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ABSTRACT. For a given triangle 7" and a real number p we define Ceva’s triangle C,(7")
to be the triangle formed by three cevians each joining a vertex of 1" to the point which
divides the opposite side in the ratio p: (1 - p). We identify the smallest interval My c R
such that the family C,(T),p € My, contains all Ceva’s triangles up to similarity. We
prove that the composition of operators C,,p € R, acting on triangles is governed by a
certain group structure on R. We use this structure to prove that two triangles have the
same Brocard angle if and only if a congruent copy of one of them can be recovered by
sufficiently many iterations of two operators C, and C¢ acting on the other triangle.
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1. INTRODUCTION

A median of a triangle is a line segment connecting a vertex to the midpoint of the
opposite side. To each vertex of a triangle corresponds exactly one median. A classical
theorem in triangle geometry states that the three medians of a given triangle form a
triangle. This new triangle is called the median triangle. Moreover, the area of the median
triangle is 3/4 of the area of the host triangle. Two existence proofs of the median triangle
and a connection to a Heron-type formula for medians are revisited in [1]; see also [4] and
the references therein. A less well known result is that the median triangle of the median
triangle is similar to the given triangle in the ratio 3/4. This property is recalled by Scott
in [10] where it is referred to as the binary similarity of the sequence of median triangles.

The binary similarity property of the sequence of median triangles was reformulated and
extended by Griffiths [3] as a statement about a special class of linear operators mapping the
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2 TRIANGLES AND GROUPS VIA CEVIANS

three dimensional Euclidean space into itself. Griffiths refers to these operators as being of
cyclically symmetrical type; they are simply those operators whose matrix representations
with respect to the standard basis are left-circulant matrices with orthogonal rows. This
nice connection with matrix algebra can be used to produce an infinite number of such
binary sequences, see [3, Proposition 2]. We will return to this observation shortly, since it
turns out to be closely connected to our work.

A median of a triangle is just a special cevian. For a given triangle T" and a real number p,
instead of the medians we can consider three cevians, each joining a vertex of T" to the point
which divides the opposite side in the ratio p : (1-p). Three such cevians also form a triangle.
With a particular choice of order of these cevians, we call the triangle formed in this way
Ceva’s triangle of T and denote it by C,(7"). With a different order of sides, such triangles are
considered by Hajja in [4, [5], where they are called s-median or generalized median triangles.
By analogy with the iterative procedure for median triangles that leads to binary similarity,
it is natural to ask whether the same holds for other sequences of nested triangles. The
limiting behavior, in shape, of various nested sequences of triangles constructed iteratively
was considered by many authors; more recently by Ismailescu and Jacobs in [7] where
one can find other references. This work has motivated Hajja [4, [5] to do the same for the
sequence of generalized median triangles. Using a suitable shape function written in terms of
the side lengths of the original triangle, [5] Theorem 3.1] reveals a delicate limiting behavior
of the sequence of generalized median triangles. Similar results were obtained for a related
iteration process on triangles in the remarkable paper of Nakamura and Oguiso [9] by using
moduli space of the similarity classes of triangles. And so, it might seem that this is the
end of the story as far as the iterated sequence of generalized median triangles is concerned.
However, returning to Griffiths’ observation regarding cyclical symmetry, it turns out that
the intricate behavior of the sequence of generalized median triangles introduced in [4] []
depends precisely on one detail of its definition. Indeed, the order of the sides matters in
the iteration process. With our definition, we do have the binary similarity property of the
sequence of Ceva’s triangles, which is completely analogous to that of the median triangles.

The goal of this article is to provide a complete understanding of the family of Ceva’s
triangles. A common thread throughout this work is the presence of a special group struc-
ture on the extended real line related to the family of Ceva’s triangles. We elaborate on
the observation made in [3] and explain how linear algebra is connected to the group struc-
ture we alluded to before. These connections allow us, for example, to show that we can
iterate Ceva’s triangles with different parameters p and calculate the parameter of the new
Ceva’s triangle obtained this way. We prove that the family C,(T"),p € [0,1), contains all
Ceva’s triangles of T" up to direct similarity. In fact, we can identify the smallest interval
Mr c [0,1) such that the family C,(T"), p € My, contains all Ceva’s triangles up to similarity.
Incidentally, we also discover a new shape function which is closely related to the one intro-
duced by Hajja in [5], as well as a characterization of the equality of the Brocard angles of
two triangles in terms of their respective families of Ceva’s triangles which extends the one
in [5, Theorem 3.1]. This characterization of equality of the Brocard angles of two triangles
is closely related to a theorem of Stroeker [IT], page 183]. Lastly, returning to the generic
question about the behavior of some iterative geometric process, we prove that, given two
triangles having the same Brocard angle, we can recover a congruent copy of one of them
by a sufficiently long iteration of two Ceva’s operators acting on the other triangle.
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2. BASIC NOTIONS

A triangle is a set of three noncollinear points and the three line segments joining each pair
of these points. The triangle determined by three noncollinear points A, B, C' is denoted by
ABC. The points A, B,C are called vertices and the line segments a = BC,b=CA,c= AB
are called sides of the triangle ABC. Notation used for line segments will also stand for
their lengths. In particular, symbols a, b, ¢ denote the lengths of the corresponding sides as
well. We will always label the vertices of a triangle counterclockwise. This convention is
essential in the definition of Ceva’s triangle in the next section. Also, in this way the sides

become the oriented line segments BZ’, C_’z)él, AB. A triangle with such imposed orientation
we call an oriented triangle. Notice that the counterclockwise order is also imposed on the
lengths of the sides which we write as an ordered triple (a,b,c) of positive real numbers.
The adjective oriented will be omitted if it is clearly implied by the context in which a
related triangle appears.

An ordered triple (u,v,w) is increasing (decreasing) if u < v < w (respectively, u > v > w).
If ABC is a scalene triangle with side lengths a, b, ¢, then we have the following dichotomy:
the set

(2.1) {(a,b,c),(b,c,a),(c,a,b)}
either contains a decreasing or an increasing triple. To justify this, we can assume that
a = min{a,b,c}. Then, ¢ >bor b >c. If ¢ > b, then (a,b,c) is increasing. If b > ¢, then
(b,c,a) is decreasing. A scalene oriented triangle ABC' for which the set (2.1)) contains an
increasing (decreasing, respectively) triple is called an increasing (decreasing) triangle. For
non-equilateral isosceles triangles we introduce the following intuitive terminology: if its
legs are longer than its base we called it a narrow triangle; if its legs are shorter than its
base call it a wide triangle. For two oriented non-equilateral triangles we say that they have
the same orientation if they are both increasing, or they are both decreasing, or they are
both wide, or they are both narrow.

We recall the definitions of similarity and congruence for oriented triangles. Oriented
triangles ABC and XYZ are directly similar if

a b ¢ a b c a b ¢
—=—-=—- o —-=—-=— o —=—=—.
x oy z y z z Ty
If ABC and XYZ are directly similar with a/x = b/y = ¢/z = [, then we will write (a,b,c) =
lz,y,2).
Oriented triangles ABC' and XYZ are reversely similar if
a b ¢ a b ¢ a b ¢
—_—= —- = - or —_—= —- = - or —_= == —,
z Yy y T oz x oz oy

The common ratio of sides of two similar triangles ABC and XYZ is called the ratio
of similarity. If the ratio of similarity is 1, then directly (reversely, respectively) similar
triangles are said to be directly (reversely) congruent. Notice that a triangle and its reflection
are reversely congruent.

3. CEVA’S TRIANGLES

Let ABC be an oriented triangle and let p be a real number. Define the points A4,, B,
and C, on the lines BC,CA, and AB, respectively, by

A_C)'pzng, C—'B)pzpC_ZZl, and B_z)élp:pl_?a.
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When p € (0,1), the point A, is in the interior of the line segment BC while the cases
p > 1 and p < 0 refer to positions of the point exterior to the line segment BC. Also,
Cy=ABy=C,Ap=Band C; = B,B; = A;A; = C. A similar comment applies to the
points B, and C),. In this way we obtain three cevians: AA,, BB,, and CC,. For p =1/2,
they are medians.

