Chapter 3

Section 3.2

m 3.2.1

= ()
Thefunction hereis f(x) = 1, —L < x < L. Sincethisfunctionisaperiodic

continuous function its Fourier seriesequals 1 on entirereal line. With L = 2 thisis
shown below.

aa=-2; bb=2; ff[x ]=1;

. X - aa
fft[x ] :=ff[x—(Oe|I|ng[b

b—aa] —1) (bb—aa)]
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Modul e[ {pi cl, pic2},
picl=Plot [{ff[x]}, {x, -2, 2},
Pl ot Styl e » {{Thi ckness[0. 01], Bl ue}},
Pl ot Range » {{-4, 7}, {-2, 2}}]1;
pic2=Plot[{fft [x]}, {x, -5, 10},
Pl ot Styl e - {{Thi ckness[0. 005], G een}},
Pl ot Range » {{-4, 7}, {-2, 2}}]; Show[picl, pic2]]

2,

= (b)
The function hereis f(x) = x4, —L < x < L. Sincethe periodic extension of this

function is continuous, its Fourier series equals the periodic extension. With L = 2
thisis shown below.

aa=-2; bb=2; ff [x ] =x"2;

o X - aa
fft[x ] :=ff[x—(Ce|I|ng[b

b—aa] —1) (bb—aa)]
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Modul e[ {pi cl, pic2},
picl=Plot [{ff[x]}, {x, -2, 2},
Pl ot Styl e » {{Thi ckness[0. 01], Bl ue}},
Pl ot Range » {{-4, 7}, {-2, 5}}1;
pic2=Plot[{fft [x]}, {x, -5, 10},
Pl ot Styl e - {{Thi ckness[0. 005], G een}},
Excl usi ons » Range[-10, 14, 4],
Pl ot Range -» {{-4, 7}, {-2, 5}},
AspectRati o -» Automatic]; pic2a = G aphics[{
{Poi nt Si ze[0.02], G een,
{Poi nt [{#&#, 3}], Point [{#, -1}], Point [{#, 1}]} &/@
Range[-10, 13, 4]},
{Poi nt Si ze[0. 0141, Wi te,
{Poi nt [{#&#, 3}], Point [{#, -1}]} &/@
Range[-10, 13, 4]}
}1; Show[picl, pic2]]

(©)
Thefunction hereis f(x) = 1+X%, —L =< x < L. The periodic extension of this

function has jumps. The Fourier series takes average values exactly in the middle of
each jump. With L = 2 thisis shown below.
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aa=-2; bb=2; ff[x ]=1%+Xx;

FFEIx_]:=ff[x- (Oeiling[k:(b_aaa] -1) (bb - aa) ]

Modul e[ {pi cl, pic2, pic2a},
picl=Plot[{ff[x]}, {x, -2, 2},
Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Pl ot Range » {{-4, 7}, {-4, 4}}1,
pic2=Plot[{fft [x]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}},
Excl usi ons - Range[-10, 14, 4],
Pl ot Range -» {{-4, 7}, {-4, 4}},
AspectRati o -» Automatic]; pic2a =G aphics[{
{Poi nt Si ze[0. 02], G een,
{Poi nt [{#, 3}], Point [{#, -1}], Point [{#, 1}]} &/@
Range[-10, 13, 4]},
{Poi nt Si ze[0. 0141, Wi te,
{Poi nt [{#, 3}], Point [{#, -1}]} &/@
Range[-10, 13, 4]}
}1; Show[picl, pic2, pic2a]l]

4-

= (d)
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The function hereis f(x) = €, —L < x < L. The periodic extension of this function
has jumps. The Fourier series takes average values exactly in the middle of each
jump. With L = 2 thisis shown below.

aa=-2; bb=2; ff [x ] =EXp[X];

o X - aa
fft[x ] :=ff[x—(0elllng[b

b—aa] -1) (bb—aa)]

N[Exp[2]]
7.38906



6 | Chapter_3.nb

Modul e[{pi cl, pic2, pic2a},

picl=Plot[{ff[x]}, {x, aa, bb},
Pl ot Styl e » {{Thi ckness[0. 01], Bl ue}},
Pl ot Range -» {{-4, 11}, {0, 8}}1;
pic2=Plot[{fft [x]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}},
Excl usi ons -» Range[-10, 14, 1],
Pl ot Range -» {{-4, 11}, {0, 8}},

AspectRati o -» Automatic]; pic2a = G aphics [{
{Poi nt Si ze[0.02], G een,

{Poi nt [{#, Exp[2]}], Point [{#, Exp[-2]}1,

Poi nt [{n %(Exp[Z] +Exp[-2])}]} &/e

Range[-10, 13, 4]},

{Poi nt Si ze[0. 0141, Wi te,
{Point [{#, EXp[2]}], Point [{#, EXp[-2]}]1} & /@
Range[-10, 13, 4]}

}]; Show[pi cl, pic2, pi c2a]]

8,
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= (e)
Thefunctionhereis f(x) = x, -L =x=<0, f(X) = 2%, 0 < x=< L. Theperiodic
extension of this function has jumps. The Fourier series takes average values exactly
in the middle of each jump. With L = 1 thisis shown below.

aa=-1;, bb=1; ff[x ]=1f[x<0, X, 2x];

FFEIx_]:=ff[x- (Oeiling[;b_aaa] -1) (bb - aa) ]
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Modul e[ {pi cl, pic2, pic2a},
picl=Plot[{ff[x]}, {x, -1, 1},
Pl ot Styl e » {{Thi ckness[0. 01], Bl ue}},
Pl ot Range » {{-4, 7}, {-2, 3}}1;
pic2=Plot[{fft [x]}, {x, -5, 10},
Pl ot Styl e - {{Thi ckness[0. 005], G een}},
Excl usi ons » Range[-11, 14, 2],
Pl ot Range -» {{-4, 7}, {-2, 3}},
AspectRati o -» Automatic]; pic2a =G aphics[{
{Poi nt Si ze[0.02], G een,
{Point [{#, 1/2}], Point [{#, -1}], Point [{#, 2}]} &/e
Range[-11, 13, 2]},
{Poi nt Si ze[0. 0141, Wi te,
{Poi nt [{#&, 2}], Point [{#, -1}]} &/@
Range[-11, 13, 2]}
}1; Show[picl, pic2, pic2a]]

3,

= (f)
Thefunctionhereis f(x) = 0, —L =x<0, f(X) = 1+x, 0 <x<L.Theperiodic

extension of this function has jumps. The Fourier series takes average values exactly
in the middle of each jump. With L = 1 thisis shown below.
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aa=-1; bb=1; ff[x 1] =UnitStep[x] (1 +X);

FFEIx_]:=ff[x- (Oeiling[k:(b_aaa] -1) (bb - aa) ]

Modul e[ {pi cl, pic2, pic2a},
picl=Plot[{ff[x]}, {x, aa, bb},
Pl ot Styl e » {{Thi ckness[0.01], Blue}}, Exclusions » {0},
Pl ot Range -» {{-4, 7}, {-1, 3}}1;
pic2=Plot[{fft [x]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}},
Excl usi ons - Range[-10, 14, 1],
Pl ot Range » {{-4, 7}, {-1, 3}},
AspectRati o -» Automatic]; pic2a =G aphics[{
{Poi nt Si ze[0. 02], G een,
{Poi nt [{#, 0}], Point [{#, 1}], Point [{#, 1/2}]} &/e
Range[-10, 13, 2],
{Poi nt [{#, 0}], Point [{#, 2}], Point [{#, 1}]} &/@
Range[-11, 13, 2]},
{Poi nt Si ze[0. 0141, Wi te,
{Poi nt [{#, 0}], Point [{#, 1}]} &/@Range[-10, 13, 2],
{Point [{#, 0}], Point [{#, 2}]} &/@Range[-11, 13, 2]}
}1; Show[picl, pic2, pic2a]]

3,
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= (9)
Thefunction hereis f(x) = x, —L =x<L/2, f(x) =0, L/2 <x<L.The
periodic extension of this function has jumps. The Fourier series takes average values
exactly in the middle of each jump. With L = 2 thisis shown below.

aa=-2; bb=2; ff[x 1] =UnitStep[l-x] (X);

FFEIx_]:=ff[x- (Oeiling[;b_aaa] -1) (bb - aa) ]
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Modul e[ {pi cl, pic2, pic2a},
picl=Plot [{ff[x]}, {x, aa, bb},
Pl ot Styl e » {{Thi ckness[0.01], Blue}}, Exclusions » {1},
Pl ot Range » {{-4, 11}, {-3, 2}}1;
pic2=Plot[{fft [x]}, {x, -5, 14},
Pl ot Styl e - {{Thi ckness[0. 005], G een}},
Excl usi ons » Joi n[Range[-10, 14, 4], Range[-11, 14, 4]],
Pl ot Range » {{-4, 11}, {-3, 2}},
AspectRati o -» Automatic]; pic2a = G aphics[{
{Poi nt Si ze[0.02], G een,
{Poi nt [{#, 0}], Point [{#, 1}], Point [{#, 1/2}]} &/e
Range[-11, 13, 4],
{Poi nt [{#, 0}], Point [{#, -2}], Point [{#, -1}]} &/e
Range[-10, 13, 41},
{Poi nt Si ze[0. 0141, Wi te,
{Point [{#, 0}], Point [{#, 1}]} &/@Range[-11, 13, 4],
{Poi nt [{#, 0}], Point [{#, -2}]} &/@
Range[-10, 13, 4]}
}1; Show[picl, pic2, pic2a]]

2,

|
=
T T T T
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m 3.2.2

= (3)
The function hereis f(x) = X, —L < x < L. The periodic extension of this function

has jumps. The Fourier series takes the average values exactly in the middle of each
jump. With L = 2 thisis shown below.

aa=-2; bb=2; ff[x ]=x;

Fit[x ]--ff[x-(OeHing[X'a
- bb

aa] —1) (bb—aa)]

Since thisfunctionisodd we havea, = Ofor al n= 0, 1, .... The coefficients with
the sine functions are given below

Cl ear [cb, | L, nnJ;

nn = 20;
Cb[n_, ||__] =

) ) 1 ) n Pi
Ful | Si n‘pllfy[ﬁlntegrate[xSln TX] {x, -IL, IL}],

nelnt egers]

