Examples of Fourier series

Preliminaries

Below is the definition of a periodic extension of afunction defined on (L, L]. This definition takes a function as
avariable. The function has to be inputted as a so called pure function (that is instead of the variable we put # and
the formula ends with &).

n= Clear [ff, x, IL];

fferff_, x_, L] :=ff[x_ (Oeinng[%]_l] (2IL)]

)2

nrp= Plot [fft [#° & x, 1], {x, -4, 4}]

k= fEt[#2 & x, 1]
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Example -1
n13i= Cl ear [ca0, ca, cb, ff, n, IL, nnJ;
ff[x_1=Sgn[x];

nn = 10;

cbin_, IL_] =FullSi nplify[

1 NP
l—Integrate[ff[x]Sm[I— x], {x, -IL, IL}], And[lL >0, nelntegers, n>0]]
L L

1
ca0 = Full Si rrplify[Tlntegrate[ff[x], {x, =1L, IL}], And[IL>O]]
21L

cafn_, IL_]=FullSi nplify[
1 n Pi
l—Integrate[ff[x]Cos[I— x], {x, -IL, IL}], And[lIL >0, nelntegers, n>0]]
L L

2 (-1+(-1)"
Out[116]r — —mmmm
nt

outf117]= 0

out118]= 0



Examples_Fourier_series.nb |3

mnop= | L = 1; Modul e[{pi cl, pic2, pic2a, pic3},

picl=Plot [{ff[x]}, {X, -IL, IL}, PlotStyle - {{Thickness[0.01], Blue}},
Pl ot Range » {{-4, 7}, {-1.5, 1.5}}]; pic2=Plot [{fft [ff[#] & x, L]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], Green}}, Exclusions » Range[-10, 14, 1],
Pl ot Range » {{-4, 7}, {-1.5, 1.5}}, AspectRati o -» Automatic];

pi c2a = Graphi cs[{
{Poi nt Si ze[0. 02], G een,

{Point [{#, -1}], Point [{#, 1}], Point [{# 0}]} &/@Range[-10, 13, 11},
{Poi nt Si ze[0. 0147, White, {Point [{#, -1}], Point [{#, 1}]} &/@Range[-10, 13, 11}

}1; pic3 =Plot [Eval uate[{cao +Sum[ca[n, I L] Cos[% x], {n, 1, nn}] +

Sum[cb[n, IL] Sin[% x], {n, 1, nn}]}], {x, =12, 14},

Pl ot Styl e » {{Thi ckness[0. 003], Bl ack}}, PlotRange » {{-4, 7}, {-1.5, 1.5}}];
Show[pi cl, pic2, pic2a, pi 03]]
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Example O
np20p= Cl ear [ca0, ca, cb, ff, n, IL, nnJ;
ff[x_]=UnitStep[x];

nn = 10;
cbin_, IL_] =FullSi nplify[

1 NP
l—Integrate[ff[x]Sm[I— x], {x, -IL, IL}], And[lL >0, nelntegers, n>0]]
L L

1
ca0 = Full Si rrplify[Tlntegrate[ff[x], {x, =1L, IL}], And[IL>O]]
21L

cafn_, IL_]=FullSi nplify[

1 n Pi
l—Integrate[ff[x]Cos[I— x], {x, -IL, IL}], And[lIL >0, nelntegers, n>0]]
L L

-1+ (-1)"
Out[123]= _—
nt

Out[124]=

Out[125]=



Examples_Fourier_series.nb |5

npzel= | L = 1; Modul e[{pi cl, pic2, pic2a, pic3},

picl=Plot [{ff[x]}, {X, -IL, IL}, PlotStyle - {{Thickness[0.01], Blue}},
Pl ot Range -» {{-4, 7}, {-.5, 1.5}}]1; pic2=Plot [{fft [ff[#] & Xx, IL]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], Green}}, Exclusions » Range[-10, 14, 1],
Pl ot Range » {{-4, 7}, {-.5, 1.5}}, AspectRatio - Autonmatic];
pi c2a = Graphi cs[{
{Poi nt Si ze[0. 02], Green,
{Point [{#, 0}], Point [{#, 1}]1, Point[{# 1/2}]} &/@Range[-10, 13, 11},
{Poi nt Si ze[0. 0147, White, {Point [{#, 0}], Point [{#, 1}]} &/@Range[-10, 13, 1]}

