In[1:= NotebookDirectory[]
out[1]= C:\Dropbox\Work\myweb\Courses\Math_pages\Math_430\

Before reading, you can evaluate the entire notebook by using the
menu item Evaluate -> Evaluate Notebook, shortcut Alt+v o

Since the notebook is large, it might take a few minutes for the
notebook to evaluate.

Three BCs

The heat equation with the Dirichlet
boundary conditions

Few solutions of the heat equation with the Dirichlet
boundary conditions

Using the method of separation of variables we found “few”
solutions of the heat equation with the Dirichlet boundary
conditions:

i ol X
== K673 on {(x,t):0<x <L, t 20}

subject to

BCs u(0,t) =0, u(L,t) =0
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In[2]:=

Out[2]=

In[3]:=

Out[3]=

In[4]:=

Out[4]=

In[5]:=

Out[5]=

These few solutions are

exp[ - ()7 ] « sin[ 27 ]

n27r2t}<

e L2 Sin{

nﬂX}

where n is any positive integer.

Verify that these functions solve the equation and satisfy BCs in
Mathematica

FullSimplify[
D[Exp[—x (nTn)zt] * Sin[nTjT x], t] -

e ofewe[x (7)) « a2, 06 2]

Or, using a more sophisticated code, called Pure Function (# is like a
place holder for a function in the differential equation):

Fullsimplify[

(D[#, t] -x D[#, {x, 2}]) &[EXP[-K(—) t]*sm ”]

Two boundary conditions are satisfied:

FullSimpli-Fy[(Exp[—K (nﬂ) t] * Sln[— x]) /. {x-> {0, L}},
n e Integer‘s]

{0, 0}
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From these few solutions we get many solutions by using the
superposition principle: for arbitrary constants b, the linear
combination

uix, t) = i b, Exp[—K(nTn)2 t] * Sin[nTJT x]

n=1

is also a solution.

To satisfy the initial condition u(x, 0) = f(x) we will need to find b,
such that

nn nit
f = bn S.
(%) nzl m[ ; x]
The idea is to use the orthogonality of the functions

. [hrw
In[6]:= Sln[T x]

. rnax
Out[6]= Sln{ [ ]

In[7]:= FullSimpli-Fy[Integr‘ate[Sin[% x] Sin % x] , x”

L L
m-n m+n

[Sin[ m-n 7TX] Sln[ m+n ﬂX]]

out[7]= 5
7T

In[8]:= FullSimpli-Fy[Integr‘ate[Sin[% x] Sin % x] s {x, 0, L}”

LnCos[nsa] Sin[ms] —LmCos[mst] Sin[n ]

U m2 7t - n? 7t
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. . . [nhPi . TmPi
In[9]:= Fu1151mp11-Fy[Integr‘ate[Sln[— x] Sln[— x] s {%, 0, L}] R
L L
And[n € Integers, me Integers]]

Out[9]= @
The above calculation is clearly wrong when n=m

In[10]:= Fullsimplify[Integr'ate[Sin[% x] Sin[% x] sy {X, 0, L}] ’

And[n € Integers] ]

Out[10 -
ut(10]= =
2

The orthogonality of the first ten Sin functions is nicely seen from
the table below:
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In[11]:= Matr‘ixFor‘m[
Table[Integr‘ate[Sin[% x] Sin[% x] s {x, 0, L}] s
{n, 1, 10}, {m, 1, 19}”

Out[11]//MatrixForm=

(W)

(O V]

o © ©

® © O O

® ©®© ®© O ©

®© ©®© &®©& &0 ©o O©o

® ©®© ®© 0 © oo ©°o

® O®© ®© O &0 O o ©o
® ®© ©®© ©O©0 O O 0 o ©

®© O®© ® O ©®© 0O O ®© o NI
® O®© O®© O O O O O NIm

®© O®© O 0O O O o nNF
®© O O O O o NI

® O© O O o NI

®© O O© O NIF

®© O© O NI

© O NI

O N

N e

With L = 7t we have



6 | Heat eq_3BCs vi2.nb

in[121:= Plot [

nPix

Evaluate[Table[Sin[ ], {n, 1, 10}”,

{XJ 0’ Pi},
. . . Pi
FrameTicks - {Range[-Pl, 3Pi, 7], Range[-2, 2], {}, {}},

Frame -» True, PlotRange -» {-1.1, 1.1}]

out[12]= 00% /
_0.5; WMM%

-1.01
0.
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In[13]:= Manipulate[Plot[Evaluate[Sin[n x]11, {x, O, Pi},
. . . Pi
FrameTicks -» {Range[—Pl, 3P1, ?], Range[-2, 2], {}, {}},

Frame -» True, PlotRange -» {-1.1, 1.1}],

{{n, 1}, Range[1l, 10]}, ControlType -» Setter,
ControlPlacement - Top]

1 2]s]]s]el 7] ] o]

1.0 .

Out[13]=
0.0

-0.5 .

-1.0r 3
0.0 0.5 1.0 1.5 20 25 3.0

Using the orthogonality we calculate that a good candidate for an
approximation of f(x) is

F(X) ~ i by Sin[”—"x]
n=1 L

where
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2 [t . hrt
b, = ZJ; f(X)Sm[Tx]cﬂx

We will explore these approximations below.