2 (-1)"IL

n ot



Chapter_3.nb |13

Modul e[{pi cl, pic2, pic2a, pic3},

picl=Plot[{ff[x]}, {x, -2, 2},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue}},
Pl ot Range -» {{-4, 11}, {-3, 3}}1;
pic2=Plot[{fft [x]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}},
Excl usi ons -» Range[-10, 14, 4],
Pl ot Range » {{-4, 11}, {-3, 3}},
AspectRati o -» Automatic]; pic2a = G aphics[{
{Poi nt Si ze[0. 02], G een,
{Poi nt [{#, -2}], Point [{#, 2}], Point [{#, 0}]} &/e@
Range[-10, 13, 4]},
{Poi nt Si ze[0. 0141, Wi te,
{Poi nt [{#, -2}], Point [{#, 2}]} &/e@
Range[-10, 13, 4]}
31
pic3 =

Pl ot [Eval uate[{Sum[cb[n, 2] Si n[% x], {n, 1, nn}]}],

{x, =12, 14}, PlotStyle » {{Thi ckness[0.003], Bl ack}},
Pl ot Range - {{-4, 11}, {-3, 3}}];

Show([pi cl, pic2, pic2a, pi 03]]
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= (b)
The function hereis f(X) = Exp[—X|, —L < x < L. The periodic extension of this

function has jumps. The Fourier series takes the average values exactly in the middle
of each jump. With L = 1 thisis shown below.

aa=-1; bb=1; ff[x ]=Ep[-x];
X -aa

fft[x_]::ff[x—(CeiIing[ ]-1) (bb - aa) ]

bb - aa

The Fourier coefficients are given below
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Cl ear [ca0, ca, cb, IL, nnJ;

nn = 20;
caO[l L ] =

1
Ful | Si rrplify[mlntegrate[Exp[-x], {x, -1L, IL}]]
ca[n_, IL ]=
FuIISirrpIify[

1 Ex cos [22" L, IL
m ntegrate[ pL-x] S[TX]1 {x, -I'L, }]’

n elntegers]
cbn, L ]=
Full Si rrplify[

Lot t [Ex[ ] Si [npi
— Integrate -x]1Sin
L J P L

x], {x, -IL, IL}],
nelntegers]

Sinh[lL]
I L
2 (-1)"ILSinh[lL]

| L2 + n2 52

2 (-1)"nxSinh[lL]

| L2 + n2 72
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Modul e[{pi cl, pic2, pic2a, pic3},

picl=Plot[{ff[x]}, {x, -1, 1},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue}},
Pl ot Range -» {{-4, 7}, {0, 3}}1;
pic2=Plot[{fft [x]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}},
Excl usi ons -» Range[-11, 14, 2],
Pl ot Range -» {{-4, 7}, {0, 3}}, AspectRati o -» Automatic];

pi c2a = G aphi cs [{
{Poi nt Si ze[0.02], G een,

{Poi nt [{#, Exp[-1]1}1, Point [{#, Exp[Ll]}],

Poi nt [{n %(Exp[—l] . Exp[l])}]} &/e

Range[-11, 13, 2]},

{Poi nt Si ze[0. 0141, Wi te,
{Point [{#, EXp[-1]1}], Point [{#, EXp[1]}]} & /@
Range[-11, 13, 2]}

I
Pl ot [

Eval uat e[

ani x] +cb[n, 1] Sin[

{caO[l] +Sum[ca[n, 1] Cos[ nP x],

n, 1, nn}]}], {x, -12, 143,
Pl ot Styl e » {{Thi ckness[0. 003], Bl ack}},
Pl ot Poi nt's » 200, Pl ot Range » {{-4, 7}, {0, 3}}];

Show([pi cl, pic2, pic2a, pi c3]]
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3.0

(d)
The function hereis f(x) = xUnitStep[x], —L < x < L. The periodic extension of

this function has jumps. The Fourier series takes the average values exactly in the
middle of each jump. With L = 1 thisis shown below.

aa=-1; bb=1; ff[x ] =xUnitStep[x];
X - aa
]—1) (bb—aa)]

FRUDx] = ff [x- (Ceiling[bb
- aa

The Fourier coefficients are given below
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Cl ear [ca0, ca, cb, IL, nnJ;

nn = 20;
caO[lL 1 =

1
Ful | Si nplify[mlntegrate[ff[x], {x, =1L, I'L}],

MdULe%MSJL>O”
ca[n_, IL ] =
HﬂlSimﬂify[

iIntegrate[ff[x]Cos[ﬂ ] {x, -IL, IL}],
| L I L
And[lL € Real s, | L >0, nelntegers]]
cbn, L ]=
HﬂlSimﬂify[

ﬁlntegrate[ff[X]Sin[% ] OG-l lL}]’

And[lL € Real s, I L >0, nelntegers]]
L
4

(-1+ (-1)™) 1L
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Modul e[{pi cl, pic2, pic2a, pic3},

picl=Plot[{ff[x]}, {x, -1, 1},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue}},
Pl ot Range » {{-4, 7}, {-1, 2}}1;
pic2=Plot[{fft [x]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}},
Excl usi ons -» Range[-11, 14, 2],
Pl ot Range -» {{-4, 7}, {-1, 2}},

AspectRati o -» Automatic]; pic2a = G aphics [{

{Poi nt Si ze[0.02], G een,

{Poi nt [{#, 0}], Point [{#, 1}], Poi nt [{n, %}]}&/@

Range[-11, 13, 2]},
{Poi nt Si ze[0. 0141, Wi te,
{Point [{#, 0}], Point [{#, 1}]} &/@Range[-11, 13, 2]}
pic3 =
Pl ot [

Eval uat e[

{caO[l] +Sum[ca[n, 1] Cos[% x] +cb[n, 1] Si n[% x],

{n, 1, nn}]}], {x, =12, 14},

Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},
Pl ot Poi nts -» 200, AspectRati o - Automati c,

Pl ot Range -» {{-4, 7}, {-1, 2}}];

Show[pi cl, pic2, pic2a, pic3, AspectRati o -» Automati c,
| mageSi ze -» 500]]
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20¢

15¢

-1.0*

= (e)
The function hereis f(x) = UnitStep[L /2 - Abs[x]], —L < x =< L. The periodic
extension of this function has jJumps. The Fourier series takes the average values
exactly in the middle of each jump. With L = 2 thisis shown below.

Cl ear [aa, bb, ff, fft];

aa=-2; bb=2; ff[x , L ]1=UnitStep[lL/2-Abs[x]];
- aa

X
bb - aa

fft[x_,IL_]:=ff[x—(CeiIing[ ]_1) (bb - aa), | L]

The Fourier coefficients are given below



Cl ear [ca0, ca, cb, IL, nnJ;

nn = 20;
caO[lL 1 =

Ful | Si nplify[ilntegrate[l, {x, -IL/2, 1L/2}],
And[l L e Real s, IL>O]]
ca[n_, IL ]=
FullSin‘pIify[
iIntegrate[lCos[ﬂ x], {x, -IL/2, IL/Z}],
| L I L

And[lL € Real s, | L >0, nelntegers]]
cbn, L ]=

Ful | Si n’plify[

L 15 n[2P IL/2, 1L/2
= ntegrate[ m[TX], {x, -IL7s2, 1L/ }]’

And[lL € Real s, I L >0, nelntegers]]
2

. n ot
28|n[7}

n
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Modul e[{pi cl, pic2, pic2a, pic3},

picl=Plot[{ff[x, 2]}, {x, -2, 2},
Pl ot Styl e - {{Thi ckness[0.01], Bl ue}},
Pl ot Range » {{-4, 7}, {-1, 2}}1;
pic2=Plot[{fft[x, 21}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}},
Excl usi ons -» Range[-11, 14, 2],
Pl ot Range -» {{-4, 7}, {-1, 2}},
Aspect Rati o -» Automati c];

pi c2a = & aphi cs [{

{Poi nt Si ze[0. 02], G een,

{Poi nt [{#, 0}], Point [{#, 1}], Poi nt [{n, %}]}&/@

Range[-11, 13, 2]},
{Poi nt Si ze[0. 0141, Wi te,
{Point [{#, 0}], Point [{#, 1}]} &/@Range[-11, 13, 2]}
pic3 =
Pl ot[

Eval uat e[

{ca0[2] +Sum[ca[n, 2] Oos[% x] +cb[n, 2] Si n[% x],

(n, 1, nn}]}], (x, -12, 14},
Pl ot Styl e » {{Thi ckness[0. 003], Bl ack}},
Pl ot Poi nts - 200, AspectRati o -» Aut omati c,
Pl ot Range -» {{-4, 7}, {-1, 2}}];
Show([pi cl, pic2, pic2a, pic3, AspectRati o -» Automati c,
| mageSi ze » 500]]
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20¢

15¢

-05¢

-1.0*

[T
The Fourier seriesis1/2 + 2‘;}":12:—[2] Cos[”—l_” x].
/e

()
Thefunction hereis f(x) = UnitStep[L /2 - Abs[x]], —L < x < L. The periodic

extension of this function has jumps. The Fourier series takes the average values
exactly in the middle of each jump. With L = 2 thisis shown below.

Cl ear [aa, bb, ff, fft];

aa=-2; bb=2; ff[x ]=UnitStep[x];

fftx , L ] :=ff[x_ (Cei|ing[xz+|LL]_1) (2IL)]

The Fourier coefficients are given below
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Cl ear [ca0, ca, cb, IL, nnJ;

nn = 20;
: : 1
caO[lL_] =FullSi rrpllfy[m Integrate[l, {x, 0, IL}],

And[l L e Real s, IL>0]]

ca[n, L ]-=

. . 1 n Pi
Ful | Si npllfy[ﬁlntegrate[lms[ m x], {x, 0, IL}],

And[I L e Reals, | L >0, nelntegers]]
cbn , L ]-=

. . 1 _ rnPi
Ful | Si n’pllfy[ﬁ Integrate[lSm[T x], {x, O, IL}],

And[lL € Real s, | L >0, nelntegers]]

N -
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Modul e[{pi cl, pic2, pic2a, pic3},

picl=Plot[{ff[x]}, {x, -2, 2},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue}},
Pl ot Range » {{-4, 7}, {-1, 2}}1;
pic2=Plot[{fft[x, 21}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}},
Excl usi ons -» Range[-11, 14, 2],
Pl ot Range -» {{-4, 7}, {-1, 2}},
Aspect Rati o -» Automati c];

pi c2a = & aphi cs [{

{Poi nt Si ze[0. 02], G een,

{Poi nt [{#, 0}], Point [{#, 1}], Poi nt [{n, %}]}&/@

Range[-10, 13, 2]},
{Poi nt Si ze[0. 0141, Wi te,
{Point [{#, 0}], Point [{#, 1}]} &/@Range[-10, 13, 2]}
pic3 =
Pl ot[

Eval uat e[

{ca0[2] +Sum[ca[n, 2] Oos[% x] +cb[n, 2] Si n[% x],

(n, 1, nn}]}], (x, -12, 14},
Pl ot Styl e » {{Thi ckness[0. 003], Bl ack}},
Pl ot Poi nts - 200, AspectRati o -» Aut omati c,
Pl ot Range -» {{-4, 7}, {-1, 2}}];
Show([pi cl, pic2, pic2a, pic3, AspectRati o -» Automati c,
| mageSi ze » 500]]
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20¢

15¢

-1.0*

= (g)

The function hereis f(x) = 1+ UnitStep[x], —L < x < L. The periodic extension of
this function has jumps. The Fourier series takes the average values exactly in the
middle of each jump. With L = 2 thisis shown below.