}1; pic3 =Plot [Eval uate[{cao +Sum[ca[n, I L] Cos[% x], {n, 1, nn}] +

Sum[cb[n, IL] Sin[% x], {n, 1, nn}]}], {x, =12, 14},

Pl ot Styl e » {{Thi ckness[0. 003], Bl ack}}, PlotRange » {{-4, 7}, {-.5, 1.5}}];
Show[pi cl, pic2, pic2a, pi 03]]
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Example 1

ni271= Cl ear [ca0, ca, cb, ff, n, IL, nnJ;
ffix_1=x;
nn = 20;

cbin_, IL_] =FullSi rrplify[

n Pi
I—Integrate[ff[x]Sin[l— x], {x, -1L, IL}], And[lIL >0, nelntegers, n>0]]
L L
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ne3i= | L =2; Modul e[{pi cl, pic2, pic2a, pic3},

picl=Plot [{ff[x]}, {X, -IL, IL}, PlotStyle - {{Thickness[0.01], Blue}},
Pl ot Range -» {{-4, 11}, {-3, 3}}]; pic2=Plot [{fft [ff[#] & x, IL]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], Green}}, Exclusions » Range[-10, 14, 4],
Pl ot Range » {{-4, 11}, {-3, 3}}, AspectRati o -» Automatic];

pi c2a = Graphi cs[{
{Poi nt Si ze[0. 02], Green,
{Point [{#, -2}], Point [{#, 2}], Point [{# O0}]} &/@Range[-10, 13, 41},
{Poi nt Si ze[0. 0147, White, {Point [{#, -2}], Point [{#, 2}]} &/@Range[-10, 13, 41}

}1; pic3 =Plot [Eval uate[{Sum[cb[n, IL]Si n[% x], {n, 1, nn}]}],

{x, -12, 143}, PlotStyl e » {{Thickness[0.003], Bl ack}},
Pl ot Range -» {{-4, 11}, {-3, 3}}]; Show[pi cl, pic2, pic2a, pi c3]]

Eln

Out[131]=

[e9)
[
(=}

-4 -2 r 4




Examples_Fourier_series.nb |7

Example 2

n3z;= Cl ear [ca0, ca, cb, ff, n, IL, nn];
ff[x_1=Abs[x];
nn = 10;
cbin_, IL_] =FullSi nplify[

1 NP
l—Integrate[ff[x]Sm[I— x], {x, -IL, IL}], And[lL >0, nelntegers, n>0]]
L L

1
ca0 = Full Si rrplify[Tlntegrate[ff[x], {x, =1L, IL}], And[IL>O]]
21L

cafn_, IL_]=FullSi nplify[

1 n Pi
l—Integrate[ff[x]Cos[I— x], {x, -IL, IL}], And[lIL >0, nelntegers, n>0]]
L L

ouf13sl= 0
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nsei= | L =2; Modul e[{pi cl, pic2, pic2a, pic3},

picl=Plot [{ff[x]}, {X, -IL, IL}, PlotStyle - {{Thickness[0.01], Blue}},
Pl ot Range -» {{-4, 11}, {-1, 3}}]; pic2=Plot [{fft [ff[#] & X, IL]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], Green}}, Exclusions » Range[-10, 14, 4],
Pl ot Range » {{-4, 11}, {-1, 3}}, AspectRatio -» Automatic]; pic2a = Gaphics[{
{Poi nt Si ze[0.02], Green, {Point [{#, -2}], Point [{# 2}], Point [{# 0}]} &/e
Range[-10, 13, 41}, {PointSize[0.014], Wite,
{Poi nt [{#, -2}], Point [{#, 2}]} &/@Range[-10, 13, 4]}

}1; pic3 =Plot [Eval uate[{cao +Sum[ca[n, L] Oos[% x], {n, 1, nn}] +

Sum[cb[n, IL] S n[% x], {n, 1, nn}]}],

{x, -12, 143}, PlotStyl e -» {{Thi ckness[0.003], Bl ack}},
Pl ot Range -» {{-4, 11}, {-1, 3}}]; Show[pi c1, pic2, pi c3]]
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Example 3