Symbolic calculation of the solution

Example 1

In[14:= (* In this cell nnl stands for the number of terms
that we use to approximate a given function ff1
which is defined by a formula on a given interval LL1 «)

Clear[nnl, ff1, LL1]; nnl = 20;
LL1=1; ff1[x ] =x (x-1)%;

in(15:= Plot [Evaluate[ {ff1l[x]}
1, {x, 0, LL1},
PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,
PlotRange » {-.02, .17}]

0.15

0.10

Out[15]=

0.05

0.00

0.0 0.2 0.4 0.6 0.8 1.0
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Calculate the coefficients symbolically.
in[16]:= Clear [bbl] ;
bbi[n ] = iInte r‘ate[ffl[s] Sin[ﬁs] {s, © LLl}]
! g I R

2 (Ant+2nmCos[na] —6Sin[n])

n* %

out[17]=

In[18]:= nnl = 3;

(#* nnl stands for the number of terms that we use
to approximate ffl1l x)

Plot[Evaluate[{-Ffl[x], Sum[bbl[n] Sin[% x], {n, 1, nnl}]}

|» 06 0, L1y,

PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,

PlotRange » {-.02, .17}]

0.15

0.10

Out[19]=

0.05

0.00

0.0 0.2 0.4 0.6 0.8 1.0
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In[20]:= Manipulate[
Plot[Evaluate[{-F-Fl[x], Sum[bbl[n] Sin[% x], {n, 1, jj}]}

|» 06 0, L1y,

PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame -» True,

PlotRange » {-.02, .17}], {{3j, 5}, Range[1, 20]},

ControlType -» Setter, ControlPlacement - Top]

i 12|3]a[s 6|7]8]o]10] 11| 12] 13| 4] 15 ] 16] 17| 18] 19 20

0.15

0.10
Out[20]= I

0.05

0.00
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In21:= nnl = 10;
PlotBD[

Evaluate[
{Sum[bbl[n] Exp[— (%)zt] Sin[% x], {n, 1, nnl}]}

], {x, @, LL1}, {t, @, .2}, PlotRange - {-0.01, .16}]

0.15

0.10 KL 0.20
out[21]= , L

0.05
0.00}

In22:= Clear[t, Moviel];
Moviel[t ] :=

Plot[
Evaluate[
{Sum[bbl[n] Exp[— (%)zt] Sin[% x], {n, 1, nnl}]}

], {x, @, LL1}, PlotRange - {-0.01, .16}]
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In(24)= ListAnimate[Table[Moviel[t], {t, O, .5, .01}],
AnimationRunning -» False, AnimationRepetitions - 2,
ControlPlacement -» Top]

{] D2 [¥][=]

0.15+

0.10 -
Out[24]= I

0.05+

0.2 0.4 0.6 0.8

Example 2

In(25]:= Clear[nn2, ¥f2, LL2]; nn2 = 20;
LL2 = 1; ff2[x ] =5Vx (1-x)%;
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in26:= Plot [ff2[x], {x, O, LL2}]
1.0
08/
0.6}
Out[26]=

0.4

0.2}

0.2 0.4 0.6 0.8 1.0

Calculate the coefficients symbolically. If this does not work do it
numerically

In[271:= Clear [bb2] ;

bb2[n ] =
Fullsimplify[

LZE Integrate[fFZ[S] Sin[% 5]’ {s, 0, LLZ}H

out[28]= 1 5 ( (945 - 360n% 7% +16n* 7r4) FresnelC [\/7 \/F} +

8'\/?“11/27_[—5
24n 7 (-35+4n® %) FresnelS[+/2 v/n | +v/2 +/n

((-945+52n?7%) Cos[n] +2ns (105 -4n*7%) Sin[n ] ) )
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In29]:= hn2 = 50; (* increasing nn improves accuracy =x)

Plot[
Evaluate[{f-FZ[x], Sum[N[be[n]] Sin[% x], {n, 1, nnz}]}

]: {x, 0, LL2},

PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,

PlotRange » {-.2, 1.2}]

12
1.0}
0.8f
0.6f

Out[30]= i
04

0.2f

0.0

-0.2 [y . . . I . . . I . . . I . . . I . . . L
0.0 0.2 0.4 0.6 0.8 1.0



Heat_eq_3BCs vi2.nb | 15

in[31]:= Plot3D [

Evaluate[

{Sum[N[be[n]] Exp[— (%)zt] Sin[% x], {n, 1, nnZ}]}

], {x, @, LL2}, {t, @, .1}, PlotRange -» {-0.01, 1.2}]

out[31]=
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In321= Clear[t, Movie2];

Movie2[t ] :=
Plot[

Evaluate[

{Sum[N[be[n]] Chop[Exp[—(ﬁ)zt” Sin %x],

LL2
{n, 1, nnz}]}

], {x, @, LL2}, PlotRange -» {-0.01, 1.2}];

In[34:= Movie2[0.001]