Cl ear [aa, bb, ff, fft];

aa=-2;, bb=2; ff[x 1]=1+UnitStep[x];

fftx , L ] :=ff[x- (Oeiling[%]—l) (2IL)]

The Fourier coefficients are given below



Cl ear [ca0, ca, cb, IL, nnJ;

nn = 20;
caO[lL 1 =

1
Ful | Si nplify[mlntegrate[ff[x], {x, =1L, I'L}],

And[l L e Real s, IL>O]]
ca[n_, IL ] =
Ful | Si n‘plify[

ﬁmtegrate[ff[x]Cos[% ] {x, -I'L, IL}],

And[lL € Real s, | L >0, nelntegers]]
cbn, L ]=
FuIISirrpIify[

ﬁlntegrate[ff[X]Sin[% ] OG-l lL}]’

And[lL € Real s, I L >0, nelntegers]]

N w
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I\/bdule[{picl, pi c2, pic2a, pic3},
picl=Plot[{ff[x]}, {x, -2, 2},

Pl ot Styl e - {{Thi ckness[0. 01], Bl ue}},

Pl ot Range » {{-4, 7}, {-1, 3}}1;
pic2=Plot[{fft[x, 21}, {x, -5, 10},

Pl ot Styl e » {{Thi ckness[0. 005], G een}},

Excl usi ons -» Range[-11, 14, 2],

Pl ot Range -» {{-4, 7}, {-1, 3}},

Aspect Rati o -» Automati c];

pi c2a = & aphi cs [{
{Poi nt Si ze[0. 02], G een,

{Poi nt [{#, 1+0}], Point [{#, 1+1}],

Poi nt [{n, 1+%}]}&/@Range[—10, 13, 2]},

{Poi nt Si ze[0. 0141, Wi te,
{Point [{#, 1+0}], Point[{#, 1+1}]} &/e
Range[-10, 13, 2]}
pic3 =
Pl ot[

Eval uat e[

n2Pi x] +cb[n, 2] Si n[

{caO[Z] +Sum[ca[n, 2] Cos[ n:i x],
n, 1, nn}]}], {x, -12, 14},

Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},
Pl ot Poi nts - 200, AspectRati o -» Aut omati c,

Pl ot Range » {{-4, 7}, {-1, 3}}];
Show[pi cl, pic2, pic2a, pic3, AspectRati o -» Autonmati c,
| mageSi ze -» 500]]
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3.2.3

Given two pwsfunctions f and g both defined on (—L, L] and their Fourier series

(e}

a0+Z(anCos{nTﬂx} +bnSin{nT7Tx})

n=1
where

lJLf()d 1JLf<>Co{nﬂ}d1
ag = — X) dX, ap = — X S| — x| dx,
°T oL "L L L
b —1JLf (x)Sin{nﬂx}dlx
"L L
Similarly

ke n s ) n st
CO+Z(chos[Tx}+dnS|n{Tx”

n=1
where

1 L 1 L n
CO:—Jg(X)le, Cn:—Jg(x)Cos{—x}dlx,

L J-L L

dnh = — Jg Sln }dlx

Let @, B berea numbers. Now we consider the function a f + 9. Thisfunctionis
pwcon (-L, L]. Let
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[ee]

po+Z(pnCos{nTﬂx] +anin{nT7Tx”
n=1

be the Fourier seriesof a f + 4.

1 L ¢
_ dx,
5L _L(Of (X) +B89 (X)) dx

Po

b f Cos | —
= - dx,
Pn LJLW (X) +B9 (X)) S{ . x] X

1JL< fx)+p (x))Sin{nﬂx}dlx
= — o + —
On L. g ]
From the linearity property of integrals we have

Po = aap + B Co,

Pn = aan + BCnp,
On = o bp + B dp.
Therefore

po+il(pn003{—x] +anin{nT7Tx” - (aag+BCo) +
ri( (xap +BCh) COS{nT]TX} + (Ofbn+5dn)Sin{nTﬂx” _

+

aao+i(aanCos{Tﬂx
=1

+O(bnSin{nT7TX”

>

{Bco+i(BCnOOS[T x} +BdnSin[nT7T x”

n=1

ao+i(anOos[ }+bn8|n[nTﬂx”

n=1

[cwi(cnms{_x} caysin[ 2] |

n=1

(04 +
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Thus we proved:

(the Fourier seriesof a f + 8g) = a (the Fourier seriesof f) + 3 (the Fourier series
of g)

m 3.24

Let f beapwsfunctionon[-L, L]. Thenonesided limits f(—L+) and f(L-)
exist. If f(-L+) = f(L-) then the periodic extension of f iscontinuous at both
—L and L. Therefore the sum of the Fourier seriesof f at L and —L equalsto the
value f(L) = f(-L). If f(-L+) # f(L-)thenthe periodic extension of f hasa
jump at both —L and L. Theleft-hand limit of the periodic extensionof f at —L is
f(L-). Theright-hand limit of the periodic extension of f at —Lis f(—L+).
Therefore the sum of the Fourier seriesof f at —L is —i(f(L) + f(-L)). Theleft-

hand limit of the periodic extensionof f at L is f(L—). Theright-hand limit of the
periodic extensionof f at Lis f(—L+). Therefore the sum of the Fourier series of f

al isaso —;(f(L) + f(=L)).

Section 3.3

General definitions:

Clear [vf, fft, ffo, ffe, IL, x];

fft[vf_, x_, I'L_]:=vf [x— (Ceiling[X;TlLL] _1) (2||_)];

ffo[vf_,
ffe[vf_,

X I f [x <0, -vf [-x], vf [x]];
X I f [x <0, vi [-x], vf [x]];

]
]



32| Chapter_3.nb

m 3.3.1

= (a)

Thefunction hereis f(x) = 1, —L <x<L.

Cear [ff];

ffx 1=1; L =2;
The Fourier series

Show([Pl ot [{ff [x]}, {x, -IL, IL},
Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Pl ot Range -» {{-7, 11}, {-1.5, 1.5}}],
Plot [{fft [ff[&#] & x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 005], G een}},
Pl ot Range » {{-7, 11}, {-1.5, 1.5}}1]

15

05+

-05

10}

~15h

The Fourier sine series
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Show[Pl ot [{ff [x], ffo[ff[#] & x]}, {x, -IL, IL},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 007], Cyan}}, Exclusions -» {0},
Pl ot Range » {{-7, 11}, {-1.5, 1.5}}]1,
Plot [{fft [ffo[ff[#] & #] & x, |L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0.001], Green}},
Excl usi ons - Range[-10, 12, 2],
Pl ot Range » {{-7, 11}, {-1.5, 1.5}}1]

0.5

-0.5

~10-

-15

The Fourier cosine series
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Show[Pl ot [{ff [x], ffe[ff[#] & x]}, {x, -IL, IL},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 007], Cyan}}, Exclusions -» {0},
Pl ot Range » {{-7, 11}, {-1.5, 1.5}}]1,
Plot [{fft [ffe[ff[#] & #] & x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0.001], Green}},
Excl usi ons - Range[-10, 12, 2],
Pl ot Range » {{-7, 11}, {-1.5, 1.5}}1]

0.5

-0.5

~10-

-15

= (b)

Thefunction hereis f(x) = 1+X, —L <x=<L.

Clear [ff];

ff[x 1]=21+Xx; xmn=-7; xmax = 11; ymn = -4; ymax = 4,

The Fourier series



Show[Pl ot [{ff [x]}, {x, -IL, IL},
Pl ot Styl e » {{Thi ckness[0. 01], Bl ue}},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ff[#] & x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness [0. 003], G een}},
Pl ot Range -» {{xm n, xmax}, {ymn, ymax}}1]

Chapter_3.nb |35

The Fourier sine series
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Show[Pl ot [{ff [x], ffo[ff[#] & x]}, {x, -IL, IL},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 007], Cyan}}, Exclusions -» {0},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffo[ff[#] & #] & x, |L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Green}},
Excl usi ons - Range[-10, 12, 2],
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}1]

The Fourier cosine series
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Show[Pl ot [{ff [x], ffe[ff[#] & x]}, {x, -IL, IL},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 007], Cyan}}, Exclusions -» {0},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffe[ff[#] & #] & x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Green}},
Excl usi ons - Range[-10, 12, 2],
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}1]

= (0)
Thefunction hereis f(x) = x + UnitStep[x], —L <= x=<L.

Clear [ff];

ff[x 1=x+UnitStep[x]; xmn=-7;, xmax = 11; ym n = -4;
ymex = 4; | L =2;

The Fourier series
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Show[Pl ot [{ff [x]}, {x, -IL, IL},
Pl ot Styl e » {{Thi ckness[0. 01], Bl ue}},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ff[#] & x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness [0. 003], G een}},
Pl ot Range -» {{xm n, xmax}, {ymn, ymax}}1]

The Fourier sine series
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Show[Pl ot [{ff [x], ffo[ff[#] & x]}, {x, -IL, IL},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 007], Cyan}}, Exclusions -» {0},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffo[ff[#] & #] & x, |L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Green}},
Excl usi ons - Range[-10, 12, 2],
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}1]

The Fourier cosine series
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Show[Pl ot [{ff [x], ffe[ff[#] & x]}, {x, -IL, IL},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 007], Cyan}}, Exclusions -» {0},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffe[ff[#] & #] & x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Green}},
Excl usi ons - Range[-10, 12, 2],
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}1]

= (d)
Thefunction hereis f(x) = Exp[x], —-L =x=<L.