In[139]:=
G ear [ca0, ca, cb, ff, n, IL, nnJ;
ff[x_]=xUnitStep[x];
nn = 10;

cbin_, IL_] =FullSi nrplify[

1 n Pi
l—lntegrate[ff[x]Sin[I— x], {x, -1L, IL}], And[lL >0, nelntegers, n>0]]
L L

1
ca0 = Full Si rrplify[lentegrate[ff[x], {x, =1L, IL}], And[IL>0]]
L

ca[n_, IL_] = Full Si rrplify[

1 n Pi
l—lntegrate[ff[x]Cos[I— x], {x, -lL, IL}], And[lL >0, nelntegers, n>0]]
L L
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npasi= | L = 2; Modul e[{pi cl, pic2, pic2a, pic3},

picl=Plot [{ff[x]}, {X, -IL, IL}, PlotStyle - {{Thickness[0.01], Blue}},
Pl ot Range -» {{-4, 11}, {-1, 3}}]; pic2=Plot [{fft [ff[#] & X, IL]}, {x, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], Green}}, Exclusions » Range[-10, 14, 4],
Pl ot Range » {{-4, 11}, {-1, 3}}, AspectRati o -» Automatic];

pi c2a = Graphi cs[{
{Poi nt Si ze[0. 02], G een,

{Point [{#, 0}], Point [{# 2}], Point [{# 1}]} &/@Range[-10, 13, 41},
{Poi nt Si ze[0. 0147, White, {Point [{#, 0}], Point [{#, 2}]} &/@Range[-10, 13, 4]}

}1; pic3 =Plot [Eval uate[{cao +Sum[ca[n, I L] Oos[% x], {n, 1, nn}] +

Sum[cb[n, IL] Sin[% x], {n, 1, nn}]}], {x, =12, 14},

Pl ot Styl e » {{Thi ckness[0. 003], Bl ack}}, PlotRange » {{-4, 11}, {-1, 3}}];

Show[pi cl, pic2, pic2a, pi 03]]
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Example 4

In[146]:=
G ear [ca0, ca, cb, ff, n, IL, nnJ;
ff[x_]=x?UnitStep[x];
nn = 20;

cbin_, IL_] =FullSi rrplify[

1 nPi
l—lntegrate[ff[x]Sin[I— x], {x, -1L, IL}], And[lIL >0, nelntegers, n>0]]
L L

1
ca0 = Ful | Si n’plify[Tlntegrate[ff[x], x, -IL, 1L}7], And[IL>O]]
21L

ca[n_, IL_] = FullSi nplify[

1 nPi
l—lntegrate[ff[x]Oos[I— x], {x, -1L, IL}], And[lIL >0, nelntegers, n>0]]
L L
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nsz2i= | L= 1; Nbdule[{picl, pic2, pic2a, pic3}, picl=Pot[{ff[x]}, {x, -IL, IL},
Pl ot Styl e » {{Thi ckness[0.01], Blue}}, PlotRange » {{-4, 7}, {-.1, 1.1}}1;

pic2=Plot[{fft[ff[#] & Xx, L]}, {X, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}}, Exclusions -» Range[-11, 14, 2],
Pl ot Range » {{-4, 7}, {-.1, 1.1}}, AspectRati o - Autonmatic];

pi c2a = Graphics[{
{Poi nt Si ze[0. 02], G een,

{Poi nt [{#, 0}], Point [{# 13}], Point [{# 1/2}]} &/@Range[-11, 13, 2]},
{Poi nt Si ze[0. 014], Wite, {Point [{# 0}], Point [{# 1}]1} &/@Range[-11, 13, 2]}

}1; pic3 =Plot [Eval uate[{cao +Sum[ca[n, I L] Oos[% x], {n, 1, nn}] +

Sum[cb[n, IL] Sin[% x], {n, 1, nn}]}], {x, =12, 14},

Pl ot Styl e » {{Thi ckness[0. 003], Bl ack}}, Pl otRange » {{-4, 7}, {-.1, 1.1}}];

Show[pi cl, pic2, pic2a, pi C3]]
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Example 5

In[153]:=
G ear [ca0, ca, cb, ff, n, IL, nnJ;
ff[x_] = x?
nn = 10;
cb[n_, IL_]=FullSi rrplify[