1.2}
1.0
08"
out[34j= 0-6
04}

021

0.2 0.4 0.6 0.8 1.0
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In351= Off [General::munfl];
ListAnimate[Table[Movie2[t], {t, 0, 1, .01}],
AnimationRunning -» False, AnimationRepetitions - 2,
ControlPlacement - Top]

b D2 ¥][=]

12,
100
081
out[35]= I
06

0.4

0.2

0.2 0.4 0.6 0.8 1.0

Example 3

In36]= Clear[nn3, ff3, LL3]; nn3 = 20;

Pi
LL3 =Pi; ff3[x ] = Uni‘cStep[T1 - x];
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In37:= Plot [ff3[x], {x, O, LL3}]

1.0

0.8

out[37]=
0.4+

0.5 1.0 1.5 2.0 2.5 3.0

Calculate the coefficients symbolically. If this does not work do it
numerically.

In[38]:= Clear [bb3];

2 . rhPi
bb3[n_] = — Integrate[ff3[s] Sln[ 5 s], {s, 0, LL3}]

4Sin[%§]2

n ot

Out[39]=
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In[40l:= nn3 = 50;
Plot[

Evaluate[{ffB[x], Sum[bb3[n] Sin[% x], {n, 1, nn3}]}

|» 0 @, L3},

PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,

PlotRange » {-.2, 1.4}]

147

121 1
mo;4xfbnyﬂ-------u§¢* :
asé :
outa=  06f

0.4F
02l

_02 L | S T TR S T I T TN T T T Y TN S N AN TN TN TN NN AN TN TN SN TN AN MU RN SN SR N
0.0 0.5 1.0 1.5 20 25 3.0
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In[42]:= Plot3D[

Evaluate[

{Sum[bb3[n] Exp[— (%)zt] Sin[% x], {n, 1, nn3}]}

], {x, @, LL3}, {t, @, 1}, PlotRange - {-0.2, 1.25}]

1.0

Out[42]= 05

0.0

In43:= Clear[t, Movie3];
Movie3[t ] :=
Plot[

Evaluate[

{Sum[bbB[n] Exp[— (%)2 t] Sin[nx], {n, 1, nn3}]}

], {x, 0, LL3}, PlotRange - {-0.2, 1.3}]



Heat_eq_3BCs_vi12.nb | 21

In45:= ListAnimate[Table[Movie3[t], {t, 0, 1, .01}],
AnimationRunning -» False, AnimationRepetitions - 2,
ControlPlacement -» Top]

b D2 [¥][=]

olprrnssnans

0.8]

Out[45]= 0.6 :

0.4

0.2}

P S S NS R SR AAA\AAAA\A\AAA\A\\
Vvvvvvvvvvvv

0.5 1.0 1.5 20 2.5 3.0

—0.2h

Example 4

In46]:= Clear[nn4, ff4, LL4]; nnd4 = 7;
LL4 = Pi;
ffa[x ] =Sin[x]7;

Calculate the coefficients symbolically.
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In[471:= Clear [bb4] ;

2 . rhPi
bba[n ] = 12 Integrate[ff4[s] Sln[-[zz-s], {s, 0, LL4}]

10080 Sin[n 7]

Out[48]=
(11025 - 12916 n? + 1974 n* - 84n® + n¥) &
There are problems with this formula!
In[49:= bb4[3]

1
Power: Infinite expression — encountered.

. , _ 0 ComplexInfinity
Infinity: Indeterminate expression encountered.
T

outi49)= Indeterminate

In[50]:= Factor [Denominator [bb4[n]]]

outis01= (-7+nNn) (-5+n) (-3+n) (-1+n) (1+n) (3+n) (5+n) (7+n) 7

In51:= bbl4 = Table[Limit [bb4[n], n > k], {k, 1, 12, 1}]

35 21 7 1
- @) ) @) ) @) ) @) @) @) @J @}
64

out[51]= { ,
64 64 64

The same numbers would have been obtained if we calculate

2 nPi
In[52]:= Table[ztz-Integrate[ff4[s] Sin[-EEZ-s], {s, 0, LL4}],

{n, 1, 12} |
35 21 7 1

Out[52]= {_) 9) ) @, P @) ) @J @, 9, @) @}
64 64 64 64

Thus in this case we have the exact solution if we use seven terms in
the expansion of ff[x].
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In[53:= nn4 = 7;
Plot[

Evaluate[{ff4[x] s Sum[bb14[[n]] Sin[% x] s {n, 1, nn4}]}

|» 0 0, LLaY,

PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,

PlotRange » {-.2, 1.1}]

1.0}
0.8}
0.6
Out[54]= 0.4:

0.2}

0.0f

_02 [ I S T T T A N T T TN [N T T T S [ T T N [ N T TN N Y N Y N R B
0.0 0.5 1.0 1.5 2.0 2.5 3.0

In fact we have the exact formula for ff in this case

Pi
In[55]:= Fullsimplify[ff4[x] == Sum[bb14[[n]] Sin[T_T: x], {n, 1, nn4}”

out[55]= True
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In[56]:= Plot3D[

Evaluate[

{Sum[bb14[[n]] Exp[— (%)zt] Sin[% x], {n, 1, nn4}]}

], {x, @, LL4}, {t, @, 1}, PlotRange —» {-0.2, 1.1}]