For an oriented triangle ABC and for an arbitrary p € R, the cevians CC,, BB,, and
AA, form a triangle, see [4, Theorem 3.3] and [5, Theorem 2.7]. Here is a different, simple

— — —_ —
proof using vector algebra. Define the vectors a= BC, b =CA, and ¢ = AB and x, = CC,,
P —_—
y,=BB,, z,=AA, Then
x,=b+pc, y,=a+pb and z,=c+pa.
Since a+ b + ¢ =0, we have
X,+y,+2z,=b+pc+a+pb+c+pa=(1+p)(a+b+c)=0.

Therefore, there exists an oriented triangle XYZ whose sides have the lengths z,:= YZ =
CC,yp, = ZX = BB, and 2z, = XY = AA,. Here, as always in this paper, the vertices
X,Y, Z are labeled counterclockwise.

For p € (0,1), there is a natural geometric construction of the oriented triangle made by
the three cevians which is worth recalling here since it is a straightforward modification of
the one for the median triangle. Let D denote the point in the plane of ABC such that
the quadrilateral ABCD is a parallelogram having the diagonals AC' and BD. The point
A, on the segment BC' is such that BA, = pBC. Let A; be the point on CD such that
CA; = pCD. The sides of the triangle AAPA;) are clearly equal to the three given cevians,

see Figure [l We recognize the oriented triangle XYZ as a reflection of the copy produced
by Hajja in [4, Theorem 3.3].

Y A D

X B A, C
FiG. 1. Ceva’s triangle C,(7T") with p=1/3

Using the classic theorem known as Stewart’s theorem (see for example [2, Exercise 4
of Section 1.2]), or simply applying the law of cosines, it is easy to calculate the lengths

TpyYp, Zpt

(3.1) 2, = CC,=r\/pa? + (1 - p)b? + p(p - 1)c?,
(3.2) yp=BB,=\/(1-p)a? + p(p-1)b? + pc?,
(3.3) z,=AA, =\/p(p-1)a® + pb% + (1 - p)c2.
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Thus, starting with an ordered triple of sides (a,b, c) and p € R, the ordered triple (z,,,,2,)
is uniquely determined. We define Ceva’s operator C, by

Cp(a7 bv C) = (:Ep7 ypv zp)'
The oriented triangle (z,,y,,2,) we call Ceva’s triangle of T. The difference between our

definition and the corresponding definition in [4, [5] is in the order of sides. There, the
generalized median operator was defined by

Hp(a7 bv C) = (zp7 yp7 xp)‘
This innocent detail, however, creates problems in the iterative process investigated in
[4,[5]. Our Ceva’s operator behaves better precisely due to the cyclical symmetry property
observed in [3| Propositions 1 and 2]. As we shall soon see, the operator C, produces a
binary sequence of triangles, while H, does not. Indeed, this is because H,0H, =C,0C1_,.
Here, o denotes composition of functions. We set C; := C, and recursively Cg*l i=CjoC, for
all n e N.

We often use capital letters T, V... to denote oriented triangles. Then C,(T),C,(V),...
denote corresponding Ceva’s triangles. We immediately note that, if 7" is an equilat-
eral triangle with side-length a, then CP(T) is also an equilateral triangle of side-length
a\/1-p+p?. Because of this, the discussion below will only be concerned with non-
equilateral triangles.

Notice that Cy(a,b,c) = (b,a,c) and Cy(a,b,c) = (a,c,b). For completeness, we also define
Coo(a,b,c) = (¢,b,a). As a consequence, the triangles Co(7"),C1(T") and Coo (T') are directly
congruent to each other, and each is reversely congruent to T'. We will see later that the set
S:={0,1,00} will play an important role whenever we encounter direct similarity. Another
important set is the unit interval I:=[0,1).

To summarize, we have defined Ceva’s operator C, for any p € Ru {oo}. For a subset J
of Ru {oo}, we will write Cy(T") for the family {C,(T") : p € J}.

4. THE CONE

In this section, we show that a triple (a,b,c) of positive numbers represents the side-
lengths of an triangle if and only if (a?,b?,¢?) € Q, where Q is the interior in the first octant
of the cone

224yt + 2% - 2xy +yz +2x) = 0.
That is,
x
O=3y|:2y,2>0, 2> +y>+22 <2y +yz+22)}.
z

This fact was already observed in [3] in connection with Heron’s area formula. For com-

pleteness, we give a direct proof that |a —b| < ¢ < a+ b if and only if [a2 b? 02]T € Q. We
have the following equivalences:

a® +b% - 2ab < ¢ < a® + b + 2ab
la® + b* - ¢?| < 2ab
(a* +b* - )% < 4a2p?

at + b+t < 20207 + 2% + 26202

la-bl<c<a+bd

IR

(4.1)
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PEN [a2 b? 02]T € Q.

The inequality in (@) is further equivalent to

(4.2) 20a + b1+ ') < (a® + 02+ )2

Now, taking the square root of both sides, we adjust the last inequality to look like an
inequality for the dot product of two unit vectors:

a? 1+b%-1+c%-1 e

Varibiavs V3
Denote by 7, the angle between the vectors [a? b? ¢]” and [1 1 1]7. Then the last inequality
yields that cos(v, ) > \/2/73 In other words, (a,b,c) are the side-lengths of a triangle if and
only if the vector [a? b? ¢*]T is inside the cone centered around the diagonal x = 3 = z and
with the angle at the vertex equal to arccos/2/3 = arctan(1/v/2). We will call the angle
Yy € [O, arctan(l/\/i)) the cone angle of the triangle T'.

(4.3)

Fi1G. 2. The Brocard angle w,, of T'= ABC

In the next proposition we prove that the cone angle of T" uniquely determines another
important angle of 7', its Brocard angle, and vice versa. To define the Brocard angle of an
oriented triangle T' = ABC one first proves that there exists a unique point P such that
the angles PAB, PBC and PCA (marked in gray in Figure ) are equal to each other.
This common angle is called the Brocard angle of T'; it is denoted by w,,. For more on this
topic we refer to [8, Chapters XVI and XVII] as a classical reference, or the more recent [0,
Chapter Ten].

Proposition 4.1. Let T be a triangle, let v, be its cone angle, and let w, be its Brocard
angle. Then

(4.4) 3(tanw,)? + 2(tanv,)? = 1.

Let V' also be a triangle. Then vy, =, if and only if w, = w,, .
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Proof. Let T = (a,b,c). Following [5, Theorem 2.4], we set

at+vt+ A

a?b? + b2c2 + c2a?’

Using (@3] and the definition of ~,., we calculate (tan~,)? = (2k - 2)/(k +2). This and
the identity (tanw,)? = (2 - k)/(k +2) from [5, Theorem 2.4] yield {@4). Since by the
Cauchy-Schwarz inequality and (@], 1 < k < 2, we have 0 < (tanw,)? < 1/3. Therefore,
wy,w, €(0,7/6]. As we already observed that ~,.,7, € [0, arctan(l/\/i)), the second claim
in the proposition follows from (Z4]). O

5. REFLECTION MATRICES

Let p e R. Set (p) := \/1-p+p?, (o) := 1, and consider the left-circulant orthogonal
matrices

p 1-p  p(p-1)

0 0 1

1
(5.1) MPZW 1-p p(p-1) p and Mg=|0 1 0
p(p-1) P 1-p L oo

We note that it can be shown that {M,,~M,: p e RU{co}} is the family of all left-circulant
orthogonal 3 x 3 matrices.

It follows from B.J)),[3.2),B.3]) that the squares of the side-lengths of Ceva’s triangle
Co(T) are related to the squares of the side-lengths of the original oriented triangle 7" in
the following simple way:

x% (12
(5.2) vp | =M, | 0% |, peRuU{oo}.
Zz C2

The fact that for every triangle 7', C,(T') is also a triangle is equivalent to the statement
that the matrix M, maps Q into Q. We proved this geometrically at the beginning of the
paper and it is proved as a matrix statement in [3| Propositions 1 and 2|. However, to fully
understand the family of triangles C,(7T"),p € Ru{co}, we need deeper understanding of the
family of matrices in (5.0I). This and the following three sections provide that understanding.