Clear [ff];

ffx ]=Exp[x]; xmn=-4; xmax =7; ymn = =3;
ymex = 3;

The Fourier series
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Show[Pl ot [{ff [x]}, {x, -IL, IL},
Pl ot Styl e » {{Thi ckness[0. 01], Bl ue}},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ff[#] & x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness [0. 003], G een}},
Pl ot Range -» {{xm n, xmax}, {ymn, ymax}}1]

The Fourier sine series
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Show[Pl ot [{ff [x], ffo[ff[#] & x]}, {x, -IL, IL},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 007], Cyan}}, Exclusions -» {0},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffo[ff[#] & #] & x, |L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Green}},
Excl usi ons - Range[-11, 12, 1],
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}1]

The Fourier cosine series
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Show[Pl ot [{ff [x], ffe[ff[#] & x]}, {x, -IL, IL},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 007], Cyan}}, Exclusions -» {0},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffe[ff[#] & #] & x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Green}},
Excl usi ons - Range[-10, 12, 2],
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}1]

-4 -2 i 2 4 6
_1;
at
= (8

The function hereis f(x) = 2(1— UnitStep[x]) + UnitStep[x] Exp[—-x], —L <x=<L.
dear [ff];

ff[x 1=21-UnitStep[x]) +UnitStep[x] EXp[x];
Xxmn=-4; xmax =7; ymn=-3; ymax =3; |L =1;

The Fourier series
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Show[Pl ot [{ff [x]}, {x, -IL, IL},
Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ff[®#] & x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Green}},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}1]

The Fourier sine series
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Show[Pl ot [{ff [x], ffo[ff[#] & x]}, {x, -IL, IL},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 007], Cyan}}, Exclusions -» {0},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffo[ff[#] & #] & x, |L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Green}},
Excl usi ons - Range[-10, 12, 1],
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}1]

The Fourier cosine series
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Show[Pl ot [{ff [x], ffe[ff[#] & x]}, {x, -IL, IL},
Pl ot Styl e - {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 007], Cyan}}, Exclusions -» {0},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffe[ff[#] & #] & x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Green}},
Excl usi ons - Range[-10, 12, 2],
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}1]

-4 -2 i 2 4 6
_ab

m 3.3.2

= (a)

The function hereis f(x) = Cos[iLT x], 0=<x=<L.
Clear [ff, x, IL];
Pi ]

ffx, L ]=Cos|—x
I L



cb[n ] =
Ful | Si rrplify[

2 | nt t [ff[ I L] Si [npi ] {x, 0 IL}]
— Integrate X, in x|, {x, 0, ,
| L J | L
And[IL>O,neIntegers,n>O]]

21+ (-1)Mn

(—1 + n2) T

Thereisaproblematn=1

cb[1l] =

FullSin‘pIify[

i Integrate[ff [x, L] Sin[ﬂ x], {x, 0, IL}],
| L | L

And[IL>O]]

cb[n ] =

FullSin‘pIify[

i Integrate[ff [x, L] Sin[ﬂ x], {x, 0, IL}],
| L | L

And[IL >0, nelntegers, n>0]]

0

21+ -1)yMn

(—1 + n2) 7

cb[1]
0

The Fourier sine series
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xmn=-4; xmax =7; ymn=-1.5;, ymax =1.5; IL=2; nn=10;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Excl usi ons -» {0},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffo[ff[#, IL]& x]}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},
Excl usi ons -» {0},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffo[ff[#, IL]& #]& x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Red}},
Excl usi ons -» Range[-10, 12, 1],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot [Eval uate[{Sum[cb[n] Si n[% x], {n, 1, nn}]}],

{x, =20, 20},
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range -» {{xm n, xmax}, {ymn, ymax}}]

]
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15

—15L

= (b)
The function hereis
f(X) = (—2UnitStep[L /6 — ] + 3 UnitStep[L /2 — x]) UnitStep[L /2—x], 0 < x < L.

Clear[ff, x, IL];

ffx, L 1=(2UnitStep[lL/6-x]1+3UnitStep[lL/2-x1])
UnitStep[lL/2-Xx1;
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P

ot [ff [x, 5], {x, 0, 6}]

30F

2.5

20+
15"
10f

0.5

Cl ear [cb];

cb[n ] =

Ful | Si n’plify[

ﬁ (Integrate[Sin[% x], {x, 0, IL/6}] +

Integrate[SSin[ﬂ x], {x, 1L/6, IL/Z}]J,
I L
And[IL >0, nelntegers, n>0]]

2+4003{”?”] _6003[”7”}

nt

The Fourier sine series
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xmn=-7; xmax =11; ymn=-3.5; ynax =3.5; IL=3; nn = 20;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Exclusions - {0, IL/6, IL/2},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffo[ff[#, IL]& %1}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},
Exclusions » {0, IL/6, IL/2, -IL/6, -IL/2},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffo[ff[#, IL]& #]& x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Red}},

Excl usi ons - Range[-10, 12, 1/2],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot [Eval uate[{Sum[cb[n] Si n[% x], {n, 1, nn}]}],

{x, =20, 20}, Pl ot Poi nts - 200,
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range -» {{xm n, xmax}, {ymn, yrrax}}]

]
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= ()
The function hereis f(x) = xUnitStep[x—L/2], 0<x=<L.

Clear [ff, x, IL];
ff[x ,IL ]J=xUnitStep[x -I1L/2]7;

Plot [ff [x, 5], {x, 0, 6}]

6

Cl ear [cb];
cb[n ] =
Ful | Si rrplify[i (I ntegrate[xSin[ﬂ x], {x, IL/2, IL}]),
I L | L
And[IL >0, nelntegers, n>0]]

L (nn@s{%ﬂ} 2 ((—1)“nn+Sin{n7ﬁH)

n2

The Fourier sine series
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xmn=-7; xmax =11; ymn=-3.5; ynax =3.5; IL=3; nn = 20;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},

Exclusions - {0, IL/6, IL/2},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffo[ff[#, IL]& %1}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},

Exclusions » {0, IL/6, IL/2, -IL/6, -IL/2},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffo[ff[#, IL]& #]& x, L]}, {x, -20, 20},

Pl ot Styl e » {{Thi ckness[0. 003], Red}},

Excl usi ons - Range[-10, 12, 1/2],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot [Eval uate[{Sum[cb[n] Si n[% x], {n, 1, nn}]}],

{x, =20, 20}, Pl ot Poi nts - 200,
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range -» {{xm n, xmax}, {ymn, yrrax}}]

-5 r 5 10
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= (d)
The function hereis f(x) = xUnitStep[x—L/2], 0<x=<L.

Clear [ff, x, IL];
ff[x ,IL J]=UnitStep[lL/2-X];

Plot [ff [x, 5], {x, 0, 6}]

1.0

06+
04

02+

Cl ear [cb];

cb[n ] =

Ful | Si rrplify[ﬁ (I ntegrate[Sin[nllii x], {x, 0, IL/Z}]J,

And[IL >0, nelntegers, n>0]]
. nrl2
4S|n{7]

n

The Fourier sine series
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xmn=-7; xmax =11; ymn=-1.5; ynax =1.5; IL=3; nn = 20;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},

Exclusions - {0, IL/6, IL/2},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffo[ff[#, IL]& %1}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},

Exclusions » {0, IL/6, IL/2, -IL/6, -IL/2},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffo[ff[#, IL]& #]& x, L]}, {x, -20, 20},

Pl ot Styl e » {{Thi ckness[0. 003], Red}},

Excl usi ons - Range[-10, 12, 1/2],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot [Eval uate[{Sum[cb[n] Si n[% x], {n, 1, nn}]}],

{x, =20, 20}, Pl ot Poi nts - 200,
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range -» {{xm n, xmax}, {ymn, yrrax}}]
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15+~
AAA hl\nn
VVVV V\IV\I
| Agm. ey A | A J.v
-5 5 10
-0.5}
P‘PVDU' _MR aaal Loq
i 'A"AT]
~15L
m 3.3.3

m (a) Donein 3.3.2 (a)
= (b) Donein 3.3.2 (d)
= (C)

The function hereis f(X) = x, 0 < x=< L.

Cear[ff, x, |L];

ffx, L ]=x;

cb[n ] =

FuIISianify[

i Integrate[ff [x, L] Sin[ﬂ x], {x, O, IL}],
| L | L
NMUL>O,neIMemNs,n>O”

2 (-1)"MIL

n ot

The Fourier sine series
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Xxmn=-7; xmax =11; ymn=-2.5; ynax =2.5; IL=2; nn = 10;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Excl usi ons -» {0},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffo[ff[#, IL]& x]}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},
Excl usi ons -» {0},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffo[ff[#, IL]& #]& x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Red}},
Excl usi ons -» Range[-10, 12, 1],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot [Eval uate[{Sum[cb[n] Si n[% x], {n, 1, nn}]}],

{x, =20, 20},
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range -» {{xm n, xmax}, {ymn, ymax}}]

]
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m 3.34

The function hereis f(X) = Sm[f x], O<x=L.

Clear [ff, x, IL];

Prpx_, L] =Sin[% x];

Cl ear [ca0];

1
ca0 =Fru||sirrp|ify[|—I Integrate[ff[x, I L], {x, 0, IL}],

NMUL>O”

o
Cl ear [ca];

ca[n_] =
mnsnmnfy[
iIntegrate[ff [x, I'L] Cos[ﬂ x], {x, 0, IL}],
| L | L
And[IL >0, nelntegers, n>0]]

2 (1+ (-1

mT-n2o

Thereisaproblem withn = 1.
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ca[l] =
mnsnmnfy[

2 | ff I L] Co il 0, IL
= ntegrate[ [x, IL] S[Hx], {x, 0, }],
NMUL>O”

0

The Fourier cosine series
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Xxmn=-3;, xmax =7; ymn=-.5;, ynax =1.5; IL=2; nn=38;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},

Excl usi ons - {},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Plot [{ffe[ff[#, IL] & x]}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},

Excl usi ons - {},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Plot [{fft [ffe[ff[#, IL]& #]& x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Red}},

Pl ot Range -» {{xm n, xmax}, {ymn, ynmax}}],

Pl ot [Eval uate[{ca0+8um[ca[n] Cos[% x], {n, 1, nn}]}],

{x, =20, 20},
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range » {{xm n, xmax}, {ym n, yrrax}}]

]

-0.5
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m 3.3.5

= (a)

The function hereis f(x) = x%, 0<x=<L.

dear [ff, x, | L];

ffox, L ]=x?

Pl ot [ff [x, 5], {x, 0, 6}]
35+
30;
25;
20
15;

10+
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C ear [ca0, ca, |L7;

caO[lL ] =
1
Fu||s.inrp|ify[|—I (Integrate[ff[x, L], {x, 0, IL}]),

NMUL>O”
ca[n, IL 1=
mnsnmnfy[

2 pt t ﬁf[lL]@ rpi] { 0|Lﬂ)
— |Integrate X, s|— x|, {x, O, ;
| L J | L
And[IL>O,neIntegers,n>O]]

| L2
3
4 (-1)"] L2

n2 x2

The Fourier cosine series
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xmn=-5 xmax =7, ymn=-.5 ynmax =4.5; I[L=2; nn=7;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},

Excl usi ons -» None,

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffe[ff[#, IL] & x]}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},
Exclusions » {0, IL/6, IL/2, -IL/6, -IL/2},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffe[ff[#, IL]& #]& x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Red}},

Excl usi ons -» None,

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot[

Eval uat e[

{caO[IL] +Sum[ca[n, L] Cos[nliii x], {n, 1, nn}]}],

{x, -20, 20}, Pl ot Poi nts - 200,
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range » {{xm n, xmax}, {ym n, yrrax}}]

]

| 63
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= (b)
The function hereis
f(xX) = (—2UnitStep[L /6 — x] + 3UnitStep[L /2 - x]) UnitStep[L /2—X], 0 < x < L.