1.0

Out[56]= 0.5

In571:= Clear[t, Movie4];
Movied[t ] :=
Plot[

Evaluate[

nPi
LL4
], {x, @, LL4}, PlotRange » {-0.1, 1.1}]

{Sum[bb14ﬂn] Exp[- ( )2t] Sin[nx], {n, 1, nn4}]}
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In59)= ListAnimate[Table[Movie4[t], {t, 0, 1, .01}],
AnimationRunning -» False, AnimationRepetitions - 2,
ControlPlacement -» Top]

b D2 [¥][=]

0.8

o
)
s

Out[59]=

0.4

0.2

3.0

Numeric calculation of an approximation for the
solution

Example 5

Inf60]:= Clear [mm5, gg5, LL5]; mm5 = 20;
LL5 = Pi; gg5[x ] = Sin[x]"/?%;

Calculate the coefficients symbolically. (Not working.)
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InB1:= (* bb[n_]=
2 . Pi
EIntegr‘ate[gg[s] Sln[“T s],{s,0,LL},

Assumptions-»And[neIntegers,n>0] ]
*)

Inf62:= Clear [bbl5];

2
bbl5 = Chop[Table [ E NIntegrate[

ge5[s] Sin[ﬁ s],
LL5
{s, 0, LL5},
Method -» {Automatic}, MaxRecursion - 200,
AccuracyGoal -» 12, PrecisionGoal - 16] s {n, 1, mm5}”

oute3= {1.11284, @0, 0.158977, 0, 0.0722621, 0O,
0.0433572, 0, 0.0296655, 0, 0.0219267, 9, 0.0170541,
0, ©.0137533, 9, 0.0113956, 0, 0.00964241, 0}
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In[64]:= Plot[
Evaluate[{ggS[x] s Sum[bb15[[n]] Sin[% x] s {n, 1, mmS}]}

|» 0 @, LLsY,

PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame -» True,

PlotRange » {-.2, 1.15}]

5

Out[64]=

0.2F

0.0t

_02 [ I S T T T A N T T TN [N T T T S [ T T N [ N T TN N Y N Y N R B
0.0 0.5 1.0 1.5 20 2.5 3.0
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ine5;:= Plot3D [

Evaluate[Sum[bblS[[n]] Exp[— (%)2 t] Sin % x] R

(n, 1, mm5}]

], {x, @, LL5}, {t, @, 2}, PlotRange » {-0.1, 1.1}]

Out[65]=

in6:= Clear[t, Movie5];

Movie5[t ] :=
Plot [Evaluate[Sum[bblS[[n]] Exp[— (E)Z t] Sin| — x
LL5 L
{n, 1, mm5}]

], {x, @, LL5}, PlotRange —» {-0.1, 1.1}]
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Infes]:= ListAnimate [Table[Movie5[t], {t, 0, 2, .05}],
AnimationRunning -» False, AnimationRepetitions - 2,
ControlPlacement -» Top]

b D2 [¥][=]

100

0.8

o
)
s

Out[68]=

0.4

0.2

0.5 1.0 1.5 20 2.5 3.0

Example 6

Inf69:= Clear[mm6, gg6, LL6]; mm6 = 20;
LL6 = Pi; gg6[x_] = Sin[x]*/*°;

Calculate the coefficients numerically.
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In[70]:= Clear [bbl6] ;

bblé6 =
Chop[

Table[i NIntegr‘ate[ggG[s]Sin[m s] {s, 0, LL6}
LL6 T R ’

Method -» {Automatic}, MaxRecursion - 200,
AccuracyGoal -» 12, PrecisionGoal - 16] s {n, 1, mm6, 1}”

ou71= {1.23582, @, ©.358787, 0, 0.204016, 0,
0.1408, 0, 0.10676, 0, 0.0856006, 0, 0.0712249,
9, 0.0608478, 0, ©.0530194, 0, 0.0469124, 0)
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In[72]:= Plot[
Evaluate[{ggG[x] s Sum[bb16[[n]] Sin[% x] s {n, 1, mm6}]}

], {x, -0., LL6},

PlotStyle » {{Blue, Thickness[0.01]},

{Red, Thickness[0.005]}}, Frame -» True,
PlotRange -» {{-0.1, LL6 + .1}, {-.2, 1.25}},
Exclusions - None, PlotPoints - 460]

12}
1.0;
0.8; 7
0.6; |
out[72]= i ]

0.4

0.2

0.0F

_02 [ T T T Y N A S TN T S N T Y N T Y TN T Y ) [N SN T TN S T MY ST T N SN RO
0.0 0.5 1.0 1.5 2.0 2.5 3.0
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In[73]:= Plot3D[

Evaluate[

{Sum[bbls[[n]] Exp[— (%)zt] Sin[% x], {n, 1, mm6}]}

], {x, @, LL6}, {t, @, 2}, PlotRange » {-0.1, 1.15},

PlotPoints-ezee]