For an arbitrary p € Ru {co}, the matrix M, is symmetric and orthogonal. Hence its
eigenvalues are 1 and —1 and there is an orthonormal basis consisting of eigenvectors of M,,.
To find such a basis, we first observe that the row sums of each M, are equal to 1 making
the vector [1 1 1] an eigenvector corresponding to the eigenvalue 1. We normalize the
opposite of this vector and calculate the orthonormal positively oriented eigenvectors of M,
corresponding to the eigenvalues 1, —1, 1, respectively, to be

1+p 1-p 1
p-—# 1-2 q-—L 1 I..___l 1
VTN R VA ol V3| 1

-2
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The corresponding eigenvectors of M., are

| ‘; o L (1) 1|t
P = —= 0o T T —= ri=—
V6 -1 ,
Consequently, the matrix M,, p € Ru {co}, induces the reflection with respect to the plane
spanned by the vectors p, and r. Thus, M, is a reflection matrix.

Remark 5.1. The reflection planes corresponding to M, My and M; are given by the
equations x = z, x = y, and y = z, respectively. Therefore, the triples in the intersection
of these planes with Q correspond to isosceles triangles. Moreover, the triples that are
in @ and in the quadrants determined by —r and each of pe,pg,p1 correspond to wide
triangles and the triples that are in @ and in the quadrants determined by —r and each of
—Po, —P0, —P1 are narrow.

Next, we will prove that an arbitrary reflection across a plane which contains the vector r
is in the family (B.I]). Such a plane is uniquely determined by its trace in the plane spanned
by the vectors pg,qg. In turn, this trace is uniquely determined by its angle 1 € [—%, %”)
with the vector py.

Denote by 9, the angle between p, and pg. Then,

2-p . V3p V3p
cost,=p, - pp=——, sind,=p,-qo=——, and tand,=——.
r 2 (o) rr 2 (o) " 2-p
Solving the last equation for p we get
2 tan v in
pzﬁzﬁm(ﬁrz)gzsmip.
\/§+tan7§‘p 2 6/ 2 cos(ﬁp—%)
We define now
00 if J=-3,
() = i
D7) S i vels®)
cos(ﬁ—%)

Clearly, @ is an increasing bijection between (—%, %’r) and R. The inverse of the function

® is, see Figures Bl and M

-3 if p=oo,
-1
> (p) = , . ,
arctan(%(p— 5)) +5 if pelR.
Since the function @ is a bijection between [—%, %”) and Ru {0}, that is since the range
of &' is the interval [—%, 2{), all the reflections across planes containing the vector r are
represented in the family (G5.1]).

6. THREE SPECIAL GROUPS

The interval [—%, %”) with the addition modulo 7, which we denote by &, is a commu-
s

tative group. The identity element is 0. The inverse of 1 € [—g, %] is —1 and the inverse of
Je (%, %”) is m — . The bijection ® then induces a natural group structure on Ru {co}.
We denote by O the operation of this group. We have

pOT = @(q)_l(p)+<1>_l(7')), p, T € RU{o0}.
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SIE]

P Qe

1
0 3

Fic. 3. The function ®1 Fic. 4. ®1onl

Let p,7 € R\ {2} be such that p7 # 1. Set 9, = ®7'(p), 9, = (7). Then,

pOT =0, +v;)
~ 2tan(9, + ;)
V34 tan(d, + 0;)
tan, + tand,
1 - (tand,)(tan ;)

tand, + tan v,
Vi 1 - (tand,)(tanv,)
(tan v, +tan197)
) V3(1- (tand,)(tan 75‘7)) +tand, + tan ),
2430 4 931

¢_ ¢_252r 25+

20(2-7) +27(2 - p)

T @-p)@-1)-3pr+p2-1)+7(2-p)
4p + 41 —4dpT

T 420 27+ pr_3pr+2p+ 21— 2p7
_pHT—pT
C1- pT

The other values of p,7 € Ru {oo} are treated similarly to get

pi—;ﬁ” if p,7eR, pr+1l,

00 if p,7eR, pr=1,
1—% if peR~N{0}, 7=o00,

pOT=
) if p=0, T=0c0o0r p=o0, 7=0,

1-1 if p=oo, TeR\{0},

1 if p=o0, T=o0.
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Fi1G. 5. The function p

The set Ru {oo} with the operation O is a commutative group with the identity element
0. The inverses are

prl if peR~N{1},
8._ :
p =41 oo if p=1,

1 if p=oo.

The set S := {0,1,00} is a cyclic subgroup of (Ru {oo},0) of order 3 which corresponds
to the cyclic subgroup {0,%,—%} of ([—%,%ﬂ),@). Similarly, T := {0,1/2,1,2,00,-1} is
a cyclic subgroup of (Ru {co},0) of order 6 which corresponds to the cyclic subgroup
{ G5 %,—%,—%} of ([—%, 2?”),EB). The O-operation on T is summarized in Table [l
For the three special values of 7 € S, the operation O gives three functions that we will
encounter in the definition of the function p below:
1 1
0Oop=p, lop=—— ooOp=1-—, peRuU{co}.
L-p P
We will write SO p for the set {00 p,10p,000p}. Another interesting set of functions is
SDpE:SD%

1
- P 1o0p=c0o0==1-p, ocodp®=00
)

p-1

=—, peRuU{co}.

1
0op®=10 -
p

=
=

THo |12 1] 2| |-1

0 |0 1/2] 1] 2] o]-1

1=t o0 |12 1| 2|

TABLE 1. O-operation table on T

We remark that the set SO {p, %} = (S | p) u (S | 71)), which consists of the six special
functions above, represents all possible values of the cross-ratio of four numbers. Further-
more, in this context, the set T consists of the only extended real-valued fixed points of
a cross-ratio. Therefore, it is plausible that there exists a further connection between the
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group structure O and cross-ratios. However, since it is unclear to us whether this link
would present any further simplifications in our work, we do not pursue it further here.
It turns out that the factor group (Ru{o0})/S plays an important role in this article.

This factor group is isomorphic to the factor group [—%, %”) / {0, %,—%}, which in turn is

isomorphic to the group [O, %) with the addition modulo %. Since @([O, %)) =1=[0,1), @
induces a natural group structure on I. A different way of understanding this group on I is
to notice that, for an arbitrary p € Ru{oo}, the intersections of the sets SO p and I consist
of exactly one number, which we denote by p(p); that is,

lap if p=ocoorp<0,
p(p)=4 0Op if pel,
coOp if p>1.
The induced group operation on I is denoted by <:

pOT::p(pDT), p, T el

With this definition, p: Ru{oo} - I is an endomorphism between the groups (R u {co},0)
and (I, &). For p, 7 €I, we have paO7 > 0 and also p+7 < 1 if and only if po7 < 1. Therefore,
the above definition is equivalent to

_ p+T—pT

o { poT =5 if p,7el and p+7<1,
pOT=

coOpOT = p+7—1

if p,7el and p+72>1.

p+T—pT
Given p €1, its inverse p with respect to < is 1 - p, or, equivalently, p =10 p°.

Remark 6.1. It is interesting to compare the groups (I,<) and (I,®), where & denotes
the addition modulo 1. As noticed above p® = ©p for all p € I. Here as usual in additive
groups, we denote opposite elements by using the notation ©. However, these two groups

are different. It turns out that the maximum value of |[p &7 - p@ 7 is less than 0.042, while
the maximum value of the relative error ‘(pOT—pEBT)/(pOT)‘ is 7-4/3 ~ 0.072. However,

since the groups (I, ®) and ([0, %), EB) are isomorphic (where @ denotes the addition modulo
the length of interval), the groups (I,<) and (I,®) are isomorphic with the isomorphism

37111
s
7. FUNCTIONS ON GROUPS

Let k € RuU{oo} and consider the equation £ O0& = k. One can easily verify that this
equation has a unique solution in [-1,1), which we denote by ¥/k; it is given by

K
if R

e T+ 07 if keR,
-1 if Kk=o0.

In particular, ¥/0 =0, ¥/1=1/2. The solution set of £ 0¢ =k is ¥k 1{0,2}.

If kel then 0 < Uk < 1 and ¢k < k. Therefore {/k is a solution of the equation
EOCE =k, el To find the second solution of this equation recall that (%)e = %, and
therefore

k0 (10 YR)°=ro (VR)° 0 d=10 ¥R
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Hence, the other solution is £ & §/k. Since 3 + {/k < 1, we have $ & Uk = 10 U/k. As

%DT > % for all 7 € [O, %), we have

(7.1) 0<Vr<g<io¥r<l

It is trivial to see that p(¥/k) = V/p(k) for k € I, but p(Yr) = ;0 U/p(k) for € (Ru{oo )\
Now consider the group ([0, %), EB). As before, @ stands for the addition modulo %. Let

Q€ [0, %) The solutions of the equation ¥ @1 = ¢, 0 <9 < T, are & and & ® §. Since

b [O, %) — [0,1) is an increasing isomorphism between the groups ([O, %), EB) and (I,0),

O(£)=VP(p) and d(2@F)=10YP(y).

