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Equilibrium temperature distribution - 2D
problem

m The problem
The objectiveisto solve the PDE

&y #u _
X y)+ X, y)=0on{x,y) e |0=x=K, 0=<y=<lL},
X2 6y2

subject to the conditions

ux, 0) = f1(x), u(x, L) = fo(x) (call these BCx)
u@, y) = au(y), UK, y) = go(y) (cal these BCy)
Thetrick isto split this problem into two problems

m Problem 1

The objectiveisto solve the PDE

2 2
Pu o

v 6y2:0 on 0=<x =<K, 0=y=<lL,
subject to the conditions

ux, 0) = f1(x), u(x, L) = fo(x) (call these BCx)
u@©, y) = 0, ulK, y) =0 (cal these DBCy)

Step 1. First ignore BCx and solve

2 2
ﬂzj+%:0 on0=<x=<K,0=<y=<lL,
ox ay
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subject to the conditions

ui, y) = 0, uK, y) =0 (cal these DBCy)
Using SofV method we find few solutions of this problem:
npi , Sinh|["Py]

x} K
K Si nh [P L}

sin|

{nPi Sinh:npl (L—Y)}

J

Test these solutions:

Sin

)= (D[#, {x, 2}] +D[#, {y, 2}]) &[Sin[n;)' x] : ::{% H]
out[2]= O
= Ful | Si nrplify[ Sin[n:l X z ::{% H /. {x > {0, K}}]

Lnﬁ: Sin[nx] Si nh{n:;y”

out[3]= {0, Csch [

We need to tell Mathematica that nis an integer.

X /. {Xx-> {0, K}},

npi . Sinh[ZEy]
| Sinh[2% L]

nal= Ful 1 Si npl | fy[ Sin

nelnt egers]

outf4)= {0, 0}
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nisl= (D[, {x, 2}1 + D[#, {y, 2}1) &[
Sin[nPi § Sinh[% (|.--Y)]]
K Sinh[ﬂf? L]

out[s]= 0

[nM Sinh[22 (L-y)]

inf6]:== Ful I Si npl i fy[ Sin X S nh[% L] /.
{x > {0, K}}:
out[6]= {O, Csch{Lnﬂ_ Sin[nx] Si nh{LL_y)H

" Pi X] Sinh[% (L—y)] X

In[7]:= FuIISianify[ Sin[ Sinh[ﬂfi L]

{x » {0, K}}, nelnt egers]

out[7= {0, 0}

Step 2. Now that we have few solutions we form many solutions. Thisisthe FFM
idea, which is commonly known as the superposition principle:

i an Sin{n}si x} > nh{% y}
n=1

Sinh{ﬂf? L}
Cah NP
S s 2202
n-1 Slnh{TL}

Next we choose a,, and b, such that the above function satisfies BCx conditions.
First substitute y = 0. This leads to the formulafor by,
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In[8]:=

Out[8]=

In[9]:=

Out[9]=

fq ()Sln{.

d ear [K];

Ful | Si rrplify[lntegrate[Sin[% x]Sin[% x], {x, 0O, K}],

And[n elntegers, | elntegers, O[] >n, | <n]]]

0

C ear [K];

Ful | Si n’plify[lntegrate[Sin[% x]Sin[% x], {x, 0, K}],

And[n € | ntegers]]

K

J0

K

J0
K

J0

Then substitute y = L. Thisleadsto the formulafor ap.

fiq

fiq

fq

(X

(X

(X

)Sin_

)SinV

Problem 2

-] Pi
)SinJ

K

dx

x | dx

x | dx

:ébn Sin[%x}
an Sln{—x}Si [

The objectiveisto solve the PDE

52u

6x2

subject to the conditions

0

bj *E

2,
a——O on 0=x =K, 0=y=L,
ay?