Out[73]=

In[741= Clear[t, Movie6];
Movie6[t ] :=
Plot[

Evaluate[
{Sum[bbls[[n]] Exp[— (%)2 t] Sin[% x], {n, 1, mm6}]}

], {x, 0, LL6}, PlotRange - {-0.1, 1.1}]
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In[76l= ListAnimate[Table[Movie6[t], {t, 0, 2, .05}],
AnimationRunning -» False, AnimationRepetitions - 2,
ControlPlacement -» Top]

{ D Rl¥]=]

1.0
08"
out[76]= 0.6
04

021

0.5 1.0 1.5 20 2.5 3.0

The heat equation with the Neumann
boundary conditions

Few solutions of the heat equation with the
Neumann boundary conditions

Using the method of separation of variables we found “few”
solutions of the heat equation with the Neumann boundary
conditions:
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In[77]:=

Out[77]=

In[78]:=

Out[78]=

d 02 :
a—;’=K67g on {(x,t):0<x <L, t 20}

subject to
ou -0 —
BCs 5,(0,t) =0, 5-(L,t) =0

These few solutions are

1
1

and
Exp[—x (nTn)zt] * Cos[nT7r x]

_nZJTZtK
e L2 Cos[

nﬂX}

where n is any positive integer. From these few soluting we get
many solutions by using the superposition principle: for arbitrary
constants a,, the linear combination

u(x, t) = ao + i an Exp[—;<(nT7T)2 t] * COS[nT7T ]
n=1

is also a solution.

To satisfy the initial condition u(x, 0) = f(x) we will need to find a,,
such that

f(x) = ami an Cos[nTnx]

n=1

The idea is to use the orthogonality of the functions



Heat_eq_3BCs_vi12.nb | 35

n
In[79]:= Cos [ T x]

n X
out[79]= Cos { ]

In[go}:= Clear[L];

Fullsimplify[Integrate[Cos[% x] Cos % x] , x”

L + L
m-n m+n

(Sin[ m-n 7TX] Sin[(m+n)7(X]]

Out[80]= 2
JT

In81:= Clear[L];

Fullsimplify[Integrate[Cos[% x] Cos[% x] > {x, 0, L}”

LmCos[ns] Sin[ms] —LnCos[mst] Sin[n ]

out[s1]=
Hel m2 7 - n? s

Infg2]:= Clear[L];
n Pi m Pi
FullSimpliFy[Integr‘ate[Cos[—1 x] Cos[—1 x] y {X, 0, L}] R
L L
And[n € Integers, me Integers]]

Out[82]= ©

The above calculation is clearly wrong when n=m
In[83:= Clear[L];
Pi Pi
FullSimplify[Integr‘ate[Cos[n—1 x] Cos[n—1 x] y {X, 0, L}] R
L L
And[n € Integers]]

o L
ut[83l= —
2

The orthogonality of the first ten Cos functions and the constant is
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nicely seen from the table below:
In[84]:= Matr‘ixFor‘m[
nPi mPi
Table[Integr‘ate[Cos[T x] COS[T x] s {x, 0, L}] R

{n, 0, 10}, {m, 0, 19}”

Out[84]//MatrixForm=
L

® O®© ®© O O 0O O O oOonNvNIPFOe
oo

® OO0

® © © 0

®© © © o0

® O®© © O o0

® ©®© ONIPF ®&O 0O O O 0 OO0
® ©®© &®© O © 0O o0

® O®© ®© 0O O O 0o o0

®© ®© ®© O ©®© 0O 0O 0 o0

® ®© O®© O®© OO O O O oo O©o
® O®© O®© OO O O &© o NI
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In[86]:= Manipulate[Plot[Evaluate[Cos[n x]11, {x, O, Pi},
. . . Pi
FrameTicks - {Range[—Pl, 3P1, ?], Range[-2, 2], {}, {}},

Frame -» True, PlotRange -» {-1.1, 1.1}],

{{n, 1}, Range[0O, 10]}, ControlType -» Setter,
ControlPlacement - Top]

o of 2ls]ls[ ]3] o

1.0 .

Out[86]=
0.0

-0.5 .

-1.0r 3
0.0 0.5 1.0 1.5 20 25 3.0

Using the orthogonality we calculate that a good candidate for
approximation of f(x) is

f(x) ~aog +§ an Cos[nTnx]
n=1

where
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1 [t 2 (L
Qo = —J fx)dx, ap = —J f(x) Cos[n—nx]cﬂx, n > 0.
L Jo L Jo L

We will explore these approximations below.