1

we have

ol

ESE

0 T S
FiG. 6. f, with ¢ =7/9 FiG. 7. Fy, k=& Y(7/9) ~ 0.351

Proposition 7.1. Let k,a, 5 €1 and o < 5. Consider the function
Fo(§)=r0E el

(a) The function F, is a bijection on 1. Its inverse is F,o.
(b) If Fi(«) < F(B), then F,, maps [, 8] onto [F(a), Fx(8)] as an increasing bijection.
Proof. The statement (@) is trivial. To prove (), let ¢ € (0, %) and consider the function
fo(¥) = @1, see Figure[@l Since
if 0<I<3-¢,

™

3

o+ <
fcp(ﬁ): - . -
p+d-5 if 3-¢<
we have the equivalence
h<g-p<ds = ol >pady and ¥ <Js.

Consequently, if ¥; <2 and f, (1) < fo(J2), then ¥1 <2 < T — @ or § - < <V, and
therefore, f, maps [¥1,92] onto [ f,(V1), f,(U2)] as an increasing bijection.



TRIANGLES AND GROUPS VIA CEVIANS 13

Setting k= ®(p) € I, we have, see Figure [1]
Fo(€) =0(fo(27'(9)),  €el
Assume that o < 8 and Fy(a) < F.(B8). Then, ®'(a) < @ 1(B) and f (2 !(a)) <

fo(®71(B)). Therefore, f, maps [<I>_1(oz),<1>_1(ﬁ)] onto [f@(fb_l(a)),f@(qfl(ﬁ))] as an
increasing bijection. Now, F); restricted to [«, ] is a composition of three increasing bijec-

tions. Thus, (b)) holds. O
4 1 4

T 1y

6 2

N
5 29§ 3 7 3OVE 1
FiG. 8. g, with ¢ =7/9 Fic. 9. The function G,

Proposition 7.2. Let k,a, 5 €1 and o < 5. Consider the function
Gr(€) =K 0E%, gel.
(a) The function G, is an involution on 1.
(b) If Gx() > G (), then Gy, maps [a, 5] onto [G(B),Gx(a)] as a decreasing bijection.
(c) The fized points of G, are {/k and 3 k=40 /K.
(d) The interior of the interval [\D/E,% & \D/E] is mapped onto the exterior of this interval
in 1.
Proof. The statement (@) is clear. To prove (b)) let ¢ € (0, %) and consider the function
9o (V) = p o1, see Figure Bl Since
o-1 if 0<vY<y,
W ={ 770 g
p-d+3 if p<id<3,
we have the equivalence
1 <<ty o povdi<pods and UV <o.

Consequently, if 1 <2 and g, (V1) > go(U2), then ¥ <Y < @ or ¢ <191 < 2, and therefore,
9o maps [V1,7U2] onto [g,(V2), g,(P1)] as a decreasing bijection.
Setting k = ®(p) we have, see Figure 0]

Gr() =2(9,(7'(9)), el
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Assume that o < # and Gi(a) > G.(B). Then & (a) < ®1(3) and g<p((I>’1(a)) >
9o(®71(B)). Therefore g, maps [@‘1(a),<1>_1(6)] onto [g@(®_1(5)),g¢(®_1(a))] as a de-
creasing bijection. Now, G, restricted to [«, 3] is a composition of two increasing bijections
and one decreasing bijection. Thus (b)) holds.

The statement (@) was proved at the beginning of this section To prove (d)) we use the
function g, again with ¢ = ®~ !(k). The fixed points of g, are £ and £ @ %, see Figure@ It

is clear that g, maps (2,90] to [ ) Also, g, maps (90, ) to ( ) That is, g,
[27 oLz

[=2)
[E—

maps the interior of onto its exterior. The statement (d]) now follows from the

the fact that ®~! maps [\/_ %<> \/_] onto [5, S+E ] and ® maps the exterior of [2, 2+ g]

onto the exterior of [ {/x, 3 & Vx| O

(3]
0 o}

We end this section with a few formulas connecting the O-operation and the function (-)).
The following three identities for (-) are verified by simplification of the left hand sides:

(7.2) o) = ——— (o)), preR, pr+l,
11— pr|

(7.3) GpDool)=|%|dpD, peR~ {0},

(7.4) 10°) = —— (o), peR~ {1},
11-pl

From (Z2)), (C3]) and (Z4) we obtain that, whenever the right hand sides are defined, the
following identities hold as well:

1
(porog)= TEy——— g,o+m<|(]MTMCD’ p,T:C€R,
1
(7.5) (poroo() = TEp——— Cp|GDGTDGC07 p,7,C €R,
(7.6) (lpDTEDOOD=|T_p|dpDGTD= p,T€R,
1
(7.7) (Po100 =g (D, pmCeR

8. GROUPS AND REFLECTIONS

Let pe Ru{oco} and 9, = ®!(p). Denote by Ref(¥J,) the matrix with respect to {po,qo}
of the reflection across the line determined by the vector p, in the plane spanned by the
vectors pg, qo- Then, the matrix with respect to the basis {pg, qo,r} of the reflection induced

by M, is

Ref(d,) o
00 1

(8.1) =Q'™M,Q,

where Q is the orthogonal matrix whose columns are the vectors pg,qg,r. From now
on, the 3 x 3 matrix in (8I]) will be identified with its top left corner Ref(¥,). In the
same spirit, we denote by Rot(?) the matrix with respect to the basis {pg,qo,r} of the
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counterclockwise rotation about the vector r by the angle 1. Familiar formulas connecting
coordinate rotations and reflections in the plane extend to this setting:

(8.2) Ref () Ref(¢) = Rot(2(¢ - ¢)) and Rot(d) Ref(p) = Ref(p +19/2).
Theorem 8.1. Let p,7,{ e Ru{oo}. We have the following matriz identity:

MCMTMP = MpDTE‘DC'
Proof. Let p,7,( e RU{oo} and ¥, = @ (p), ¥, = 7 (7),9¢ = ®7(¢). Since by definition

T 27

of O the mapping ® is an isomorphism between the groups ([—g, ?), GB) and (Ru{oco},D)

we have that ®(J, -9, + ;) = po7° 0. Together with (8I) and (82) this yields the
following equalities

M,M M. = QRef(9,) Ref(J;) Ref(d:) Q"
= QRot(2(d, - ¥, )) Ref (9¢) Q"
= QRef(J, -0 +9,) Q"
=Q Ref(ﬂpmﬂmc) Q'
=M qrenc. 0
Recall that the cone Q was introduced in Section @l

Proposition 8.2. Let p,oc € RuU{co} and let t € Q be such that t and r are linearly
independent. Then Mgt = AM,t if and only if A\ =1 and o = p.

Proof. Since both vectors M,t and M,t are in @, A must be positive. Applying M, to both
sides of Myt = AM,t we get M,Myt = At. By [81) and 82) M,M, = QRot(2(?, - 9,))QT
and since only the identity rotation has the positive eigenvalue 1, we conclude that 9, = 9,

and A =1. O
Let t = [a’ b’ ¢/]T € R3 be such that t and r are linearly independent. Set
r_y
a4 if o +c,
=4 a' -
00 if o' =c.

Theorem 8.3. Let t and v be nonzero vectors in R3, neither of which is a multiple of r.
Then Myt = Av has a unique solution for A € R and p e Ru {oo} if and only if |v|(t-r) =
[t|(v-r). In this case,

t /
/\:“||_H7 and p:E/%_vDD%t or p= /002
\%

In particular, if v =t, then p = .