KSin{% X]Sin —
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ux, 0) = 0, u(x, L) =0 (cal these DBCX)

u0, y) = gu(y), UK, y)=g(y) (cal these BCy)
Step 1. First ignore BCy and solve
92u

62u
£+52:0 on 0=<x =<K, 0=sy=lL,

subject to the conditions

ux, 0) = 0, u(x, L) =0 (call these DBCx)

Using SofV method we find few solutions of this problem:

, Sj nh [ AP
Sin{nf' y| S::h”LF"H
L L
Sin{npi y} Si nh:% (.Kx)}
Sinh{%K}

Test these solutions:

npi o Sinh[%x]
= , , 2 , , 2 i
Inf10]:= (D[#, {x }1 + D[#, {y }])&[Sln[ T y] S nh[% K]]
out[10]= O
nf11:= Ful | Si rrplify[ Sin[np' y] > nh[ = X] /. {y > {0, L}},
Si nh[% K]

nel ntegers]

out[11]= {0, 0}
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In[12]:=

out[12]=

In[13]:=

out[13]=

(DL#, {x, 2}]1 +D[#, {y, 2}1) &]

NP Si nh[ﬂ (K - x)]
Sln[ L Sinh[ﬂ K]
L

0

npi, Sinh[2R (K-x)]
['1Sinplif [ :
Ful | Si npli y[ Sln[ - y] Sinh[% K] /

{y » {0, L}}, nelnt egers]
{0, 0}

Step 2. Now that we have few solutions we form many solutions. Thisisthe FFM
idea, which is commonly known as the superposition principle:

n Pi Slnh{”P' ]
ch Sm{ y} Sinh{%K}
nn n Pi Si nh{% (K—X)}
r;dn Sm{ L y} Sinh{%q

Now we choose ¢, and d,, such that the above function satisfies BCy conditions.
First substitute x = 0. Thisleads to the formulafor d,. Then substitute x = K. This
leads to the formulafor c;,.

m A symbolic implementation

Here are the given quantities
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out[22]=

In[23]:=

out[24]=

In[25]:=

out[26]=
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Cear[lK IL, f1, f2, g1, g2, nnl;
nn = 15;

K =1; IL = 1;

fl[x ] =4x% (1-x);

92[y_1=4y (1-y)?

f2[x ] =0;
gl[y_1=0;
Cl ear [aa];

2 I f2 Si ne 0, IK
aa[n ] =T ntegrate[ [x] m[w x], {x, 0, }]
0

Cl ear [bb];

bb : I f1 Si nP 0, IK
[n_]=m ntegrate[ [X] m[Wx], {x, 0, }]

_n417r48 (2nn+4nnCos[nna] + (-6+n?7?) Sin[nxl)

Cl ear [cc];

2 ) n Pi
cc[n ] = I I nt egrate[gZ[y] Si n[T y], {y, 0, | L}]

16 2nat+nxCos[nx] -3Sin[nin])
n4 74
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In27:= Cl ear [dd];

dd[n ]—ilnterate[l[ ]Sin[ﬂ ] {y, O IL}]
— _lL g g y |Ly’ y’ 1

out[28]= 0

The solution is

In29]:= Cl ear [uu];

Si nh[% y]
.

uufx , v ] = i aa[n] Si n[n||: x]
n=1

Si nh[%lL]
ibb[n]SIn[nPi son[e 0o
.
] I K Si nh[”I—PiIL]
K
nn . n Pi Sinh[%x]
éccm&n[ L y] Si nh[%m]

Sinh[% (IK—X)]
/] sinh[22 | K] ’

idd[n] Sin[npi
n=1

How good is our approximation for the function f1[x] in the boundary conditions?
Hereisavisual answer.
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n31:= Plot [{f1[x], uu[x, 0]}, {x, O, 1},
Pl ot Styl e » {{Bl ue, Thi ckness[0.01]},
{Red, Thi ckness[0.005]}}]

0.6
0.5+

0.4+

outiz= 03}

0.2

01~

0.2 04 0.6 0.8 1.0

in32:= Pl ot [uu[x, I'L], {x, 0, 1}]

10}

0.5

out[32]= S SR S S R
1 0.2 0.4 0.6 0.8 1.0

-0.5

-10F
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In(33:= Pl ot [uu[0, x], {x, 0, 1}]

10

05+

Out[33]= S S S S R
- 0.2 04 0.6 0.8 10

-05

-1.0

in34:= Plot [{g2[y], uull K yI1}, {y, 0, 1},
PlotStyl e » {{Bl ue, Thi ckness[0.01]},
{Red, Thi ckness[0.005]}}]