Cear[ff, x, | L];

ffx ,IL]=(-2UnitStep[lL/6-x]+3UnitStep[lL/2-x])
UnitStep[lL/2-x1;



P

30t

2.5 ;
20 ;
15 ;
10-

0.5

ot [ff [x, 5], {x, 0, 6}]
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Cl ear [ca0, ca];

cal =
Ful | Si rrplify[

1
I (Integratefl, {x, 0, IL/6}] +

Integrate[3, {x, IL/6, IL/2}]), And[IL>0]]

ca[n_] =

Full Si nplify[

2 (It t[Co [nPi
— |Integrate S
| L J | L

x], {x, 0, IL/6}] +

Integrate[?,Oos[% x], {x, 1L/6, IL/Z}]),

And[IL >0, nelntegers, n>0]]

-4Sin{”—6”} +63in{”—2”]

n ot

The Fourier cosine series
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Xxmn=-7; xmax =11; ymn=-.5; ymax =3.5; |IL =3; nn =20;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Exclusions - {0, IL/6, IL/2},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffe[ff[#, IL]& x1}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},
Exclusions » {0, IL/6, IL/2, -IL/6, -IL/2},
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffe[ff[#, IL]& #]& x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Red}},

Excl usi ons - Range[-10, 12, 1/2],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot [Eval uate[{caO+Sum[ca[n] Cos[% x], {n, 1, nn}]}],

{x, =20, 20}, Pl ot Poi nts - 200,
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range -» {{xm n, xmax}, {ymn, yrrax}}]

bq_ A A 3% A A _hol
'A'] A Vv A

AA _% AN
v v
! A A Avnvnvnvn A A ‘ I ‘ Avl\ A A \ ‘ ‘ A A Avnvnvl\vl\ A A
5 Vvv vvw I VVN 5 ’vv LA
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= ()
The function hereis f(x) = xUnitStep[x—L /2], O0<x<L.

Clear [ff, x, IL];

ff[x ,IL ]J=xUnitStep[x -I1L/2]7;

Plot [ff [x, 5], {x, 0, 6}]
6
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Cl ear [ca0, ca];

1
ca0 = Full Si rrplify[ﬁ (Integrate[x, {x, IL/2, IL}]),

And[||_>0]]

ca[n_] =

Ful | Si rrplify[i (I ntegrate[xCos[ﬂ x], {x, IL/2, IL}]),
| L | L
And[IL >0, nelntegers, n>0]]

3L

8

L (-2 <_1>n+2cOs{n7ﬂ} +nnSin{n7ﬂ”

n2 7T2

The Fourier cosine series
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xmn=-7; xmax =11; ymn=-.5;, ymax =3.5; |IL =3; nn =10;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},

Exclusions - {0, IL/6, IL/2},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffe[ff[#, IL]& x1}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},

Exclusions » {0, IL/6, IL/2, -IL/6, -IL/2},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffe[ff[#, IL]& #]& x, L]}, {x, -20, 20},

Pl ot Styl e » {{Thi ckness[0. 003], Red}},

Excl usi ons - Range[-10, 12, 1/2],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot [Eval uate[{caO+Sum[ca[n] Cos[% x], {n, 1, nn}]}],

{x, =20, 20}, Pl ot Poi nts - 200,
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range -» {{xm n, xmax}, {ymn, ymax}}]

]




m 3.3.6

= (a)

The function hereis f(X) = x, 0 < x=< L.

dear [ff, x, | L];

ffx, L ]=x;

Plot [ff [x, 5], {x, 0, 6}]

6
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d ear [caOl, ca, I L, n];

caO[lL ] =
1
Fu||s.inrp|ify[|—I (Integrate[ff[x, L], {x, 0, IL}]),

NMUL>O”

ca[n_, IL ] =
mnsnmnfy[

2 pt t ﬁf[lL]@ rpi] { 0|Lﬂ)
— |Integrate X, s|— x|, {x, O, ;
| L J | L
And[IL>O,neIntegers,n>O]]

L

2
2 (-1+ (-1)M 1L

n2 2

The Fourier cosine series
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Xxmn=-5 xmax =7, ymn=-.5 ynax =2.5; IL=2; nn=7;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},

Excl usi ons -» None,

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffe[ff[#, IL] & x]}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},

Excl usi ons -» None,

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffe[ff[#, IL]& #]& x, L]}, {x, -20, 20},

Pl ot Styl e » {{Thi ckness[0. 003], Red}},

Excl usi ons -» None,

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot[

Eval uat e[

{caO[IL] +Sum[ca[n, L] Cos[nliii x], {n, 1, nn}]}],

{x, -20, 20}, Pl ot Poi nts - 200,
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range » {{xm n, xmax}, {ym n, yrrax}}]

]

|73
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25

= (b)
The function hereis f(x) = UnitStep[x—L /2], 0<x=<L.

Clear [ff, x, |L];

ff[x ,IL J]=UnitStep[x -I1L/2];
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P

ot [ff [x, 5], {x, 0, 6}]

10

08+

02+

Cl ear [ca0, ca, |LJ;

1
caO[l L ] = FullSi np|ify[I (Integrate[l, {x, IL/2, 1L}]),

And[IL>O]]

ca[n , L ]-=
Ful | Si mo|ify[i (l ntegrate[@os[ﬂ x], {x, 1L/2, IL}]),
I L I L

And[IL >0, nelntegers, n>0]]

2
2Sin{”7”}

n

The Fourier cosine series



76 | Chapter_3.nb
Xxmn=-4;, xmax =7; ymn=-.5;, ynax =1.5; IL=2; nn =10;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Exclusions » {IL/2},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffe[ff[#, IL]& x1}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},
Excl usi ons -» Range[-11, 12, 2],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffe[ff[#, IL]& #]& x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Red}},
Excl usi ons - Range[-10, 12, 1/2],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot[

Eval uat e[

{caO[IL] +Sum[ca[n, L] Cos[nliii x], {n, 1, nn}]}],

{x, -20, 20}, Pl ot Poi nts - 200,
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range » {{xm n, xmax}, {ym n, yrrax}}]

]
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15

-05

(©
The function hereis f(x) = UnitStep[L/2-x], 0<x<L.

Clear [ff, x, IL];
ff[x ,ILJ]J=UnitStep[lL/2-x];

Pl ot [ff [x, 5], {x, 0, 6}]

1.0

08+

0.6

0.4

0.2
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C ear [ca0, ca, |L7;

1
caO[lL ] = FullSi rrplify[ﬁ (Integratefl, {x, 0, IL/2}]),

And[||_>0]]

ca[n_, IL ]=
Ful | Si rrplify[i (I ntegrate[Cos[ﬂ x], {x, 0, IL/Z}]J,
| L | L

And[IL >0, nelntegers, n>0]]

2
2Sin{”7”}
nr

The Fourier cosine series
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Xxmn=-4;, xmax =7; ymn=-.5;, ynax =1.5; IL=2; nn =10;

Show[PI ot [{ff[x, IL]}, {x, O, IL},

Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Exclusions » {IL/2},

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{ffe[ff[#, IL]& x1}, {x, -IL, IL},

Pl ot Styl e » {{Thi ckness[0. 008], Cyan}},
Excl usi ons -» Range[-11, 12, 2],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],
Plot [{fft [ffe[ff[#, IL]& #]& x, L]}, {x, -20, 20},
Pl ot Styl e » {{Thi ckness[0. 003], Red}},
Excl usi ons - Range[-10, 12, 1/2],

Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot[

Eval uat e[

{caO[IL] +Sum[ca[n, L] Cos[nliii x], {n, 1, nn}]}],

{x, -20, 20}, Pl ot Poi nts - 200,
Pl ot Styl e » {{Thi ckness [0. 003], Bl ack}},

Pl ot Range » {{xm n, xmax}, {ym n, yrrax}}]

]
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15

\ ; \I\f\\\lr\/\‘
_4 VY S5Y\V

-05

Notice that adding the functionsin (b) and (c) one gets 1. So we did not even need to
calculate the second series; we could have subbtracted the seriesin (b) from 1.
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m 3.3.7

Pl ot [{Cosh[x], Sinh[x], Exp[x] +0.07, Exp[x] -0. 07,
Exp[x]1}, {x, -2.6, 2.6},
Pl ot Styl e » {{Thi ckness[0. 005], Bl ue},
{Thi ckness[0. 005], Red}, {Thickness[0.005], Bl ue},
{Thi ckness [0. 005], Red}, {Thi ckness[0.004], Wite}},
Pl ot Range -» {-6, 6}]

_6L
The above plot is my attempt to illustrate the formula
Exp[x] = Cosh[x] +Sinh[x]

which follows from the definition of the hyperbolic functions Cosh and Sinh.
m 3.3.8

= (a)

Here is a Mathematica formulafor the even part (its funny nameis ffep) of afunction
(with afunny name) vf and aMathematica formulafor the even extension (its
funny name is ffee) of afunction (with afunny name) vf.
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C ear [vf, ffep, ffee, IL, x1;

ffep[vf , x 1:

1
E (vf [x] +Vvf [-x]);

ffee[vfi , x ] :=1f[x <0, vf [-x], vf [x]];

The formulafor the even part takes into accunt values of vf at positive and at
negative numbers x. The formulafor the even extension takes into accunt only the
valuesof vf at positive x by reflecting the graph of vf accrossthey-axes. Hereis
an example: the origina function is blue, its even part in cyan and the even extension
in magenta.