Proof. 1t is a lengthy but straightforward calculation to verify that M, t = t. The uniqueness
follows from Proposition So we only need to prove that M,t = Av is equivalent to
[v[|(t-r)=[t|(v-r). For simplicity, and without loss of generality, we assume that t and
v are unit vectors. Since M, is a reflection, it preserves length, and therefore A = 1. Then,
Myt = v implies t-r = v-r, since M, is a unitary mapping and M,r = r. To prove the
converse, assume t-r =v-r. By definition, we have

Ve O Yy = 51 and Yy O Yy = 2.
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By Theorem B the last two equations imply MWM()MW =M,, and M%MOMW =
M, . Since M,,t =t and M, v = v, we have
(8.3) MOM\/—t M\/— and M%V = M%V.

This implies that the unit vectors th and M%v are in the plane which is invariant
under My. The assumption t-r =v-r yields (M%t) T = (M%v) -r. Therefore, either

M%V:M%t or M%V:MQth.

In the first case, we substitute the equality in ([83]) and apply Mg
case we just apply M% to get

> While in the second

I\/I%Mol\/lwt:v or M%MQMWt:V.
Now Theorem B and Proposition yield the claim. O

9. SIMILARITY OF TRIANGLES IN Cr(T)

For the remainder of this paper, we will use the following notation. Given an oriented
triangle T = (a, b, ¢), t will denote the vector in R® whose components are the squares of the
sides of T, that is t = [a® b ¢2]". We also set s, = 3. The following relationship, which
follows from ([B.2]), is important in the reasoning below and we will use it without explicitly
mentioning it:

V=CT) < v=(p)*M,t.

In the rest of the paper we use the algebraic set-up established in the previous four sections
to investigate the structure of the family of Ceva’s triangles Cr(7"). First, we establish a
simple relationship between Ceva’s triangles of reversely congruent oriented triangles.

Proposition 9.1. Let T' and V' be reversely congruent oriented triangles. Then, for every
p in Ru{oo}, the triangles C,(T) and Ci_,(V') are reversely congruent.

Proof. Since T and V are reversely congruent, there exists o € S such that v = M,t. Since
o = p0(10c%)°olop®, we have v = Mg, Mig,eM,t, and consequently Miq,ev = Mig,eM,t.
Since S is a subgroup of (R,0), 106" € S. Since 10 p” =1 - p, the triangles C,(T") and
Ci-p(V') are reversely similar. Since (1 - p) = (p), the ratio of similarity is 1. O

Proposition 9.2. Let T be an oriented triangle and p € R. Then the triangles CP(CP(T))
and T are directly similar in the ratio (p)*. The triangle Coo (COO(T)) is directly congruent
to T'. More precisely, Cg(T) = Cp(Cp(T)) = (p)*T and Co (C<><> (1)) =T

Proof. The squares of the sides of C,(T") are the components of the vector ()M ot. Hence,
the squares of the sides of C,(C,(T)) are the components of the vector (p)*M,M,t = (p)*t.
This implies the first statement. The second statement is straightforward application of the
definition. O

Letting p = 1/2 in the preceding proposition, we recover a fact mentioned in the Introduc-
tion: the median of the median triangle is similar to the original triangle in the ratio 3/4.
Notice also that combining Propositions and proves the converse of Proposition
Another immediate consequence of Propositions and is the following corollary.

Corollary 9.3. Let p € R. The oriented triangles T and V are directly similar with the
ratio of similarity | if and only if C,(T') and C,(V') are directly similar with the ratio of
similarity I. In particular, for 1>0, C,(IT)=1C,(T) and C?)"(T) = (p)*"T for all n e N.
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It is worth noting that, given an oriented triangle T', the study of the similarity properties
of the family Cr(7T) can be reduced to that of the subfamily C;(7"). Recall that I = [0,1)
and S ={0,1,00}.

Theorem 9.4 (Reduction to Cr(7T)). Let p,7 € Ru{oco}, and let T be a non-equilateral
oriented triangle. The triangles C,(T) and C-(T') are directly similar if and only if T € pOS.
For p e R\ {0}, the ratio of similarity of C,(T') to Cpneo(T") is |p|. For p e R\ {1}, the ratio
of similarity of C,(T) to Cpm1 (T') is |1 - pl.

Proof. The triangles C,(T"), C;(T') are directly similar if and only if there exists ¢ €

{0,27/3,-27w/3} such that the counterclockwise rotation of M,t about r by ¢ coincides
with M t. The last condition restated in matrix notation reads

M.t = QRot(¢)Q"M,t

Next, we use the following identities:

MoM; = QRef(0) Ref(7/3) Q" = QRot(27/3) Q"

M1Mg = QRef(7/3) Ref(0) Q" = QRot(-27/3) Q.
If ¢ = 0, then 7 = p by Proposition 82l If ¢ = 27/3, then by Theorem Bl and Proposition [8.2]
we have 7 =00p017 = pOoo. Similarly, if ¢ = -27/3, then 7 = 10p00F = po1l. To calculate
the ratios of similarity, consider 7 = pOoo and p # 0 first. The squares of the sides of C.(T')
are the components of the vector (p O 00)*Mnet, while the squares of the sides of C,(T)
are the components of the vector (p)*M,t. Since, by (3], (p O o0) = (p)/|pl, the ratio of
similarity of C,(T) to C,u1(T') is |p|. The remaining claim is proved using (Z.2)). O

Corollary 9.5. Let T be a non-equilateral oriented triangle. Then T is directly similar to
Co(T) if and only if p € 2, 0S. The ratio of similarity of C,(T') to T is (p) with p € »,OS.

Proof. By Theorem B3, M.t = t. Therefore, T' and C, (T') are directly similar. By
Theorem 0.4} C,(T") is directly similar to C,, (T') if and only if p € 5, OS. O

Corollary 9.6. The only two pairs of directly congruent triangles in Cg(T') are Co(T),C1(T)
and C_1(T),Ca(T).

Proof. By Theorem[@.4], for C,(T") and C;(T") to be directly congruent we must have o = pOoco
or 0 =p0Ol, and |p| = 1 or |1 - p| = 1, respectively. Clearly, the only candidates are
p € {-1,0,1,2}. The corresponding o-s are 2,1,0,-1, respectively. Each of the triangles
Co(T),C1(T),Co0(T) is reversely congruent to 7. Each of the triangles C_1(T"),C2(T) is
directly similar to the median triangle Cy/,(7'), with the ratio of similarity 2, see Figure

]

Lemma 9.7. Let p,7,( e Ru{oo} and let T be an oriented non-equilateral triangle. Then
the triangle CC(CT(CP(T))) is directly similar to C,nrepc (1), with the ratio of similarity

(9.1) (P (7D(S)

(poTE0()
Proof. Set V = C¢(C-(Co(T))) and U = Cpprape(T). By Theorem BRIl we have MM M, =
M, or80¢. Therefore, v = (]<D2(]TD2(]pD2MpDTEIDCt. By B2),u=(por"o <D2MPDTEIDC1:. Thus,

the triangle V is directly similar to the triangle U and the ratio of similarity is given by
[@I). Assume that po77 0(¢ # co. Then, if p,7,( € R, the ratio of similarity simplifies to



18 TRIANGLES AND GROUPS VIA CEVIANS

F1G. 10. AA,A] j» 18 Teversely congruent to the median triangle C; 12(T)

AA A" and AA, Al are directly congruent and reversely congru-
ent to C_1(T") and Co(T)

1-7+p7+7(—-Cp| If p=oo,7,( €R, it simplifies to [( — 7|. If 7 =o00,p,( € R, it simplifies
to |p+ ¢ = 1|. This simplified forms of the ratio of the similarity follow from the identities

@3), [CH) and ([@T). 0

Corollary 9.8. Let p,7,{ e Ru{oo} and let T be an oriented non-equilateral triangle. Then
C-(C,(T)) is directly similar to Cc(T') if and only if (O peTO 3, OS.

Proof. By Proposition and Corollary [@0.3] the triangle CT(CP(T )) is directly similar to
Cc(T) if and only if C¢(C-(C,(T'))) is directly similar to 7. By Theorem[@.4land Lemma[0.7]
the last statement is equivalent to pO77 O € 5, OS. The statement follows by applying
the operation O7 on the both sides of the last relation. ]

Theorem 9.9. Let p,7,( e Ru{oo} and let T be an oriented non-equilateral triangle. Then
CT(CP(T)) is reversely similar to Cc(T') if and only if T0( € pOS. In particular, C-(T) and
Ce(T) are reversely similar if and only if TOC € 52, OS.

