
Vibrating string whose
Left - end is soaked in super-glue
Robin Boundary Conditions



Consider a vibrating string whose left -end of
length h is soaked in super-glue , so it is

not flexible . This physical
situation leads to

Robin Bowndry conditions
at 0 .

"
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. 0¥10it)

the red super-glued part
determines the value of the

slope of the string
at 0 , that is 0%-10, t) :

8%-10 , t ) = u%±
This is a Robin Boundary Condition :



UCOit) - h 0¥10it ) = 0 .

We consider a uniform string with tension force To , mass

density so and we set a = VIE
. In this case

,
the

vibrating string problem is
: with L > 0,

he c-Rko}

PDE : %¥ (✗it ) = i 0¥. Cat) ,
✗ C- [o, L] , t > 0

Bcs : u lo,t)
- h 0%10,1-1--0 ,

ul↳f) = 0
tt>o

ICs : ulx , 0 )
⇒ fix and ¥+4,0) =gcx) factor]

Here we excluded h = 0 since
in this case we have

a Dirichlet

Boundary condition
which we considered earlier . (Although

Huie case will be implicitly included
in our considerations .)

Here f- andg are piecewise
smooth functions such that

f-10) - hf107=0 and f-(b)
= 0

(no boundary conditions on g)



Separation of variables ucxit) = A4) Blt) leads to

the second order equation for B :

B
"

It) = - XEB.lt)

and the boundary - eigenvalue problem
for A -

.

AA
"

a) = ⇐ HA AAH
AAH -hh.AM#o)--oAAlH--0

It will be proved for
an arbitrary storm

- Liouville problem

that such a problem
does not have non

- real eigenvalues .

So we consider three possibilities for
7 :

case 1 . 240 Case 2 . 7=0 Case 3 .

I > 0



Case 1
. ☒ < 0 .

We set D= -get with ju> 0.
Weird to find those values for µ for which there
exist a non-zero function Ain such that :

AA"# GtAAH
and AA101 - hhnAAlo ) =o and AN

B) = 0
.

The reasoning in problems
like this is based on

the fact

that we know the fundamental
set of solutions of

AA
"
in = jkAAH .

In this case we chose
to work with

the fundamental

set of solutions
cosh gyu ×)

and sick Egad, which

we abbreviate as
chlynx) and stiff)

: we
need to find

AN 4) = 8cg chiffon ) +
⑤
☒
Sb Ign)

(nonzero)
← a big step in

which satisfies the boundary conditions / rightdirectionired functionAis



Bcs : AND) - hhh AA101=0 and AALB) = 0 . lcouvertedtoo-ed.cz
So
, the question is : For which fu

> 0 there exist
""

nonzero [¥f such thatqch1gux7tCzzshfux@satisfiestheaboveBCs.J
To answer this question we substitute

v into

Bcs and consider
the linear system that we obtain

.

.

AAIO ) = Cca , A-
'

(o)= % ,
AAH)=&ehfgukH&shfyH

The system is :
e.
a
- hhhyee.az = 0

eachfy④ + ezzshHULA
=0

Written as a matrix equation this system
reads



[
-

BYdiffH shfyµ=&]
the logic here is

similar to finding eigenvalues of

a 2×2
matrix . The difficulty here is thatfr

is

involved in ch and sh •

the above matrix equation
has a nontrivial solution

[¥ if and only if y
- Kyu

defyb) shy#
= 0

,

that is safer ☒ + hhhquchl.ba
B) = 0 .



It is not likely that we can find a symbolic solution

of this equation . So
,
let us solve it "graphically

"
:

chieh>0 >
• sFµ☒→ = - Bin Gi

TEH
so we need to understand

the solutions of the

equation th (gib) =-44 .

It is easier
to picture the solutions of

this equation

if we introduce a new
variable } =µL and study

£340 Sinceyh
O

th (3) = - Ees-
Now we can graph 1h (3) and

the line through the
origin



and analyze the existence of a solution :

1- - - - slope ato
is 1 •interested :÷÷÷:⇒

Since µ
> 0

.

slope - E-

Whatwe see from the above graph
is that

the equation th (3) = - ¥3 has no solution if

or
-£21 OR

- { £0 ,

that is
- nh > b

h > 0
no solution

.FM#E*t--h------osh



Thus the solution exists if -As hhh < 0 .

If - Do <k.h< 0 is satisfied, then Mathematica

can solve the equation
1h (youE)

= -MY •
in
mathematic.

We use the command Find Root [ , ] .

Y.at#f-h-Hpositiue
number, then

a goodapproximatioufor.1hesolntionfor$Uis-⇐I€-•I)
Denote the solution found by Mathematica

comment-

by ⑧* then *
⇒
= - HAT .



