeneous
problems by looking for the solution in the form
= n st

ufx, tj] = B,[t] Sin| — x

X, t] Zl ] sin| x|
and trying to find B, [t ] so that the nonhomogeneous equation is satisfied. The reason to choose the
above form of the solution was that it automatically satisfied boundary conditions. In this problem,
in order to hava the boundary conditions satisfied we have to modify this “starting point solution”.
We will look for the solution in the form

uix, tj =

L_XA[t} +iBn[t] Sin[n—ﬂx}

L L

n=1
This function satisfies the boundary conditions. Now we proceed as before and try to figure out
which differential equations must be satisfied by B, [t ] in order for such a function u[x,t] tobea
solution.

Using the initial condition yields the information about

2 (L L-&
B,[0] = —J (f[ﬁ} *TA[OJ
(]

Sin{nT]T g] as

Now we make sure that the given function satisfies the PDE
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L-x = , n st = n2 n
A'[t B, [t] Sin|— x| = -k B[t (—) Sin| — x
A J+nzl t] sin| - | Zl ] |7 [ 1 }
= . n2 n st L-x
Z(Bn [t]+k(—) Bn[t}] Sin[—x] S A'[t]
n=1 L L L
Using the orthogonality of sines we get
L , niy2 LL-¢& n st
- (Bn ]+ k (—) Bn[t]] - _A'[t] —Sin[—g] ae
2 L o L L
. ni?2 2 LL-¢ n st
B, [t] +k —) By[t] = - — A'[t] —Sin[—g] de
L L e L L

So, in the last equation the only red object is the function B,[t]. This is differential equation for B,
which can be solved. Let us calculate the constant

2 rLL-¢& nr
In[313]:= FullSimplify[— - J Sin[— §] d§, ne Integer‘s]
LJe L L

2
out[313]= — ——
nst

Thus we need to solve
. ni2 2
B, [‘t]+k(—> B,[t] = -— A" [t]
L n ot

This is a linear equation for B, [t]. Itis solved by using integrating factor

Exp{k (nLH)Zt} B, [t] +k (nTﬂ ZEXp{k (nLH)Zt} B, [t] :—nzﬂExp[k (T)zt]A'[t}
% Exp[k(n%)zt} Bn[t]]%Exp[k(nTﬂ)zt]A'[t]
ni2 2 t ni 2
Exp{k - t} Bn[t]:Bn[e}—;LExp{k(T z]A'[t]dlv;
B,[t] = B,[0] Exp[fk (n%)zt] %Exp[k (nTﬁ)zt} LtExp[k (nTﬂ 27:] A'[z]dt

Notice that all objects on the right hand side are green.

Implementation 1

Given the following functions
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ni314p= Clear [ff, fA, 1L, kk];

1L = 1;
kk = 1;
1L - x
ffIx_] = 5
1L
fA[t_] = Exp[-t];

inz19= Clear [bb, nJ;

2 1L 1L-¢ nr
bb[n_] = Fullsimplify[—J. [-F-F[g] - -FA[O]] Sin[— §] d&, And[n >0, ne Integers]]
1L Je 1L

out[3201= @
nE21= FA'[t]
out[321]= et

in322)= Clear [BB] ;
BB[t_, n_] = bb[n] Exp[ kk ( ) t] — Exp[ kk ( ) t] J Exp kk ( ) ] fA'[t] dt
1L 1L

Ze—nznz‘t (71 4 e(—1+n2ﬂz) t)

out[322]=
nt <— 1+n? 7'(2>

in323= Clear [uu, nnJ;
nn = 20;

1L -

uufx_, t_J] =

X fart] +ZBB[t, n] Sln[—x]

n=1
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In326:= uu [x, t]

277t (*1+e(*1+”2>t) Sin[nx] e?*rt (*1“9(71%”2“) Sin[27x]

ouzel @t (1-X) + + N
7(-1+7%) n(-1+47°)
27 (14el 0T sin3x] et (~14el 7)) Sin[4x]
37 (-1+97%) ' 27 (-1+1677) '
257t (L1413 ) sin[sx] e (~14 el T) sin(6 ]
57 (-1+25n°) ' 370 (-1+367°) '
247t (L1407 sin(7x] e (~14 el E) sin (8 ]
77 (-1+4977) ' 47 (-1+64n%) '
287t (L1418 ) sin[orx] @10 (14 e[ 1100 T) Sin[10 ]
97 (-1+817%) ' 57 (-1+100 ) )

5 e 1217t (_1+e(_1+121ﬁz>t> Sin[11 7x] e 144t <_1+e(—1+144n2>t> Sin[12 7 x]

117 (-1+121 %) ' 670 (-1+144 %) '
2 e 16977t (_1+e(—1+169n2)t> Sin[13 7 x] e 19677t <_1+e(71+1967r2>t> Sin[14 7 x]
1371 (-1+169 %) ' 77 (-1+196 %) )
2 e 2257t (71+e(—1+2257[2>t> Sin[15 7 x] e 2567t (71+e(—1+256ﬂ2>t> Sin[16 7 x]
157 (-1 +225 %) ' 870 (-1+256 ) '
2 @ 28977t (_1+e(71+289ﬂ2)t> Sin[17 7 x] e 328t <_1+e(—1+3247r2>t> Sin[18 7 x]
17 7 (-1 +289 %) ' 9 (-1+32477) '
2 e 3617t (71+e(—1+361n2>t> Sin[19 7 x] o400t (71+e(—1+400ﬂ2>‘t> Sin[20 7 x]
197 (-1 +361 7% ' 107 (-1 + 400 1°)

in3271= uu[.5, .5]

out[3271= 0.345042

| 79
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in328)= Plot3D[Evaluate[uu[x, t1], {x, @, 1}, {t, 0, 4.4}, PlotRange » All]

out[328]=

Implementation 2

Given the following functions

ina2op= Clear [ff, fA, 1L, kk];
1L = 1;

kk = 1;

X \ 6
ffix_1=1- (—] H
1L

fA[t_] = Exp[-61t];

inzaa= Plot [FF[x], {x, 0, 1}]

1.0

0.8

out[334]=

0.4+

0.2

0.2 0.4 0.6 0.8 1.0



In[335]:=

out[336]=

In[337]:=

out[337]=

In[338]:=

out[338]=

In[339]:=

In[342]:=

In[343]:=

out[343]=

In[344]:=

out[344]=
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Clear[bb, n];

1L -

2 1L 3 nis
bb[n_] = Fullsimplify[—f [ff[f] - fA[e]] Sin[— §] dg, And[n >0, n€ Integers]]
1L Je 1L

1440-60 (-1)" (24 -12n* % + n* 1)

n’ 77
FA' [t]
-6e®t
Clear[BB];
ny2 2 noy2 t nh2
BB[t_, n_] = bb[n] Exp[—kk [—) t] i Exp[—kk (—) t] j Exp[kk (—) 1:] fA'[t] dt
1L nr 1L ) 1L

127 (L14elEM)Y) et (1440 260 (-1)" (24 -12n2 72+ n* %) )
+

n st (76+n27r2) n’ n’
Clear[uu, nn];
nn = 20;
1L -x = nr
uu[x_, t_] = fA[t] + > BB[t, n] Sin[—x];
1L oy 1L
uulx, t];
uul[.5, .5]
0.0701412

Plot3D[Evaluate[uu[x, t]], {x, @, 1}, {t, @, .4}, PlotRange -» {0, 1.1}]
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in34s:= Manipulate [Plot [Evaluate[uu[x, t]], {x, @, 1}, PlotRange -» {0, 1.1}], {t, 0, 1}]
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Out[345]= L
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