Clear [ff, x];

ff[x_1=ExpIx];

Plot [{ff[x], ffep[ff[#] & x], ffee[ff [&#] & Xx]},
{x, -2.6, 2.6},
Pl ot Styl e » {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 005], Cyan}, {Thi ckness[0.005], Magenta}},
Pl ot Range » {-. 2, 6}]
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Clear [ff, x];

ffIx ]=x?Exp[-x]UnitStep[x]:

Plot [{ff [x], ffep[ff[#] & x], ffee[ff [#] & X1},
{x, -4.6, 4.6},
Pl ot Styl e » {{Thi ckness[0. 01], Bl ue},
{Thi ckness [0. 005], Cyan}, {Thickness[0.005], Magenta}},
Pl ot Range » {-.2, .7}]

-0.2*-

= (b)

Here is a Mathematica formulafor the odd part (its funny name is ffop) of afunction
(with afunny name) vf and aMathematica formulafor the odd extension (its funny
name is ffoe) of afunction (with afunny name) vf.

d ear [vf, ffop, ffoe, IL, x];

ffop[vf , x 1:

1
- f -vf [- :
> (vi [x] -vl [-X])

ffoe[vf , x ]:

I f [x <0, -vf [-x], vf [x]];
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Clear [ff, x];

ffIx_1=Eplx];

Plot [{ff [x], ffop[ff[#] & x], ffoe[ff [#] & X1},
{x, -2.6, 2.6},
Pl ot Styl e » {{Thi ckness[0.01], Bl ue},
{Thi ckness [0. 005], Cyan}, {Thickness[0.005], Magenta}},
Excl usi ons » {0}, Pl ot Range -» {-6, 6}]

6~

Clear [ff, x];

ffIx ]=x?Exp[-x]UnitStep[x]:
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Plot [{ff [x], ffop[ff[#] & x], ffoe[ff [#] & X1},
{x, -4.6, 4.6},
Pl ot Styl e » {{Thi ckness[0.01], Bl ue},
{Thi ckness [0. 005], Cyan}, {Thickness[0.005], Magenta}},
Pl ot Range » {-. 7, .7}]

= (0)
Clear [ff, x];
ffIx ]=x?UnitStep[x] +xUnitStep[-x];

In the plot below the odd part blue, the even part red, the sum green and the original
function black.
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Pl ot [{
ffop[ff[#] & x], ffep[ff[#] & X],
ffop[ff[®#] & x] +ffep[ff[&#] & X],
ff[Ix1}, {x, -3., 3.1},
Pl ot Styl e » {{Thi ckness [0. 005], Bl ue},
{Thi ckness [0. 005], Red}, {Thi ckness[0.01], G een},
{Thi ckness [0. 004], Bl ack}}, Pl ot Range » {-3, 3},
Aspect Rati o -» Aut omati c]

3

-3t

In the plot below the odd extension blue, the even extension red, the sum green and
the original function black.
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Pl ot [{
ffoe[ff[#] & x], ffee[ff [#] & X],
ffoe[ff[#] & x] +ffee[ff [#] & X],
ff[Ix1}, {x, -3., 3.1},
Pl ot Styl e » {{Thi ckness [0. 005], Bl ue},
{Thi ckness [0. 005], Red}, {Thi ckness[0.01], G een},
{Thi ckness [0. 004], Bl ack}}, Pl ot Range » {-3, 3},
Aspect Rati o -» Aut omati c]

3,

Al

Ll

Sl
m 3.3.9

The sum of the Fourier sine series and the Fourier cosine series of f (defined on
(0, L)) isthe function which equals 0 on (-L, 0) equals2 f on (0, L) and then
periodically extended. Here are examples.
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s Examplel

The function hereis f(x) = x4, 0<x=<L.

Clear [ff, x, IL];

ffrx , L ]=x%



Chapter_3.nb | 89

Cl ear [caO, ca, IL7];
caO[lL ] =
1
Ful | Si monfy[I (Integrate[ff[x, L], {x, 0, IL}]),

And[IL>O]]

ca[n_, IL ] =
Ful | Si nplify[

2 (integrate[ff [x, IL] Cos|22 0, IL
= [Integrate[ff x, 111 os [T x]. 1, 0, 1L3]),

And[IL >0, nelntegers, n>0]]

cbn , IL ]=
Ful | Si nplify[

2 (I t t [ff[ I L] Si [npi ] {x, 0 IL}])
— |Integrate X, in|— x|, {x, O, ;
| L J | L
And[IL>O,neIntegers,n>O]]

| L2
3

_n31 52112 (2+ (-1)" (-2 +n? %))
Tt

The function isin blue. The approximation of Fourier cosine seriesisin magenta, the
approximation of the Fourier sine seriesisin cyan, the sum of the previous two

seriesisin black, the periodic extension of the function 2 UnitStep[x] f (x) is
yellow.
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xmn=-3; xmax =5; ymn=-1.5;, ymax =2.5; |IL=1; nn =20;

Show[PI ot [{ff[x, IL]}, {x, O, IL},
Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Excl usi ons - None,
Pl ot Range -» {{xm n, xmax}, {ymn, ynmax}}],
Plot [{fft[2 (UnitStep[#]ff[#, IL]) & x, L]},
{x, -20, 20},
Pl ot Styl e » {{Thi ckness [0. 005], Yel |l ow}},
Excl usi ons -» Range[-11, 12, 2],
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot[

Eval uat e[

{caO[IL] +Sum[ca[n, L] Cos[nliii x], {n, 1, nn}],

Sum[cb[n, L] Si n[% x], {n, 1, nn}],
caO[l L] + Sum|ca[n, | L] Oos[% x], {n, 1, nn}] +
Sum[cb[n, L] Si n[% x], {n, 1, nn}]}],

{x, =20, 20}, Pl ot Poi nts -» 200,
Pl ot Styl e - {{Thi ckness[0. 003], Magenta},
{Thi ckness [0. 003], Cyan}, {Thickness[0.003], Bl ack}},

Pl ot Range -» {{xm n, xmax}, {ym n, yrrax}}]

]
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s Example?2

The function hereis f(x) = x4, 0<x=<L.
Clear [ff, x, IL];
I L] == x (I L=-x)

X_, = — X -X):

N . I L

ffriL/2, L]
| L
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Cl ear [caO, ca, IL7];
caO[lL ] =
1
Fu||s.inrp|ify[|—I (Integrate[ff[x, L], {x, 0, IL}]),

NMUL>O”

ca[n_, IL ] =
mngnmny[

i (I ntegrate[ff [x, I'L] Cos[ﬂ x], {x, 0, IL}]),
| L | L
And[IL >0, nelntegers, n>0]]

cbn, L ]-=

mngnmny[
i (I ntegrate[ff [x, I'L] Sin[ﬂ x], {x, 0, IL}]),
| L | L

And[IL >0, nelntegers, n>0]]

The function isin blue. The approximation of Fourier cosine seriesisin magenta, the
approximation of the Fourier sine seriesisin cyan, the sum of the previous two
seriesisin black, the periodic extension of the function 2 UnitStep[x] f (x) is
yellow.



Chapter_3.nb |93

xmn=-3;, xmax =4; ymin=-1.2; ymax =2.2; IL=1;, nn=7;

Show[PI ot [{ff[x, IL]}, {x, O, IL},
Pl ot Styl e » {{Thi ckness[0.01], Bl ue}},
Excl usi ons - None,
Pl ot Range -» {{xm n, xmax}, {ymn, ynmax}}],
Plot [{fft[2 (UnitStep[#]ff[#, IL]) & x, L]},
{x, -20, 20},
Pl ot Styl e » {{Thi ckness[0.01], Yell ow}},
Excl usi ons -» Range[-11, 12, 2],
Pl ot Range » {{xm n, xmax}, {ymn, ymax}}],

Pl ot[

Eval uat e[

{caO[IL] +Sum[ca[n, L] Cos[nliii x], {n, 1, nn}],

Sum[cb[n, L] Si n[% x], {n, 1, nn}],
caO[l L] + Sum|ca[n, | L] Oos[% x], {n, 1, nn}] +
Sum[cb[n, L] Si n[% x], {n, 1, nn}]}],

{x, =20, 20}, Pl ot Poi nts -» 200,
Pl ot Styl e - {{Thi ckness[0. 003], Magenta},
{Thi ckness [0. 003], Cyan}, {Thickness[0.003], Bl ack}},

Pl ot Range -» {{xm n, xmax}, {ym n, yrrax}}]

]
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|
o
[6)]
\

m 3.3.10

Clear [ff, x];

ff[x ]=Exp[-x]UnitStep[x] +x? UnitStep[-x1;
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Plot [{ff [x], ffep[ff[#] & x], ffop[ff[&#] & X1},
{x, -2, 2},
Pl ot Styl e » {{Thi ckness[0.01], Bl ue},
{Thi ckness [0. 005], Cyan}, {Thickness[0.005], Magenta}},
Pl ot Range » {-4, 4}]

m 3.3.12

= (3)
Here we make linear combination of the functions of the form Si n[z—':” ] wherek is

an integer. It is sufficient to prove that all these functionsis odd around L /2. The
easiest way to show thisisto tranlaste this function to the left by L /2 and show that
such afunction isodd. Thetrandationis

2k Pi I L
Clear[tf, x, k, I'L]; tf[X_]:SIn[ m (X+?)]

_ 2kﬂ(%+x
Sln[ m }

Here is the mathematica proof:
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Ful l Simplify[tf[x] +tf[-x], k elntegers]
0

Or we could have done this directly with the given function

Ful | Si rrplify[Sin[z:(LPi (x+I?L)] +Sin[2:(LPi (—x+|?L)],

k € lnt egers]

0

To do this by hand we just use periodicity of the sine function.

= (b)
To provethis statement it is useful to shift al functionsby L /2 to theleft. By
assumption the function f(x+L/2) isodd. Below Mathematica shows that the

functions Si n[ 2 liI'_l) 4 (x + "2‘ )] are even.

Ful | Si mo|ify[5in[M ( IL)] -

X + —
I L 2

(2k +1) Pi

Sin[ —

( x+—)] kelntegers]
0

Consequently the products f(x+L/2)S n[ Zk+l)x (x + g)] are odd. Therefore the

integralsover (—L/2, L/2) are 0. Thereforetheintegralsof s f(x)Sn[thl)” ]

over (O, L) are O.

m 3.3.13

Thisissimilar to 3.3.12 (b).
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3.3.14

(a)
Thisissimilar to 3.3.12(b).

(b)

Assume that the function f iseven around x = L /2. This symmetry implies (prove
this) that the Fourier cosine series of the function f defined on (0, L) isidentical to
the Fourier cosine series of the function f defined on (O, L/ 2).

3.3.15

Thisissimilar to 3.3.12 (b).

3.3.17

L -, {x, 0, 1}]

Integrate[
1+x

JT

4

Sum[ (-1)"x2", {n, 0, Infinity}]
1

1+ x2

Full Sinplify[integrate[(-1)"x®", {x, 0, 1}], n>-1/2]

(-1)"
1+2n

Sum[ , {n, O, Infinity}]

JT
4
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3.3.18

= (3)
Assume that f(x) isacontinuous and piecewise smooth function on the interval

[-L, L]and f(-L) = f(L). Then the Fourier series of f converges uniformly to f on
theinterval [-L, L].

= (b)
Assume that f(x) isacontinuous and piecewise smooth function on the interval

[0, L] and f(0) = f(L) = 0. Then the Fourier sine series of f converges uniformly to
f ontheinterval [O, L].