Proof. The triangle CT(CP(T )) is reversely similar to C¢(7") if and only if there exists o € S
and A € R such that M,M;M,t = AM¢t. By Theorem and Proposition B2 the last
equality is equivalent to A =1 and pO7° 00 = (. Recalling that o € S, the last statement is
equivalent to 7O( € pOS. Setting p = s, yields the special case. O



TRIANGLES AND GROUPS VIA CEVIANS 19

10. ISOSCELES TRIANGLES

Let T" be an oriented non-equilateral triangle. In this section we identify the isosceles

triangles in the family C,(7),p e Ru{oo}. As we will see, these triangles play an important
role in this family. Recall that T ={0,1/2,1,2,00,-1}.
Proposition 10.1. Let T be an oriented non-equilateral triangle and p € RuU {oco}. The
triangle C,(T') is an isosceles triangle if and only if p € ¢/, OT. Let p € /3,08 and
Ce ¢/, 0(T~S). Then Cy(T) is wide (narrow) if and only if Cc(T') is narrow (wide).
Proof. 1t follows from Remark 5.1 the triangle C,(T") is isosceles if and only if there exists
o € S such that M;M,t = M,t, or, equivalently M,M;M,t = t. By TheoremsBIland B3] the
last equality holds if and only if pOpOo® = 3,. If 0 =0, the solutions of the last equation
are ¢/7; 0{0,2}. If 0 = oo, the solutions are ¢/72. 0{1,-1}. If o = 1, the solutions are
/72, 0 {00, 1}. This proves the first claim.

To prove the second claim let p € ¢/32, 0S and ¢ € /32, O (T~ S). By Theorem 0.4

C,(T) is similar to C,, (T') for any py € /7, 0S. Therefore, without loss of generality, we
can assume that ¢ = p02. Thus, (=0020p and

M¢ = MgM2aM, = QRot(2(271(0) - 27(2)))Q"M,,.
Since 2(®71(0) - @71(2)) = -7, if M,t is wide, then Mt is narrow, and conversely. The
proposition is proved. ]
Since T\S = %D S, exactly one element in each of the sets ¢/32,0S and ¢/32, 0 (T \ S) be-

longs to I. Proposition [.2limplies that those special elements are {/p(s,) and % o Yp(x,).
These observations together with Proposition [[0.1] prove the first statement of the next the-
orem.

Theorem 10.2. Let T be an oriented non-equilateral triangle.

b) If T is wide, p, = p(s¢;) =0 and v, =1/2. If T is narrow, v, = p(s,) =0 and p, =1/2.
If T is increasing then pu, = Y/p(s,), v, = % O Vp(s,), and p, < 2, <v,.

d) If T is decreasing then v, = §/p(5¢,), iy = 5 O V/p(2,), and v, < 3¢, < .
(e) A triangle C,(T') is wide if and only if p € pn, OS.
(f) A triangle C,(T) is narrow if and only if p € v, OS.

(
(
(c
(

a) There exists unique numbers ., v, €L such that Cy, (T is wide and C,,_(T') is narrow.
)
)
)
e)

Proof. If T' is wide, then clearly Co(T') is wide and Cy/5(T) is narrow. Similarly, if 7" is
narrow, then Co(T) is narrow and Cy5(T) is wide. Hence, ([)) holds.

To prove (@), let T' be an increasing oriented triangle. Without loss of generality, as-
sume that a < b < ¢ are its sides. With the notation introduced in 31, 32), B.3]), we
immediately see that, for all p e, a:?) < zﬁ (see Figure [IT). Also,

2 2

2= p? and Y= >t =a

yp = a® <aj
Therefore, since z, and y, are continuous functions of p, there exists p; € I such that
Tp, = Yp, - Since 2, > Yy, =y, Cp (T') is wide. Similarly,

2 2

y%za <zp=c and y%:c2

> 22 = b2

Therefore, there exists py € I such that z,, = y,,. Since x,, <y, = 2p,, Cp, (') is narrow.
Since :1:[2) < zﬁ for all p € I we have p; < pa. As {/p(s¢,) and % & V/p(52,) are the only values
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T

Yp

2 ——
0 7. 3 Uy 1 0 vy 3 7. 1
Fig. 11. An increasing T’ Fic. 12. A decreasing T'

of p €I for which C,(T) is isosceles and since we have {/p(s,) < % & V/p(e,), it follows

that
p1=p(2,) and  pr=1< Up(s,).

This proves (@). Analogous reasoning proves (d)), see Figure[I2l The items (@) and (f)) follow
from Theorem O

Remark 10.3. As it was pointed out in Section 2] the sides of an arbitrary oriented non-
equilateral triangle T can be labeled counterclockwise uniquely in such a way that a <b<c
ora>b>c Then, s, = (a®>-b*)/(a* - c*) e I and u, = g/, if T is increasing and
My = % O (/7 if T is decreasing. Simplifying the corresponding formulas, ;. can now be
expressed in terms of a,b, c as

b2 - a?
if a<b<e,
a2+ Var + b+ — a2b2 — b22 — 242
= 2 2
a®-c .
if a>b>ec.

b2 — 2 +Vat + bt + et - a2b? - b2c2 - c2a?
Notice that

1
at+ b+t - @ PP - PP = 5((a2 )2+ (B2 =)+ (P - a2)2).

This shows that the quantity under the square root is nonnegative and that the value of 1,
for a narrow triangle a = b> c is 1/2; see also Theorem (b).

As shown in Remark 6] the groups (I,<) and (I,®) are very close to each other.
Therefore, a very good approximation for g/7z, is s, /2 and a very good approximation for
% O /7, is (1 +52,)/2. In fact, with these approximations, the absolute error is, in both
cases, less than 0.021, while the relative error in the first case is less than 0.067 and less than
0.033 in the second case. Hence, the above long formulas for j,. can be well approximated
by

b2 - a? 2a° - b% - 2

m if a<b<ec and W if a>b>ec.

Define
My := [min{,uT,VT},max{uT,yT}] = [\D/p(%T),% RV p(%T)].
Recall that in Theorem [0.4] we showed that all triangles in the family Cr(T)U{Co0(T") }, up

to direct similarity, can be found in Cy(7"). In the next theorem, we show that all triangles
from Cy(T"), up to similarity, can be found in Cyy, (7).
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Theorem 10.4 (Reduction to Cyy,. (T")). Let T be an oriented non-equilateral triangle. The
mapping ©: 1 - 1 defined by

(10.1) W) =p(3,)0 €%, el
maps the interior of M onto its exterior INMr. The triangles Ce(T) and Cyey(T) are
reversely similar for all £ € M p.

Proof. The first claim follows from Proposition [[2I(d]). To prove the inverse similarity of
the triangles C¢(T') and C,¢)(T'), we use the last claim of Theorem with 7 = 4(§) and
¢ =¢. Then, the condition 70¢ = (2(§)) O& € 5, OS is equivalent to p((z(&)) O 5) = p(s2,),
which, in turn, is equivalent to (2(£)) & & = p(s¢,). Since the last equality is trivial, the
theorem is proved. ]

Remark 10.5. Let T be scalene triangle. Then p(s,) # 0 and thus, by (1), 1/2 is an
interior point of M. It follows from the proof of Theorem [I0.2], see also Figures [I1] and [12],
that if T is increasing, then all the triangles in the interior of M are increasing, and for a
decreasing 1" all the triangles in the interior of My are decreasing. Therefore the median
triangle of an arbitrary scalene triangle has the same orientation as the host triangle.

11. RELATED SHAPE FUNCTIONS

Let T' = (a,b,c) be a given oriented triangle. The Brocard angle w,, and, hence, the cone
angle v, are related to the following shape function (that is, a complex-valued function that
characterizes the similarity of two geometric objects) introduced by Hajja in [5]:

a2 + 2732 4 p2mil3 2

a?+b%+c?

Using [5, Theorem 2.4] and @) we get |o(T)| = (tan~,.)/+/2. As already observed in [5,
Theorem 3.1 (e)] or [4, Theorem 5.1 (2¢)], the equality of the Brocard angles of two triangles
T and V implies the existence of p € R such that T" and C,(V) (H,(V') in [4,5]) are similar.
In the following theorem we extend this statement with several equivalences that relate to
the special values p,, and v,. These equivalences allow us, for example, to identify exactly
the parameter p for which 7" is similar to C,(V'). This leads to several shape functions such
as, T'= w, +ip,, T =y, +ip,, T w, +iv, and T = v, +iv,.

o(T) =

Theorem 11.1. LetT and V be oriented triangles. The following statements are equivalent.