Symbolic calculation of the solution

Example 7

In[g7:= Clear [nn7, £f7, LL7]; nn7 = 20;
LL7 = 1; FF7[x ] = x* (x - 2)%;

ings:= Plot [Evaluate[ff7[x]], {x, @, LL7},
PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,
PlotRange » {-.02, 1.2}]

1.2
1.0f
08}
Out[88]= 06
04f

02k

00w
0.0 0.2 0.4 06 08 1.0

Calculate the coefficients symbolically.
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In[g9:= Clear[aa7];

1
aa7[0] = E Integrate[ff7[s], {s, 0, LL7}];

aa7[n ] = —— Inte rate[-F-F7[s] Cos[ﬁ s] {s, © LL7}]
-0 LL? g ez 177

2 (-24n7+ (24+4n* %+ n* %) Sin[nn])

out[91]= s
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In[92]:= nn7 = 7;

(* nn7 stands for the number of terms that we use
to approximate ff x)

Plot[Evaluate[{ff7[x],Sum[aa7[n]Cos[%{§lx],-Uh 0,nn7}]}

|» 00, L7y,

PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,

PlotRange » {-.02, 1.2}]

1.2
1.0}
08}
Out93]= 06

04l

02l

0.0k
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In[94]:= Plot3D[

Evaluate[

{Sum[aa7[n] Exp[— (%)zt] Cos[% x], {n, O, nn7}]}

], {x, @, LL7}, {t, @, .2}, PlotRange -» {-0.01, 1.2}]

Out[94]=

Ins:= Clear[t, MovieZ7];
Movie7 [t ] :=

Plot[
Evaluate[
{Sum[aa7[n] Exp[— (%)2 t] Cos[% x], {n, O, nn7}]}

], {x, @, LL7}, PlotRange - {-0.01, 1.2}]
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In[97]:= ListAnimate[Table [Movie7[t], {t, O, .2, .005}],
AnimationRunning -» False, AnimationRepetitions - 2,
ControlPlacement -» Top]

{] D2 [¥][=]

12,
10/
08!
out[97]= I
0.6

04/

02!

Numeric calculation of the solution

Example 8

In9g]:= Clear [mm8, gg8, LL8]; mm8 = 20;
LL8 = Pi; gg8[x_] = (Cos[x/2]%)%?;
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In[99:= Plot [Evaluate[{gg8[x]}
1, {x, 0, LL8},
PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,
PlotRange » {-.2, 1.15}]

Out[99]=

0.0 0.5 1.0 1.5 20 2.5 3.0
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In[100;:= Clear[aal8];

aals8 = Chop[Pr‘epend [Table [ ﬁ NIntegrate[

g88[s] Cos[E s],
LL8
{s, 9, LL8},
Method » {Automatic}, MaxRecursion - 200,
AccuracyGoal - 12, PrecisionGoal - 16] , {n, 1, mm8}] s

1
—— NIntegrate][
LL8

gg8[s],

{s, 9, LL8},

Method -» {Automatic}, MaxRecursion - 200,
AccuracyGoal -» 12, PrecisionGoal - 16] ] ]

Out[101]= {0.445734, 0.50941, 0.050941, -0.00783708, 0.00244909,

~0.00103119, 0.000515597, -0.000288734, 0.000175303,
~0.000113099, 0.000076508, - 0.0000537624, 0.0000389777,

~0.0000290067, 0.0000220703, -0.0000171157, 0.0000134951,
-0.0000107961, 8.74855x10°°, -7.17094x10°°, 5.93844 x10°}

In[102:= Length[aal8]

out[102= 21
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In[103]:= Plot [

Evaluate[
{gg8[x] s Sum[aa18[[n + 1] Cos[% x] s
{n, O, Length[aal8] - 1}]}

|» 0 0, LL8Y,

PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,

PlotRange » {-.2, 1.15}]

Out[103]=

0.0 0.5 1.0 1.5 2.0 25 3.0
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in[104]:= Plot3D [

Evaluate[

{Sum[aalS[[n + 1] Exp[— (%)2 t] Cos[% x] »
{n, 0, Length[aa18]-1}]}

], {x, @, LL8}, {t, @, 3}, PlotRange -» {-0.1, 1.1}]

1.0

Ou[104]= 4 5

0.0
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In[105]:= Clear[t, Movie8];

Movie8[t ] :=
Plot[

Evaluate[

{Sum[aalS[[n +1] Exp[— (%)2 t] Cos[% x] R
{n, 0, Length[aalS]-—l}]}

], {x, @, LL8}, PlotRange —» {-0.1, 1.1}]

In[107]:= ListAnimate[Table[Movie8[t], {t, @, 3, .05}],
AnimationRunning -» False, AnimationRepetitions - 2,
ControlPlacement -» Top]

{ D lal¥|=]

out[107]=

The heat equation with the periodic
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boundary conditions

Few solutions of the heat equation with the periodic
boundary conditions

Using the method of separation of variables we found “few”
solutions of the heat equation with the periodic boundary
conditions:

2 i :
6_Ltl=KaTg on {(x,t):-L<x <L, t 20}

subject to
: — du (_ _ ou
BCs: u(-L, t) =u(L, t), 5 (=L, t) =5 (L, 1)

These few solutions are

In[108]:= 1
out[108]= 1
and

In[109]:= Exp[—x (nTﬂ)zt] * Cos[nT7r x]

n27r2t}<

ou109= e L2 Cos [

nT(X}

and
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In[110]:=

out[110]=

In[111]:=

out[111]=

In[112]:=

out[112]=

nsmy2 ] n
Exp[—x (—) t] * Sln[—x]
L L
7n2ﬂ2t}<
e L2 Sin[

nﬂX}

where n is any positive integer. From these few soluting we get
many solutions by using the superposition principle: for arbitrary
constants b, the linear combination

u(x, t) =ao+ i an EXp[—K(nT7T)2 t] * Cos[nT7T x] +
n=1

S by expl- ()" ]« sin[ L]

n=1

is also a solution.