= (0)
Assume that f(x) isacontinuous and piecewise smooth function on the interval

[0, L]. Then the Fourier cosine seriesof f converges uniformly to f on the interval
[0, L].

Section 3.4

m 3.4.10

= Solution

Welook for asolution in the form

urx, t _ibn[t]Sin{nTﬂx}

n=1

This function satisfies the boundary condition.

Using the initial condition yields the information about
b (0] = 2 JLf g1 sin[~" e ae
UL b L

Now we only have to make sure that the given function satisfies the PDE
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= n > n 2 n
an [t] Sln{—ﬂx] = -k an t] (%) Sln{—ﬁx} +g[X]
n=1 n=1

> nm\2 n

Z(bn [t] +k (—) bn[t]) Sln{—x} - g[X]

. L L

n=1

Using the orthogonality of sines we get

L(b'[t] k(nﬂ) b J Sln{n §}d1§
— IV -

> n ] n [ gl

bn [t] +K “ bt S [ " |a

- - — | N| —
n [t]+ ( L ) nlt] 1 J; g[<] ] S| dg
Thisisasimplelinear equation for by, [t ]. Itissolved by using integrating factor

Exp [k (nT”)Zt} by [t] + K (nT”)ZExp{k (nT”)Zt} byt ] =

Exp |k (nTﬁ)zt} %JOLQ[é] Sin[nT]T £] ag

jsin] g} ag+ C[1] Exp|-k (n—ﬂ)zt}

Now usethevalueat O

Jf Sln ﬁg}dlé‘

Jf Sln 5} de - LJL [g]Sin{Eg}dlg—C[l]
kK (n)?2 og L B

Thus
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Exp[f Jf Sln 5] d&

= |mplementation 1

Given the following functions

dear [ff, gg, IL, kk];

ff[x ] =0;

99[x_1 =x (1-x);

Cl ear [bb, n7J;
bb[t , n ] =
(1—Exp[—kk (n—ﬂ)zt])Lngg[fg] Sin[n—7r§]d1§+
| L kk (nm)2 Jo | L
Exp[—kk(n—n)zt]i lLff[g]Sin[n—7r§]d1§
| L L Jo | L

nzﬁzt) (2_2(‘05[nﬁ] —I’]]TSin[nJT]>

n57T52 (1_(9_
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Cl ear [uu, nn];

nn = 20;

uufx , t 1= zbb[t, n] Si n[T—f x]

8 (1—@’”2t) Sin{mx]

+

0

8 (1-e—9ﬂ2t) Sin[3xx] 8 (1—@‘25”2t) Sin[5x]

+ +

243 7° 3125 7°
8 (1—@’49”2t) Sin[77x] 8 (l—e’Slﬁzt) Sin[9x]

+ +

16 807 n° 59049 r°
161051

+

°)
371293 n5) +
°)

e~ — —

15 7 x 759375 7°) +
8 (1_e2897t) ginr17 nx 1419857 %) +
8 (1-e3617t) sin[197x]) / (2476099 r°)
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Pl ot 3D[uu[x, t71, {x, 0, 1}, {t, O, 1}]

Pl ot [{uu[x, 101, 0gg[x1}, {x, 0, 1}]

025]
020
015
010

0.05|

How can we verify this solution? We can find the equilibrium temperature
distribution and compare to the function uu[x,t]. That is done below:
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DSol ve[{y"' [x] = -g9[x], y[0] =0, y[1] =0}, y[x],
X]

1
Pl ot [{uu[x, 107, 99[x1, - (x—2x3+x4)}, {x, 0, 1},

PlotStyl e » {{Bl ue, Thi ckness[0.01]},
{G een, Thi ckness[0.01]}, {Red, Thi ckness[0.005] }}]

0.2 04 0.6 0.8 1.0

= |mplementation 2

Given the following functions
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Cear [ff, gg, I'L, kk];
IL=1;

kk =1,

ffIx ] =4x%(1-Exp[x-1]);
g9[x_] =1

Plot [ff [x], {x, O, 1}]

0.5

04

0.3

0.2

0.1

0.2 04 0.6 0.8

1.0
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Cl ear [bb, n7J;

bb[t , n J=

- - — — I N| —
( P (IL) )kk(nn)z ogg[] | L i

Exp [-kk (n—7r)2t] ifof [£] Sin[n—ﬂ ¢] ae
P L L Jo L

1

e 32(1_e-”2ﬂ2t) (1-Cos[nrl) +
JT

Ze—nzﬁzt( 1

3 3<78+(874n2ﬂ2>COS[n7T]+8n7TSin[n7T]>+
n- s
(4n7T(—3+ﬂ27T2) (2+<e (—1+n27T2>COS[n7T]> -

4e (1-4n272+3n* %) Sininnl)/ (e (1+n2n2)3)]
d ear [uu, nnJ;

nn = 20;

uufx , t 1= ibb[t, n] Si n[rl]—lir x];

n=1
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Pl ot 3D[uu[x, t1, {x, 0, 1}, {t, 0, 1}, PlotRange » Al | ]

Pl ot [{uu[x, 101, 9g[x1}, {x, 0, 1}]

1.0

0.6

04

0.2

e

0.2 0.4 0.6 0.8 1.0

How can we verify this solution? We can find the equilibrium temperature
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distribution and compare to the function uu[x,t]. That is done below:

eqgsol [x_] =

y[Xx] 7.
DSol ve[{y"" [x] = -gg[x], y[0] =0, y[1] =0}, y[x], X][I
1711

(x - x?)

N

Pl ot [{uu[x, 10], 9gg[x], eqsol [x]1}, {x, O, 1},
PlotStyl e » {{Bl ue, Thi ckness[0.01]},
{Geen, Thickness[0.01]}, {Red, Thickness[0.005]}}]

1.0%

0.6

04

0.2

— N

0.2 0.4 0.6 0.8 1.0

Implementation 3

Given the following functions
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Cear [ff, gg, I'L, kk];
IL=1;

kk =1,

ffIx ] =4x%(1-Exp[x-1]);

gg[x 1= (Sin[2Pi x])%;

Cl ear [bb, n7J;
bb[t , n ] =
FuIISirrpIify[
(1-Exp[-kk(n—7r)2t])L ngg[f]Sin[n—7r§]d]§+
| L kk (nx)? Jo I'L
EXp [ -KK (”—”)Zt iJ'Lff[a sin[— ¢] ac,
| L IL Jo I L

And[n > O, nelntegers]]

16 (e 1o )/ (0 (1) 7]

1 2 2
(e—l—n et <—6n47T4+2n67T6—

(nﬂ+n37r3)3

2e (1+n?27%)° - (-1)"e (-2-5n27% -6n*n* + 56 x0))
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bb[t , 4] =
FuIISirrpIify[
[(1-Exp[-kk(n—7r)2t])L Ing[g]Sin[4—ﬂ§]d1§+
| L kk (nm)2 Jo | L
Exp[—kk (n—ﬂ)zt] iJﬂff[g] Sin[4—7T §] d1§] /. {n -4},
| L | L Jo | L

And[n >0, n elntegers]]

(262077 (0196724256 (-2+7e) 1)) / [ (1+1672)°)

d ear [uu, nnJ;

nn = 20;

uufx , t 1= ibb[t, n] Si n[rl]—lir x];

n=1

uufl.5, .5]
0. 0650325
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Pl ot 3D[Eval uate[uu[x, t]1], {x, 0, 1}, {t, O, 1},
Pl ot Range -» Al | ]

Pl ot [{uu[x, 101, 9g[x1}, {x, 0, 1}]

10+
08+

06+

0.4

0.2
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How can we verify this solution? We can find the equilibrium temperature
distribution and compare to the function uu[x,t]. That is done below:

eqsol [x ] =
y[x] /.
DSol ve[{y'"' [Xx] = -99[x], Yy[0] =0, y[1] =0}, y[x], xXI[I
11]
1
32 52

(1+87%x-8n%x*-Cos[47X])

Pl ot [{uu[x, 10], gg[x], eqsol [x]}, {x, 0O, 1},
PlotStyl e » {{Blue, Thi ckness[0.01]},
{Green, Thickness[0.01]}, {Red, Thickness[0.005]}}]

3.4.12

Solution

We will consider amore general equation:
at U(X, t) = aX,Xu(xv t) + g(X1 t)

We look for asolution in the form
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ot 11 <At 5 cos[ Y

This function satisfies the boundary condition.

Using the initial condition yields the information about

1 L
—Jf[é]dl

Aa10] = = Jf é] as

&
©
I

Now we only have to make sure that the given function satisfies the PDE

n=1 L
> n2 n
Aot ) (A (] ek (=5 At )] cos [ =5 x| =gl t]
n=1 L
Using the orthogonality of cosines we get
2 s o
An'[]+k(L)An[ Jggt]ms[—g}cﬂg

Thisisalinear equation for A, [t ]. To solveit we need to know the righ-hand side.
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Clear[lL, ni;

! IL(Ex t Ex 2t71 Co 3P §)d1§
— —_ —_ S_
), [Bxpr-t1+Bxpr-2t] Cos [ S ¢]

Full Si rrplify[

2 II_(EX t Ex 2t]Co 3Pi§)CO npi§d1§
— - - s|— s|— :
Ty (Bt w2ty s [ 6] f s [T

nel ntegers]

-t

(&

0

2 J“(Ex [-t] + EXp[ 2t]Cos[3Pi g])Cos[?’Pi §]d1§
< 61 _ 3P 3P

I L Jo P P | L | L

(E_Zt

Expand [DSol ve[{Ao' [t ] == EXp[-t], Ao[O] == A0}, Ao[t1, t]1I[I
1111

{Ao[t] >1+A0-e'}
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Cl ear [kk, I'L];
Expand[

3m)\2
DSol Ve[{Ae,' [t] +kk (t) Ag[t] = Exp[-21t], Ag[O] = A3},

Aglt], t]rr111]

9kk 72 t 9kk 72 t
e 12 |2 2A3e L2 |2
{Ag[t]e— - +
21 L2 + 9 kk 72 21 L2 + 9 kk 72

9 kk 2 t 9 kk 72
- +| -2+
e L2 | L2

|L2]/ (-21L% + 9kk n?) +

9kk 2t
9A3e IL2 Kk

~21L2 + 9 kk 72 }

9kkn?t (_2,f9kk7r2]t
Expand[e 112 ~1-2A3+e 1.2 | L2 + 9 A3 Kk 72

~—

(-21L2+9kkn?)]