Out[34]=
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in(35]:= Pl ot 3AD[N[uu[x, y11, {%, 0, 1}, {y, O, 1}, Mesh » Automati c]

out[35]=
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In[36]:=

Out[36]=

Densi tyPl ot [N[uu[x, v]1, {x, 0, 1}, {vy, 0, 1},
Frame » True, Pl ot Range » {{0, 1}, {0, 1}},
Col or Function » (R@&Color [1, 1 -#, 1-#] &)]

1.0

0.8+ -

0.4

0.2

O.o I I I | i
0.0 0.2 0.4 0.6 0.8 1.0

A numerical implementation

Here are the given quantities
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n37):= Clear [IK, I'L, f1, f2, g1, g2, nn];

nn = 45;

fl[x_1 = (Sin[x1)¥1% g2[y_1=0; f2[x_] =0;
glfly_1 =0;

in41]:= Pl ot [f1[x], {x, O, | K}, PlotRange » {0, 1.2}]

12

out[41]=

041

0.2

0.0 0.5 1.0 15 20 25 3.0

in42]:= Cl ear [aa];

2 I f2 Si n P 0, IK
aan 1 = — ntegrate[ [X] m[Wx], {x, 0, }]

out[43]= 0
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Inf44]:= Cl ear [bbl ];

bbl =
2 _ n Pi
Chop[TabI e[ﬁ< NI nt egrate[fl[x] Si n[ﬁ x], {x, 0, I K},

Met hod - {Aut omati c}, MaxRecursi on - 200,
AccuracyGoal - 12, Preci si onGoal ->16], {n, 1, nn}]]

out45]= {1.23582, 0, 0.358787, 0, 0.204016, 0O, 0.1408, O,
0. 10676, 0, 0.0856006, 0, 0.0712249, 0, 0. 0608478, O,
0. 0530194, 0, 0.0469124, 0, 0.0420211, 0, 0.0380191, O,
0. 0346867, 0, 0.0318708, 0, 0.0294614, 0, 0.0273773,
0, 0.0255576, 0, 0.0239557, 0, 0.0225352, O,
0.0212672, 0, 0.0201288, 0, 0.0191014, 0, 0.0181696}

Inf46]:= Cl ear [cC];

2

cc[n_] = :
LS nh[% | K]

I nt egrate[gZ[y] Si n[ﬂ y], {y, 0, | L}]
L
outj47]= 0

inf481:= Cl ear [dd];

dd[n ]-ilnterate[l[ ]Sin[ﬂ ] {y, O IL}]
— _lL g g y |Ly’ y, 1

out[49]= 0

The solution is
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in50l:= Cl ear [uu];

uu

an o B Sinh[L2EL y]
: = S
X, Vv ] nleaa[n] |n[ — X Sinh[%lL] +

- Sinh[2EL (1L -vy)
ibbl[[n]]Sin[nplx In['K y]+

i 'K Si nh[% | L]
nn ' n Pi Sinh[ﬂﬁ? X]
ch[n]Sln[ y]

1 'L Si nh[% | K]
Si nh[% (I K—x)]

idd[n]sm[nlii ] ,

] Si nh[% | K]

in52:= Plot [{f1[x], uu[x, 0]}, {x, O, | K}, PlotRange -» {0, 1.2}]

12

1.0

0.8

out[s2j= 98]
04|

0.2+

0.0 0.5 1.0 15 20 25 3.0



16 | Equilibrium_temperature_2D_v8.nb

3= Plot [uu[x, L], {x, 0, 1}]

10

05+

Out[53]= T R T
- 0.2 04 0.6

-05-

-1.0

In54:= Pl ot [uu[0, x], {x, 0, 1}]

10}

05+

Out[54]= ‘ ‘ ‘ | w w w | w \ \ |

0.8

1.0

- 0.2 0.4 0.6

-0.5F

-1.0F-

0.8

1.0
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5= Plot [uul K, x], {x, 0, 1}]

10

05+

ousslE e
- 0.2 04 0.6 0.8 10

-05

-1.0

ins6]:= Pl ot SAD[N[uu[x, y11, {X, 0, I K}, {y, O, IL}]