Now we go
back to the matrix equation that we

need to solve -

.

[chat¥ seyµ¥=[°o]
With the µ, that

we found the 2×2
matrix is

singular and
since we

need only one pair [%)we

can choose 4
= Wfla and @E- 11

Hence the eigenvalue (negative
one) is 7.i

-fu-5
and a corresponding eigenfunction is

-

.



Agfa⇒ oh 1¥-☒ + shfY¥
Now we go

back and solve the equation for Blt) :

B
"It = (ftp.dB.lt) .

The general solution of
this equation is :

a. ihfy.ae#+b.,sh(gu.*t)
where a-

i
and b.

,
are arbitrary constants .

Finally we write
two separated solutions

eh 1ft.it) (hq.ihfu-iytshfu.ir
))

and shfn.it)(hµ, ch
'

fu-It shfu-



These two solutions correspond to
"natural modes " of

vibrations ; the only difference being thatthese
solutions

do not vibrate ; practically they mean the string will break.

Cased 7=0 .

We need to answer the question:

Is there a function Acn
such that

*1×7--0
and
"'

Ata lo) - KAAG)= 0
and AAHB)= 0 .

"

A fundamental set of
solutions of A

"lx2=0 is { 1, × ] .

The general solution
is KAHN = + 8.x .

Substitute into Bcs : ¢
,
-
Koi 0
I
,
t LK ⑧z = 0



Written as a matrix equation :

g- -4*-1:]1 he

* to]
The preceding matrix equation

has a nontrivial
solution

if and only if y, -4=0 ,
that is 6th = 0 .

Hence 7=0 is an eigenvalue if
and only if

h= -b .

In this case
a corresponding eigenfunction

is

B. __× (here
9--2 , 9=-1)



Now solve the time equation B
"

(f) = 0 .

The general solution is a.
. It ☒not .

Thus
,
two special

"

separated " solutions of
the PDE

and the Bcs are

1- LL - ×) and 1- (L - ×)

these solution are
relevant only in the

case
h= -L

.

Whenever
h =/ -L ,

0 is NOT an eigenvalue .

=

Cased a > 0 .

Set ⇒ =j2 withg-o.

We need to find all positive
values off for

which there exists a nonzero function AACM such



that
AA
"
a) = -getAAH

@dB↳ A-107 - BAA
'

107--0 AA (B) = 0 .

☐ the fundamental set of
solutions is {cosfgux), singing.

the general solution is ☒ cx)=&cosfyu×)t&siu(¢D
this expression is a big step

in right direction .

the unknown function Aix) is replaced by
two

-

unknown numbers C,
and Cz; certainly an easier

task to
find.

Calculate : AAlo)= Ea , AA(D=BE
A-(B) = Geffert +4sHub

and substitute into boundary conditions :



C
,
- byCz = 0

Cfa b) C, + sfu b) Cz
= 0

Write it as a matrix equation
:

g-*¥CH H
Cz

* to
this matrix equation has a nontrivial solution

ifand

only it
sguy + hyping

= 0
.

(A)
It is desirable to reduce burning two two places .

We can

achieve that by dividing by a buy . For
that



we need Cfu b) 1=-0 . So , we first
consider the

case gel = (2k - e) Iz
with ke IN . In this

case
cos = 0 and sinful) = C-a)k+1.

In this case (A) becomes
"
+ 0=0

which

is never true . Therefore we will
lose no solutions

if we assume cful) -1-0 .
then (A) is equivalent

positing
to

tanguy =
- hee .

Introducing } =p
L we

look for teetotums

of tan (3) = -É3•__ gray
line

black graph



' i there are countably

regardless of
the

i.±÷÷q¥÷(÷÷÷÷?⃝"Toi:hdÑa% .

in
this case )

"

:
"

• hjgfeio.tk
't

'

.

!
,

y=%• /
i.

Mathematica can calibrate approximations
for

Milk , /3 , - -
-

, fin , . . . .
In fact, when calculating

these approximations Fuse
the equation (A)



sinful)+glassful) = 0 .
Now we can consider Ah,(2)µ , . - -,flu, - - - .

green
.

We know them (to some extend).

What are the corresponding eigenfunctions ?

the eigenfunction corresponding
to the

eigenvalue In = fun}
is

jyunh.cos.fm#tsin.funx)



To find the natural modes of vibrations we
need to solve B

"

(f) =-fun)2d Blt)

the fundamental set of solutions
is

cos (funnest) , Singyeacct
)

A typical natural
mode of vibration

is

cosfyuunc.at#lanh.cosfhnHtsin.fuuiD
We can ignore

other formsÉi¥hey arejust
shifts and scatter of this one .

the End?
D-_timeslutts@