9kk 72 t 9kk 2t
e 12 |2 2A3e L2 |2
- - +
21 L2 + 9 kk 2 21 L2 + 9 kk 72

9 kk 2 t 9 kk 72
- +| -2+
e L2 L2

t|L2]/ (21 L2+ 9kk n?) +

9kk 72 t
9A3e L2 Kk

21 L2 + 9 kk 72
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_9kk7r2t+[_2+9kk7r2)t
Sin’plify[[e L2 L2 ILZJ/(—ZIL2+9kk7r2)—

_9kkn?t
e 2 L2
-2 1 L2 +9kk 52
9kk 2t
e 2t _e IL2 | L2
2112 _9kk 2
_9kk n?t _9kk n? t
_ _ 2A3e L2 L2 9A3e L2 kkn?
Slrrpllfy[— + ]+
-2 1 L2 +9kk n? -21 L2 +9kk x2

_9kk7r2t+[_2+9kk7r2]t
Sirrplify[[e 2 L2 |L2]/(_2|L2+9kk7r2)_

_9kkn?t
e 12 L2

—2IL2+9kk7r2]

9Kk 2t
et e 1L | L2
9kk 2t
A3e IL?
21 L2 -9kk n?

DSoIve[{An' [t]+K (T—:)ZAn[t] == 0, A [0] An} Anlt1, t][[
111

7kn27T2t

{An[t] SAne 112 }

We calculated as theinitial values.
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&
©
I

1 L
= d
LJO [£] d¢

A (0] - EJLf &1 cos [ ] ac
L Jo L

= | mplementation

Cl ear [kk, I'L, ff];

kk =1; IL =1; ff[x ]=1,

d ear [aa];

1 L
aa[0] = IJ; ff 1] de

_ _ 2 L n Pi
aa[n_] = Ful | Si rrpllfy[ﬁf ffre] COS[T §] de,
0

nelnt egers]

1
0
AA[t , 0] =1+aa[0] -e!
2 et
_9kkn?t
[e‘Zt—e L2 ]IL2

_9kk7r2t

AA[t , 3] =aa[3]e L2 -
21 L2 -9kk x?
e 2t _ o972t

2972
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_kknZn?t
AA[t , n ]=aa[n]le L2

0
d ear [uu, nnJ;

nn = 20;

nn n s
uu , T = AA[t, O AATt, n] Cos|— X|;
[X . t 1= AAL ]+§ [t, n1 Cos[-— x]

Pl ot 3D[uu[x, t], {x, 0, 1}, {t, 0, 3}, PlotRange » {0, 2.3}]
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= |mplementation 2

G ear [kk, I'L, ff7];

ffIx_ ]=10x%(1-x)?;

Cl ear [aa];

1 L
aa[0] = IJ: ff[e]ag

_ _ 2 L n Pi
aa[n_] =FullSi rrpllfy[ﬁf fflg] COS[T §] dag,
0

nelnt egers]

4
T et
3
aa[3]
0

_9kk7r2t

_9kkn2t
[e‘Zt—e | L2 ]IL2
AA[t , 3] =aa[3]e IL?

21 L2 -9 kk n?

2
(E_Zt _e—gﬂ t

2972
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_kknZn?t
AA[t , n ]=aa[n]le L2

240 (1 + (-1)") e 2t

n4 7T4

Cl ear [uu, nn];

nn = 20;

nn n s
uu[x , t 1 =AA[t, 0] +ZAA[t, nj COS[I x];

n=1

uufl.5, .5]
0. 726803

Pl ot 3D[uu[x, t]1, {x, O, 1}, {t, O, 1}, PlotRange » {0, 1.}]
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m 3.4.13

= Solution

An awkward aspect of this problem is that one boundary condition depends on time.
This is the nonhomogeneous aspect of this problem. In the previous problems we delt
with nonhomogeneous problems by looking for the solution in the form

ZBn Sln[nTJT x}

and trying to find B, [t ] so that the nonhomogeneous equation is satisfied. The
reason to choose the above form of the solution was that it automatically satisfied
boundary conditions. In this problem, in order to hava the boundary conditions
satisfied we have to modify this “ starting point solution”. We will look for the
solution in the form

This function satisfies the boundary conditions. Now we proceed as before and try to
figure out which differential equations must be satisfied by B, [t ] in order for such a
function u[x,t] to beasolution.

Using the initial condition yields the information about

2 -& o nrnx
B0 10] - = | (1161 -—— Ar0)] sin[2T ¢] as

(o]

. 2 ) n st nry2 n st
C A [t]+r;Bn [t]Sln{Tx] :—kr;Bn[t] (T) Sln[Tx}

Z(BH' t] +k (n—Lﬁ)ZBn[t])Sin{nTﬂx} :_LLXA- t

Using the orthogonality of sines we get

L(B'[t] k(nﬂ)zB[t JLL gSun §}d1§
t k[T _ A L-¢
2\ L " L
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B, [t]+k(T)an[t] JL:CSm : §}d1§

S0, in the last equation the only red object is the function B, [t]. Thisis differential
equation for B,, which can be solved. Let us calculate the constant

. . 2 fLL-¢&  nm
FullSm’pry[—I TSIn[T §]d1§, nelntegers]
0

n st

Thus we need to solve
2

B, [t] +k nr an[t]:——A' It
L n

Thisisalinear equation for B, [t ]. Itissolved by using integrating factor

Exp{k (nTﬁ)zt}Bn' [t]+k(nTﬁ)2Exp{k (nTﬁ)zt}Bn[t]:
—iExp{k (n—ﬂ)zt}A' t]

n st L
3 fewh (%) i) 2 ol (2

n\?2

Exp{k(T) | Bo(t] =Byl —nﬂfExp | A (2] ar
Bn[t]:B[O]Exp[ k(n—ﬂ) t}—

i Exp[— fEXp t} A' [t]drt

nt

Notice that all objects on the right hand side are green.

Implementation 1

Given the following functions
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Clear [ff, fA IL, kk];

IL=1;
kk = 1;
Ffx ] = I L -x

N I L
fFA[t ] =Exp[-t];
Cl ear [bb, n7;
bb[n ] =

o 2 AL IL -
FuIIS|n'pI|fy[EJ (ff[é‘]—
0

And[n > O, nelntegers]]

d fA[O]) S n[rll—ir £] ag,

d ear [BB];
T\ 2
BB[t , n ]_bb[n]Exp[ kk (I ) t] -

iExp[ J1Exp[kk ]fA' [] dt

nr

(et 1y e(_lmZ’Tz) )/ (nr (-14n%2))
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Cl ear [uu, nn];

nn = 20;
I L-x an n
uufx , t = f A[t BB[t, n] Sin|— x|;
DX, t 1= ——fALt]+ 3 BBIt, n]Sin[—X]
n=1
uu[x, t]

et (1-x)+ Ze’ﬂzt (—1+<e(_1+”2>t) Si n[JTX])/ (JT (—1+7T2>> +

e_4ﬂ2t (_1+e(71+4n2)t) Si n[27TX])/ (n (—1+47T2>> +

[
2 e 970t (—1+e(’1+9”2>t) Sinf3rx])/ (37 (-1+972))+
[et0®t (14 el 1105 ) sinpanx)) /(27 (-1+1672)) +
(2e?7t (14l B2 sinsrx]) /(57 (-1+2572)) +
(e_36”2t (-1+e(*1+36”2>t) Sin(6rx])/ (37 (-1+3672))
2 e 492t (_1+e(-1+49”2>t) Sin(7rx])/ (Tr(-1+492))
(e’64”2t (—l+<e(‘1+64”2>t) Sin[8 7TX])/ (47r (—1+647T2)) +
(287t (14 el 182 sin9rx]) /(9 (-1+8172)) +
(@_mw t (—1+e(’1+100”2>t) Si n[lOnx])/ (57 (-1 +100 7% ) +
2 e 12172t (<14 e<-1+121”2>t) sinf11rxx])/

(117 (-1+121 %)) +
(et (141192 ) Sin127x]) /(67 (-1 +144 7)) «
(2 o169 72t (_1 . e(—1+169ﬂ2)t) Sj n[13nx])/

(137 (-1 +169 %)) +
(e-l%ﬂzt (—1+e(’1+196”2>t) Si n[14ﬁx])/ (770 (-1 +196 72)) +
2 e 22572t (<14 e(-1+225”2>t) sin(157x]) /

(157 (-1 +225 %)) +
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(e-256”2t (—1+e(’1*256”2>t) Sin(16rx])/ (87 (-1+25672)) +
(2 o289 72t (_1 + @(*1+289”2>t) Si n[l?nx])/

(17 7 (-1 +289 72)) +
[e3247%0 (114 el 13202 V) sinp18 x| / (97 (-1+32472)) +
(2 o 36172t (_1 + @(—1+361”2>t) Sin[19 nx])/

(197 (-1+361 %)) +
(e_4oon2t (_1 N e(—1+400n2)t) Sj n[207rx])/ (10” (_1 . 400 ﬂ2>>

uufl.5, .5]
0. 34505

Pl ot 3D[Eval uate[uu[x, t]1], {x, 0, 13}, {t, O, 4.4},
Pl ot Range » Al | ]




Chapter_3.nb | 125

= |mplementation 2

Given the following functions

Cear[ff, fA |IL, kk];

kk:l,
X \6
1 1o (=)
ver =1 ()
fA[t_] =Exp[-61t];

Plot [ff[x], {x, 0, 1}]

1.0
0.8

0.6

04

0.2

0.2
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Cl ear [bb, n7J;

bb[n 1 =

. ) 2 L IL-¢&
Ful | Si npllfy[ﬁf (ff [€] -
0

nr
fA[O]) Si n[t §] de,

And[n > 0O, nelntegers]]

= 7(1440_60 (-1)" (24 -12n? 7%+ n? 1%))
n" s

fA" [t]

_6 (E_Gt

Cl ear [BB];
BB[t , n ]—bb[n]Exp[ kk( ﬂ)zt] -

2
EExp[ fap[kk ) ]fA' [c] dt
(12 e n? Pt <71+e(’6+n2”2>t))/ (N7 (-6+n?n?)) +
717<e”2ﬂ2t (1440 - 60 (-1)" (24 - 12n? 7% + n® 7))
n'

Cl ear [uu, nn];

nn = 20;

UuLx , t ] YN iBB[t n]Sin[nﬂx]'
, = + y - y
T 4 L

uux, t1;

uufl.5, .5]

0.0701454
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0, .43,

{t,

{x, 0, 13%,

Pl ot 3D[Eval uate[uu[x, t]],

Pl ot Range -» {0, 1.1}]




128 | Chapter_3.nb

Mani pul at e [Pl ot [Eval uate[uu[x, t]], {x, 0, 1},
Pl ot Range -» {0, 1.13}], {t, 0, 1}]

0.8+

0.6

04

0.0 0.2 0.4 0.6 0.8