(a) There exist £, e Ru{oo} such that Cc(V') and Ce(T') are similar.
(b) There exists p € My such that V' and C,(T') are similar.
(¢) There exists T € My such that T and C (V) are similar.
(d) Cp,.(T) is similar to C,, (V).
(e) C (T) is similar to C, (V)
(f) v
(8) w
Proof We will prove @)= ([0)=@ = (D)= @), [@)<@ and (d)<=@); @< (g follows from
Proposition E.11

Assume (@). Then Corollary yields that C¢(C¢(V)) and C¢(Ce(T)) are similar. By
Proposition 0.2, CC(Cg(V)) is directly similar to V and, by Theorem 0.9 Cg(Cg(T)) is
reversely similar to Cepea (7). Hence, V' is similar to Cenea(7"). By Theorems and [10.4]
([0 follows. Assume (B). By applying C, we get that C,(V') is similar to C,(C,(T")). By
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Proposition 0.2] and Theorems 0.4 and [0.4] (@) follows. Now assume (@). Then C,,_(T') is
similar to C, (C-(V)). By Theorem [0.9] Cp,. (T') is similar to Cmu? (V). Theorem @)
yields (d). Since (d)) is a special case of (@), the first sequence of implications is proved.

The statement (b)) is equivalent to Myt = Av. By Theorem B3] the last equality is
equivalent to (t-r)/|[t] = (v-r)/|v|. Since (t-r)/|t|| = - cos~,, the equivalence of (b)) and
@ is proved.

Finally, we prove (d)<@). Since {/p(3s,) O % o p(x,) O (%)E = p(2¢,), we have p, O
v, O (%)E = p(5¢,), or equivalently u, Ov, O (%)E € 2, 0S. Theorems [0.4] and [[0.4] together
with Lemma [@.7] now yield that C,,(Cl/g(CM(T))) similar to 7. Consequently, CI/Q(CMT (T))
is similar to €, (T"). With the analogous similarity for V', we have that the statement (@) is
equivalent to Cy /2(C“T (T)) being similar to C; /2(6“‘/ (V)), and this similarity is equivalent
to the statement (d)). O

We have pointed out in Remark that, for an increasing 7', all the triangles C,(T")
with p in the interior of My are increasing. The reasoning from the proof of Theorem
also yields that, for a wide triangle W, all the triangles C,(W') with p in the interior of My,
are increasing. Similarly, for a narrow N, all the triangles C,(NN) with p in the interior of
My are decreasing. Therefore, in the next proposition, the wide triangles are included in
the family of increasing triangles, while the narrow triangles are included in the family of
decreasing triangles.

Proposition 11.2. Assume that any of the equivalent conditions in Theorem T1.1l is satis-
fied. For & e My, set

Ly O u? OE& if T andV are both increasing or both decreasing,

Z =

(©) py O e O ECif T s increasing and V is decreasing or
T is decreasing and V is increasing.

Then Z : Mgy — My is a monotonic bijection. If T and V are both increasing or both
decreasing, then C; (V') and C¢(T) are directly similar for all £ € Mip. If T is increasing
and V' is decreasing or if T is decreasing and V is increasing, then CZ(g)(V) and C¢(T') are
reversely similar for all & € M.

Proof. If T' and V' are both increasing, then v, = % &ty > pp and vy, = % Oy > py. BT
and V' are both decreasing, then p, = % Qv > v, and py, = % O v, > v,. In either case
Z(p,) = p, and Z(v,) = v,. By Proposition [Tl Z maps My onto My as an increasing
bijection. Since CMT (T) is directly similar to Cuv (V), by Proposition[@.2T is directly similar
to Cp,. (Cuv (V). Therefore, C¢(T) is directly similar to CS(CHT (Cuv (V))), and hence, by
Theorem B.I] C¢(T') is directly similar to Cy¢) (V).

If T is decreasing and V is increasing, then pu, = % Ovy >v, and v, = % Oy > fhy -
Then, again, Z(p,) = p, and Z(v,) = v,,. These equalities hold if T is increasing and V
is decreasing, as well. Proposition implies that Z maps My onto My as a decreasing
bijection. Now, we prove the reverse similarity of triangles C(¢)(V') and C¢(T'). Let T" be
a triangle which is reversely congruent to 7. Then 7" is increasing and, by Proposition
and Theorem D02 @), pt,, = 1 — p = p<. In general, C;_¢(T") is reversely congruent to
Ce(T). Since T" is increasing, the first part of this proof yields that Ci_¢(7") is directly

similar to C¢(V') for ¢ = p,, <>uf, O (1-¢). Since p, = pS and 1-& = €9, Ci_¢(T") is

T
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directly similar to C;(¢)(V). As C1_¢(T") is reversely congruent to C¢(T), we get that Ce(T)
is reversely similar to Cz¢) (V). O

Remark 11.3. If any of the conditions of Theorem [IT.1] hold, we can use Proposition [1.2]
to obtain a formula for 7 € My such that 7T is similar to C(V'). If T"and V' have the same
orientation, then

T=Z(p(e) = py O ps O p(3er) = 1y O by,
and T is directly similar to C,(V). If T and V have opposite orientation, then

7= Z(p(52,)) =ty © iy O (p(e))® = 1y, O

and T is reversely similar to C(V'). Moreover, in this case we have that T is directly similar
to Co(C-(V)). By Corollary @8l Co(C,(V)) is directly similar to Cc(V) with ¢ 0O, O p €
2, 08S. To find such ¢, we apply p to both sides of the last membership to get the equation
¢ O py O p =p(52,), whose solution is ¢ = u& & . O p(5e,) = py, O fiy-

Thus, amazingly, for arbitrary non-equilateral oriented triangles 7" and V' with the same
Brocard angle T' is directly similar to CMVQMT(V)’ It is worth noting that when 7' and
V' have opposite orientation we have u,, & p, ¢ M. However, by definition of ¢, always

oy, O g€ L
Example 11.4. Here we illustrate the last claim in Remark [[T.3] using the triangles

T- (\/5ﬁ+5,¢5ﬁ—4,\/5ﬁ—1) and V = (2\/5ﬁ+4,2\/5ﬁ+ 1,2¢5ﬁ—5).

The triangle T' is increasing and V is decreasing. We calculate tanw, = tanw, = \/5/7,
ty = (3-V7)/2, p, =V7-5 and p, & p, = 4/5. In Figure [[3 the reader can see that
Cy5(T) = XYZ is directly similar to V' = K LM, while in Figure [[4] the reader can see that
Cy5(V) = XYZ is directly similar to T'= ABC'. Since T' is increasing and V' is decreasing,
Remark yields that 4/5 ¢ My and 4/5 ¢ My. This is easy to verify since in this case
iy =vy, =(3-V7)[2~0.1771, v, = p, =/T-5~0.6458.

In the following corollary we prove that the function 7"+ 7, + iy, is a shape function.
What we mean by this is that oriented triangles 1" and V are directly similar if and only if
Y + iy =Yy +ipy,. To include equilateral triangles as well, we set u, =1 if and only if T
is equilateral.

Corollary 11.5. Let T and V be oriented triangles. Then, T and V are directly similar if
and only if v, =, and i, = [, .
Proof. Let T and V' be directly similar. Then, clearly, v, =,. By Corollary @0.3] Cuuy (T)
and Cy, (V') are directly similar wide triangles. Theorem [0.2] (@) implies 1, € p1,, OS. Since
both p,, and p,, are in I, they must be equal.

Conversely, assume 7, =7, and p, = p,. Set, Wp = C, (T') and Wy =C, (V). By
Theorem LIl v, =7, =Y, = Yy, - For a wide isosceles triangle W with sides a = b <,
using (L3)), we have

3(cos 7y, )° =
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K
A
A/
By
pa
B A ©
LM
FiGc. 13. T =ABC,V = KLM,p=4/5,C,(T) = XYZ is directly similar to V'
K Y
M/
L Ly A
B C
Kp\l K'Z X

M
FiGc. 14. T =ABC,V = KLM,p=4/5,C,(V) = XYZ is directly similar to T

The last equation has a unique solution for ¢/b in the interval (1,2). That solution is

\} \/\/ij 2;??7’;“/ \/\/itan (7, +arctan(1/v/2)) € (1,2).