Out[56]=
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In[57]:=

Out[57]=

Densi tyPl ot [N[uu[x, y11, {x, O, 'K}, {y, O, IL},
Frame -» True, Pl ot Range -» {{0, | K}, {0, IL}},
Col or Function » (R@&Color [1, 1 -#, 1-#] &)]

30 f
25F B

20 B

0.0 05 1.0 15 2.0 25 3.0

A symbolic implementation with a problem

Here are the given quantities



In[58]:=

In[65]:=

out[66]=

In[67]:=

out[68]=

In[69]:=

out[70]=
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Cear[lK IL, f1, f2, g1, g2, nnl;
nn = 20;

K =1; IL = 1;

f1[x ] =3x%x2+1;

92[y_]1=4-8y (y-1);

f2[x 1 =4+8x (x-1);

glly_1 =1+3y%

Cl ear [aa];

2 I f2 Si nP 0, IK
aa[n_ ] = T?Z ntegrate[ [xX] SI n[—T;; x], {x, 0O, }]

1

n3

52 (-4 (-4+n?n?) (-1+Cos[nn])+8nnSininn)

Cl ear [bb];

bb[n ] —-EL Inte rate[fl[x] Sin[nPi x] {x, 0, | K}]
K J kT

1

n3 3

2 (—6+n27(2+ (6—4n27r2)Cos[n7T] +6n7TSin[n7T])
d ear [cc];

2I 2 Si nP o, IL
cc[n_ ] = TE— ntegrate[g [v] |n[—r[-y], {y, O, }]

1

n3 i

52 (-4 (4+n?7%) (-1+Cos[nn]) -8nxSin[nrl)
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In[71]:= Cl ear [dd];

dd[n ]—ilnterate[l[ ]Sin[ﬂ ] {y, O IL}]
— _lL g g y |Ly’ y’ 1

out[72]= 2 (-6+n?n?+ (6-4n%n%) Cos[nn]+6nnSinini])

n3 3

The solution is

In[73]:= Cl ear [uu];

nn _ n Pi Sinh[ﬂ)’]
uux_, y_1 = 2; aa[n] S'n[ | K X] sinh[ﬂég IL] '
ibb[nlsm[ i il (.lL_y)] +
a | K Sinh[221L]
Y
icc[nlsm[nlpl y] Slnh[ L X]

1 L Si nh[% | K]

Sinh[% (IK—X)]
/] sinh[22 1 K] ’

idd[n] Sin[npi
n=1

How good are the approximations? Here are visual answers.
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inf7sl:= Plot [{f1[x], uu[x, 0]}, {x, O, 1},
Pl ot Styl e » {{Bl ue, Thi ckness[0.01]},
{Red, Thi ckness[0.005]}}, Pl ot Range -» Al | ]

Out[75]=
[]2

0.2 04 0.6 0.8 1.0

in7el:= Plot [{g2[y], uu[l K, yI}, {y, O, 1},
PlotStyl e » {{Bl ue, Thi ckness[0.01]},
{Red, Thi ckness[0.005]}}, Pl ot Range -» Al |l ]

out[76]= 3

0.2 04 0.6 0.8 1.0
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inf77:= Plot [{f2[x], uu[x, IL]}, {x, O, 1}
Pl ot Styl e » {{Bl ue, Thi ckness[0.01]},
{Red, Thi ckness[0.005]}}, Pl ot Range -» Al | ]

out[77]=

0.2 04 0.6 0.8 1.0

inf7e:= Pl ot [{gl[y], uu[O, y1}, {y, O, 1},
PlotStyl e » {{Bl ue, Thi ckness[0.01]},
{Red, Thi ckness[0.005]}}, Pl ot Range -» Al |l ]

out[78]=
[78] 2
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in[79]:= Pl ot 3AD[N[uu[x, y]11, {x, O, 1}, {y, 0, 1}, Mesh » Automati c,
Pl ot Range -» {0, 6.5}]

out[79]=
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infgo]:= Densi tyPl ot [N[uu[x, y11, {x, O, 1}, {y, 0O, 1},
Frame -» True, Pl ot Range -» {{0, 13}, {0, 1}},
Col or Function » (R@&Color [1, 1 -#, 1-#] &)]

1.0

0.8

0.6

out[80]=

04

0.2

0.0 :
0.0