To satisfy the initial condition u(x, 0) = f(x) we will need to find a,s
and b,s such that

f(x) = ami an Cos[nTnx]+§ by Sin[nTnx]
n=1 n=1

The idea is to use the orthogonality of the functions

1
1

and

Cos[nT7r x]

COS{nT(X]

and
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. rnhmw
In[113]:= S1n —x]
L
. (hax
Out[113]= Sln{ [ ]

on the interval [-L,L].

In[114:= Clear[L];

FullSimplify[Integrate[Cos[% x] Cos[% x], {x, -L, L}”

L (Sin[(m—n) udl + Sin[ (m+n) 5] )
m-n m+n

out[114]=

In[115]:= Clear[L];
n Pi m Pi
FullSimpliFy[Integr‘ate[Cos[—1 x] Cos[—1 x], {x, -L, L}],
L L
And[n € Integers, me Integers]]

Out[115]= ©

The above calculation is clearly wrong when n=m

In[116]:= Clear[L];
nPi nPi
Fullsimplify[Integr‘ate[Cos[— x] Cos[— x], {x, -L, L}],
L L
And[n € Integers]]

out[116]= L

Similarly
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In[117]:= Clear[L];
. . . [nPi . rmPi
Fu11$1mp11fy[Integrate[Sln[— x] Sln[— x], {x, -L, L}],
L L
And[n € Integers, me Integers]]

Out[117]= ©

The above calculation is clearly wrong when n=m

In[118:= Clear[L];
FullSimpli-Fy[Integr‘ate[Sin[E x] Sin[& x] s {%, -L, L}] s
L L
And[n € Integers]]

out[118]= L

and finally
In[119]:= Clear[L];
) ) n Pi . rmPi
Fu1151mp11fy[Integr‘ate[Cos[— x] Sln[— x] s {x, -L, L}] R
L L
And[n € Integers, me Integer‘s]]
Out[119]= ©

The orthogonality of the first ten Cos functions and the constant is
nicely seen from the table below:

In[120]:= COSiFunT = Join[Table[Cos[nT7T x] , {n, 0, 5}] s

Table[s:‘m[“T’r x], n, 1, 5}”

7T X 27T X 37X 477X 5%
Out[120]= {1, Cos {T} , Cos { } , Cos { } , Cos { } , Cos { } R

L
2 s 222 a2 s 2 [ 1)
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In[121]:= MatrixForm[
Table[Integrate[CoSiFunT[j] CoSiFunT[k], {x, -L, L}1,
{j, 1, Length[CoSiFunT]}, {k, 1, Length[CoSiFunT] }]
]

Out[121]//MatrixForm=
2L

OO0 roe
OO0 OTOOOOrooe
OO O0OOOOOIrooeoe
OO0
OO IroOoOoOoO0oO0e0e
O OO OO0 OO0e
OO0 OO0
OO o000
OMroo0oo0o0O0OOOOOee
rMO 000D

OO OPOTOOOO

Using the orthogonality we calculate that a good candidate for
approximation of f(x)is

f(x) ~ag +Zan Cos[— ]+§b Sm[— ]

n=

where

1 L 1 (L nrt
g = — fxX)dx, a, == | f(x)Cos|— x|dx,
OzLL() LL() [7 7]

11t . [nrt
= i J:L f(x)Sm[TX] dx, n > 0.

We will explore these approximations below.
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Symbolic calculation of the solution

Example 9

In[122]:= Clear [nn9, ff9, LL9]; nn9 = 20;
LL9 =15 FF9[x ] = (x*-1) (3x-1) +1;

in[123:= Plot [Evaluate[ {ff9[x]}
1, {x, -LL9, LL9},
PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,
PlotRange » {0, 3}]

3.07

25 |
2.0f |
out(123j= 191
1.0F |

0.5 |

00 [ | L L L L | L L L L L L L L | L L L L | |
-1.0 -0.5 0.0 0.5 1.0

Calculate the coefficients symbolically.
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In[124]:= Clear[aa9];

1
aag[o] = S1Lo Integrate[ff9[s], {s, -LL9, LL9}];

aad[n_] = Integrate -'F'F9[5] Cos | . S| {s, -LL9 |-|-9}- 5

_— 9 g | ] 9 ] b 3 b ] | 3

bb9[n ] = Integrate --Ff9[s] Sin| : s {s, -LL9 LL9}-
—_— ||9 g | .I 9 ] b 3 b ] |

12 (3nnCos[nn] + (-3+n?x) Sin[nn])

out[127]= 4
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In[128]:= nn9 = 73

(* nn stands for the number of terms that we use
to approximate ff x)

Plot[

Evaluate[
{-F-F9[x], Sum[aa9[n] Cos[% x], {n, 0, nn9}] +

Sum[bb9[n] Sin[% x], {n, 1, nn9}]}

], {x, -LL9, LL9},

PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame -» True,

PlotRange -» {0, 3}]