Hence, W and Wy are directly similar wide triangles. Since j,. = .., Corollary yields
that T" and V' are directly similar. O

Example 11.6. The function T' + =, + i, is not a shape function since the function
T ~ 3, does not have the same values on similar triangles. The function 7"+~ =, +ip(s¢,)
does take the same values on similar triangles, but it is not a shape function. Indeed, with
triangles 7" and V' from Example [[T.] we have tan-y, =tan-v, = V/2/5, », =, =1/3 and
hence p(s,) = p(3,) = 1/3. The last equality explains why My = My in Example [Tl
We notice that it can be proved that the restriction of T+~ =, +ip(3,) to the family of
increasing (or decreasing) triangles is a shape function.
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Remark 11.7. The last corollary implies that two parameters, v € (0,arctan(1/y/2)) and
i€ (0,1/2), determine an oriented triangle uniquely up to direct similarity. To find sides
a, b, c of such a triangle one would need to solve the following system of equations:

212, 2)2
+b° +
(cosyy? = WAL LE)

3(a* + bt + )
b2 - a?
-2+ Va1 + A - @22 - 22 — 242
for a < b < c. Our theory yields a relatively simple family of solutions. They are the sides
of the triangle C, (W), where W is a wide triangle with the sides

M:

\/§+2tan7
\/§—tan7 .

1-(1-p)puF, b=t/uF+(1-p)2, c=t/(1-p)F+p

12. APPLICATIONS AND EXAMPLES

t=t<tF, t>0, with F' =

That is,

In the first application of our results we characterize those triangles 1" whose family of
Ceva’s triangles contains a right triangle.

Theorem 12.1. Let T be an oriented non-equilateral triangle. There exists p € Ru {oo}
such that C,(T') is a right triangle if and only if tanw,, < 1/2.

Proof. Assume that R =C,(T) is a right triangle. Then a? +b% = ¢, and thus, by [@3),

4t 2 2 8
= < —_

cosy,)? = =
(cos 7z) 3((c2-02)2 + b+ ct) 3(1_(%)2+(l£)4) %+3(%_(b)) 9

[

Hence, tan-y, > V2/4. By (@&4) this is equivalent to tan w, <1/2. Since, by Theorem [IT.1],
w, = wy,, the necessity is proved.

Now, assume that tanw, < 1/2, or equivalently, tan~y, > /2/4. Let W = Cu, (T) be the
wide isosceles Ceva’s triangle in Cr(7"). Then, by Theorem [T}, tan+y,, = tan-y, >+/2/4. If
tany, = /2/4, then cos~, =2v/2/3 and W is a right triangle by [@3)). In this case p = .
in the theorem. Assume now that tan~y, > V/2/4. Denote by Fyy the ratio of the base to
the leg of W. Since tanv,, = tan-, using a formula from the proof of Corollary we
have

Fiy = \/§+2tan’yT e(\/§,2).
V2 - tan Yo
Without loss of generality, we can assume that the sides of W are a =b=1< Fy. We will
now calculate 7 € I such that C (W) is a right triangle. We use the formulas (31)), (32),
B3] and set up the equation for 7: x2 + 2 = 22. Solving this equation for 7 gives

2—F; F2 -2)(5F2, -2
_ W+\/ W )( W )6(071/2)'
2F2,

With this 7, C.(W) =C; (C (T)) is a right triangle. Since, by Corollary 0.8, C, (C (T))
is directly similar to C,,_py, .ore (T), the theorem is proved.
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The second application addresses a slight ambiguity left in Section [Tl All our statements
in Section [[dlinvolve the concept of similarity. We are thus interested in finding out whether
it is indeed possible to reconstruct a congruent copy of a given oriented triangle V from an
oriented triangle T having the same Brocard angle as V. By Theorem [I1.1], one application
of the operator C, to T' with the correct choice of p produces a similar copy of V, but not
necessarily a congruent one. A natural choice here is to iterate sufficiently many times the
operators C, with possibly different parameters p. The binary similarity property of the
iterations of Ceva’s operators is the key to the proof below.

Theorem 12.2. Let T and V be oriented non-equilateral triangles. The triangles T and
V' have the same Brocard angle if and only if there exist a monnegative integer ng and
p, & e Ru{oo} such that Cp(ano (T)) is directly congruent to V.

Proof. Assume that w, =w, . By Theorem [I1.]]and Remark [[1.3] the triangle V is directly
similar to Cy, . op (T'). Let p =y O iy, Then V' is directly similar to C,(T), that is, there
exists [ > 0 such that V' and IC,(T") are directly congruent.

Since I'/™ — 1 as n — +oo, there exists a minimum ng € N such that 1'/7 > 3/4. Also,
since x + (z)? is a quadratic function with the vertex at (1/2,3/4), there exists a unique
€ > 1/2 such that 1/™0 = (¢)2, that is [ = (£)%". The last claim in Corollary yields
ano (T) = (€)?"°T = 1T. Applying Corollary again we get CP(CE”O (T)) =[T. Since V is
directly congruent to [C,(T"), the sufficient part of our theorem is proved. The necessary
part follows by applying Theorem [[T.1] 2ng + 1 times. O

Example 12.3. We illustrate Theorem with a scaled median triangle. Let V =
(1/4)Cy1/2(T), that is the triangle that is similar to the median triangle with the ratio
1/4. By Corollary ., the only triangles in Cr(7") similar to Cyo(7") are C_1(T') and Ca(T').
The ratio of similarity of each of them to C;5(T') is 2. Hence, V' is not Ceva’s triangle of 7.
But we can apply Theorem [[2.2] with [ = 1/4 and p = 1/2 introduced in its proof. Since
(3/4)* > 1/4 and (3/4)° < 1/4, we have ng = 5. We choose & such that 1 - ¢ +¢2 = 3/1/4,

that is
1 1
5:5(1—\/223/5—3)m0.4114 or 5:5(1+\/223/5—3)w0.5886.

Then (£)2 = 2725 and, by Corollary 0.3
_9/5\5 1
CUT) = ()T =(272°) T = T
By Corollary again,
1
Cipo(CEO(TIN(T) = 101/2(T)-
Hence, a composition of eleven Ceva’s operators reconstructs %Cl 2(T) from T.

Example 12.4. We conclude the paper by illustrating the fundamental numbers s, 1., v,
associated with a given oriented triangle T', Theorems [10.4] and and Remark [[T.3] Let
T = ABC be the increasing triangle with sides a = 8, b = 9 and ¢ = 12. We calculate
» = 2, = 17/80; see Figure [[5] where C,.(T') = XYZ is directly similar to 7.

Furthermore, we have p = p, =1/9 and v = v, = 10/17. In agreement with Theorem [[0.2]
Cu(T) = XYZ is a wide triangle, C,(T) = KLM is a narrow triangle and p < s < v,
see Figure We also observe that the bases XY and LM of the isosceles triangles are
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D
.
& / AL
X B A,
Fic. 15. C..(T) = XYZ is directly similar to T'= ABC
Y L A D
M A;
A l A:L
X=K B A A, C
F1G. 16. The isosceles triangles C,(7") = XYZ and C,,(T) =KLM
D

I
Ao
A

Ae 7(5)
Fia. 17. Cg(T) = XYZ is reversely similar to Cz(g)(T) =KLM

perpendicular. It can be confirmed that this is always true by computing the dot product

— —_ —_ — — —
of the vectors AA, = AB+uBC and CC, = CA+vAB in terms of the sides a, b, ¢ and using
the formulas for p and v given in Remark [10.3]



28 TRIANGLES AND GROUPS VIA CEVIANS

The median triangle of T, that is Ceva’s triangle Cy/5(T') is calculated using ([B.1)), (8.2)),
B3) with p=1/2eM,_, to be

/73 /335 193
C1/2(T): ?777 7

With ¢ defined in (I0.1]) we get 2(1/2) = 97/143 e [\ M, and calculate

73146 73v/386 73./335
Cornas(T) =\ 3~ 13 143 )"

By Theorem [I0.4] triangles Cy/o(7T") and Cyy/143(T) are reversely similar with the ratio of
similarity 143/146. This is illustrated in Figure [I7
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