1 nPi
l—lntegrate[ff[x]Sin[I— x], {x, -1L, IL}], And[lIL >0, nelntegers, n>0]]
L L

1
ca0 = Ful | Si n’plify[Tlntegrate[ff[x], x, -IL, 1L}7], And[IL>O]]
21L

ca[n_, IL_] = FullSi nplify[

1 nPi
l—lntegrate[ff[x]Oos[I— x], {x, -1L, IL}], And[lIL >0, nelntegers, n>0]]
L L
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npsop= | L= 1; Nbdule[{picl, pic2, pic2a, pic3}, picl=Pot[{ff[x]}, {x, -IL, IL},
Pl ot Styl e » {{Thi ckness[0.01], Blue}}, PlotRange » {{-4, 7}, {-.1, 1.1}}1;

pic2=Plot[{fft[ff[#] & Xx, L]}, {X, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}}, Exclusions -» Range[-11, 14, 2],
Pl ot Range » {{-4, 7}, {-.1, 1.1}}, AspectRati o - Autonmatic];

pi c2a = Graphics[{
{Poi nt Si ze[0. 02], G een,
{Point [{#, -2}], Point [{#, 2}], Point [{#, 0}]} &/@Range[-10, 13, 41},
{Poi nt Si ze[0. 014], Wite, {Point [{# -2}], Point [{#, 2}]} &/@Range[-10, 13, 4]}

}1; pic3 =Plot [Eval uate[{cao +Sum[ca[n, I L] Oos[% x], {n, 1, nn}] +

n Pi
Sum|cb[n, IL] Sin[—— x|, {n, 1, nn} ,
[ebtn, 1Ly sin[ =] 1}
{x, =12, 14}, PlotStyle » {{Thi ckness[0.003], Bl ack}},
Pl ot Range -» {{-4, 7}, {-.1, 1.1}}]; Show[pi c1, pic2, pic3]]
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Example 6

In[160]:=
G ear [ca0, ca, cb, ff, n, IL, nnJ;
ff[x_]=x2Sign[x];
nn = 10;

cbin_, IL_] =FullSi rrplify[

1 nPi
l—lntegrate[ff[x]Sin[I— x], {x, -1L, IL}], And[lIL >0, nelntegers, n>0]]
L L

1
ca0 = Ful | Si n’plify[Tlntegrate[ff[x], x, -IL, 1L}7], And[IL>O]]
21L

ca[n_, IL_] = FullSi nplify[

1 nPi
l—lntegrate[ff[x]Oos[I— x], {x, -1L, IL}], And[lIL >0, nelntegers, n>0]]
L L

out163]= — 212 (2+ (-1H" (—2+n2 7T2>)
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npesl= | L = 1; Nbdule[{picl, pic2, pic2a, pic3}, picl=Pot[{ff[x]}, {x, -IL, IL},
Pl ot Styl e » {{Thi ckness[0.01], Blue}}, PlotRange » {{-4, 7}, {-1.1, 1.1}}1;

pic2=Plot[{fft[ff[#] & Xx, L]}, {X, -5, 10},
Pl ot Styl e » {{Thi ckness[0. 005], G een}}, Exclusions -» Range[-11, 14, 2],
Pl ot Range » {{-4, 7}, {-1.1, 1.1}}, AspectRatio - Automatic];

pi c2a = Graphics[{
{Poi nt Si ze[0. 02], G een,
{Poi nt [{#, -1}], Point [{#, 1}], Point [{#, 0}]} &/@Range[-11, 13, 2]},
{Poi nt Si ze[0. 014], Wite, {Point [{# -1}], Point [{#, 1}]} &/@Range[-11, 13, 2]}

}1; pic3 =Plot [Eval uate[{cao +Sum[ca[n, I L] Oos[% x], {n, 1, nn}] +

n Pi
Sum[cb[n, IL] Sin[— x], {n, 1, nn}]}], {x, =12, 14},
IL
Pl ot Styl e » {{Thi ckness[0. 003], Bl ack}}, PlotRange » {{-4, 7}, {-1.1, 1.1}}];

Show[pi cl, pic2, pic2a, pi C3]]
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