3.07
25
20}
out[129]= “5:
1.0}

0.5F

O.OVX L L L L | L L L L L L L L |

-1.0 -0.5 0.0 0.5

1.0
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in[130]:= Plot3D [

Evaluate[

Sum|aad9[n] Exp| - E 2t Cos ﬁx , {n, @, nn9} | +
LL9 LL9

Sum[bb9[n] Exp[— (%)zt] Sin[% x], {n, 1, nn9}]}

], {x, -LL9, LL9}, {t, @, .5}, PlotRange - {9, 3}]

Out[130]=
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In[131:= Clear [t, Movie9];
Movie9[t ] :=

Plot[
Evaluate[
{Sum[aaQ[n] Exp[— (%)zt] Cos[% x], {n, 0, nn9}] +
Sum[bb9[n] Exp[— (%)zt] Sin[% x], {(n, 1, nn9}]}

], {x, -LL9, LL9}, PlotRange - {0, 3}]

In[133:= ListAnimate[Table[Movie9[t], {t, 0, 1, .005}],
AnimationRunning -» False, AnimationRepetitions - 2,
ControlPlacement -» Top]

{ D2 ¥][=]

3.0r

25}

Out[133]=

-1.0 -0.5 0.0 0.5 1.0
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Numeric calculation of the solution

Example 10

In[134]:= Clear [mml1O, gglo, LL10]; mmlo = 10;
LL10 = 1; ggl@[x ] = ((-Sinh[1] x + Cosh[1]) Exp[x])3/%;

In[135]:= g81O[-1] == gglO[1]

out[135]= True

in[136:= Plot [Evaluate[ {gglO[x]}
1, {x, -LL10, LL10},
PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,
PlotRange » {0, 2.3}]

Out[136]=

0.5 .

OO I | 1 1 1 1 | 1 1 1 1 1 1 1 1 | 1 1 1 1 | |
-1.0 -0.5 0.0 0.5 1.0

Try symbolic integration (slow)
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In[137:= (% f%Integrate[

n

gg[s] Cos| :i s],
{s,-LL,LL}] *)

In[138]:= Clear[aall@];

1
aa116:=Chop[Pr‘epend[Table[LL16 NIntegrate[

n Pi
gg1e[s]Cos[LLle s],

{s, -LL10, LL10},
Method » {Automatic}, MaxRecursion - 200,

AccuracyGoal - 12, PrecisionGoal-»lS], {n, 1, mmla}],

NIntegrate]
2LL10

gglo[s],
{s, -LL10, LL10},
Method -» {Automatic}, MaxRecursion - 200,

AccuracyGoal - 12, PrecisionGoal-alG]]]

out[1391= {1.6345, 0.358735, -0.107704, 0.0478621,
-0.0267352, 0.0170227, -0.0117805, 0.00863474,
-0.00660008, 0.00520868, -0.0042153}

In[140:= Length[aall0]

out[140= 11
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1
In[141]:= bb11@ = Chop[Table[ 1o NIntegr‘ate[

. nPi
g810[s] Sln[LLle s],

{s, -LL10, LL10},
Method -» {Automatic}, MaxRecursion - 200,

AccuracyGoal -» 12, PrecisionGoal - 16] s, {n, 1, mmla}]]

out[141]= {0.260404, -0.0285929, 0.00743374,
-0.00290449, 0.0014201, -0.000798147, 0.000492931,
-0.000325787, 0.000226592, -0.000163996}
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In[142]:= Plot[
Evaluate[

{gg101x1,

nPi
Sum[aalleﬂn-+1] Cos[LLle x], {n, 0, Length[aalle]-—l}] +

Sum[bblle[[n]] Sin[ :LT; x] , {n, 1, Length[bbl10] }]}

], {x, -LL1@, LL10},

PlotStyle » {{Blue, Thickness[0.01]},
{Red, Thickness[0.005]}}, Frame - True,

PlotRange - {0, 2.3}]

20 .

1.5 3

out[142]=

0.0>l 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 17
-1.0 -0.5 0.0 0.5 1.0
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in[143]:= Plot3D [

Evaluate[

{Sum[aalle[[n + 1] Exp[— (%)2 t] Cos [ :LZ.:; x] ,

{n, 0, Length[aalla]._l}] +
nPi)?2 . rnPi
{n, 1, Length[bb110] }]}

], {x, -LL10, LL1@}, {t, @, .2}, PlotRange - {0.8, 2.2}]

63
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In[144:= Clear[t, Moviel@];

Moviel@[t ] :=
Plot[
Evaluate[

nP

Sum|aallo[n + 1] Exp| - —1 2t Cos
L

n Pi
x] ,
LL1O L10
{n, O, Length[aallo] - 1}] +

Sum[bblle[[n]] Exp[— (:LTG) i t] Sin [ :LTG x] ,
{n, 1, Length[bbl10] }]}

], {x, -LL1@, LL1@}, PlotRange - {0.8, 2.2}]
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In[146:= ListAnimate[Table[Movielo[t], {t, @, .5, .01}],
AnimationRunning -» False, AnimationRepetitions - 2,
ControlPlacement -» Top]

{] D2 [¥][=]

Out[146]=

-1.0 -0.5 0.0 0.5 1.0



