FLOOR, CEILING AND THE SPACE BETWEEN

ARPAD BENYI AND BRANKO CURGUS

ABSTRACT. Motivated by a question on the ranges of the commuta-
tors of dilated floor functions in [9], together with a related problem
in [3], we investigate the precise ranges of certain generalized polyno-
mials dependent on a real parameter. Our analysis requires non-trivial
tools, including Kronecker’s approximation theorem. The results high-
light sharp distinctions between irrational parameters and sub-unitary
and supra-unitary rational parameters. We also propose several conjec-
tures for the irrational and supra-unitary rational cases, supported by
extensive computations in Wolfram Mathematica.
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1. INTRODUCTION

Given a real number z, the floor and ceiling of x are defined respectively

by
lz] :=max{m € Z:m <z} and [z]:=min{n€Z:n>uz}.
Equivalently, |x] and [z] are the unique integers satisfying
lz]| <z <|z]+1 and [z]—-1<z < [z]. (1.1)
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It is also clear from the definitions that [x| — |x| € {0, 1}, and that [z] —
|z| =0 if and only if x € Z.

The definitions and names of the floor and ceiling functions were intro-
duced by Iverson in the context of computer science [7, p. 12]; see also [6,
Chapter 3] for additional history and properties. Despite their elementary
definitions, these functions arise in a wide range of applications. For in-
stance, they appear in the statement of the Quadratic Reciprocity Law, in
Legendre’s formula for the exponent of the highest power of a prime divid-
ing a given integer, and in expressions involving the Riemann zeta function,
among many others.

The investigation of digital straight lines, that is, drawing lines on a
computer screen, naturally leads to dilated floor functions and their com-
mutators. For a € R\ {0}, define the following functions:

ly : R =R, lo(x) = ax,
go : R = 7Z, Jo(x) = |az].

From this perspective, g, discretizes ¢, at the length scale 1/a, in the sense
that the difference ¢, — g, is a bounded function. Understanding the interac-
tion of the discretizations at two different scales o and [ is mathematically
equivalent to the study of the commutator of the functions g, and gg defined
by
[9a, 98] = ga © 98 — 98 © Ya-

While the commutator [{, £g] vanishes identically, the authors in [9] high-
light how “discretization generally destroys such commutativity,” underscor-
ing the new complexity introduced by the floor functions. Their main result
characterizes all pairs («, 3) for which the range of the commutator [gq, g3]
is precisely {0}; see also [8]. Subsequent work in [10,11] extended this anal-
ysis by asking when the range of the commutator is contained in [0, c0),
drawing on tools such as Beatty sequences, Lie groups, and the Sylvester
duality theorem. With the exception of [9], however, none of these studies
addressed the problem of determining the precise range of commutators.

In light of this background, it is natural to consider the simplest case
where the dilation parameters coincide. Both g,2 and g, o g, are step-
function approximations of ¢,2. Thus, in place of the trivial commutator
[9as ga] = 0, one may study the difference

9a2 — Ya © Ga,

which defines a so-called generalized polynomial in the sense of [1].
Specifically, for a > 0, define the function f, : N — Z by

fa(n) = gaz(n) — ga(ga(n)) = [@®n] — |alan]|, VneN. (1.2)

An instance of this function already appeared in a problem posed for high
school students [3], which asked for the precise range of f., with 7 = (1 +

V2017) /2.
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In this note, we shall investigate a generalization of the problem in [3]
and discover some nice connections with other number theoretical facts,
such as the concept of modulo (or simply, mod) operator [12] or Kronecker’s
approximation theorem [2, Chapter III]; see also [13] and [14]. We also
state several conjectures regarding the precise range of f,, for general supra-
unitary rational parameters, and also for irrational parameters «. Some of
the questions that arise are naturally related to the size of the space between
appropriate floor and ceiling functions; see, for example, Remark 3.1 and
Remark 4.1.

1.1. Notation. Above, by Z we denote the set of integers and by N the set
of positive integers. By R we denote the set of real numbers and by Q the
set of rational numbers.

The fractional part of x is defined by

(@) =2 — ],
so that 0 < (z) < 1 for all z € R. Here we opt, as in [1], for the notation
(x) for the fractional part of a real number, rather than the more common
{z}, since braces are consistently used for set notation; in particular, {x}
denotes a singleton set.
For a,b € NU {0} we set

[a,b] :={zx € NU{0} : a <z < b}.

We use the following operations on sets: given two sets A, B C R, and
given a scalar ¢ € R, we let

A+ B:= {a—i—b:aeA,beB}, and cA:= {ca:aeA}.
We denote the set A+ (—1)B by A — B.

2. WHAT IS THE LARGEST POSSIBLE RANGE OF f,7
We answer this question in the following proposition. As usual, we let
Range(fa) := {fa(n) :n € N}.

It is clear that for & € N we have a trivial range, Range(f,) = {0}. Therefore,
for the remainder of our discussion we will assume that o > 0 and o ¢ N.

Proposition 2.1. Let o be a positive non-integer. Then,
Range(f) € [0, [a]].
Proof. Write an = |an| + (an). Then
fa(n) = La2nJ - La2n — afan)| > |afan)| >0,

where we used the simple fact that, for any real numbers z,y, || — |y] >
|z — y]. Furthermore, by (1.1), we have

fa(n) = La lan] + a(an)J - La LomJJ

< alan] + alan) — alan] + 1
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= afan) + 1
<a+1.
But since f,(n) € Z, we obtain that fo(n) < |a+ 1] = [«]. O

It is useful to note that our proof actually proves the stronger inequality

lafan)| < fa(n) < [afan)], VneN. (2.1)
In particular, (2.1) implies that for all n € N we have
falm) = |afan)] or  fu(n) = [afan)]. (22)
Corollary 2.2. If a € (0,1), then {0} C Range(f,) C {0,1}.
Proof. Simply note that if o € (0, 1), then f,(1) =0 and [a] = 1. O

The previous corollary establishes that, for all sub-unitary parameters «,
we have that either Range(f,) = {0} or Range(f,) = {0,1}; see Proposi-
tion 3.4 and Conjecture 4.5.

As we shall soon see, there is a significant difference between the mapping
properties of f, for sub-unitary rational parameters o and supra-unitary
ones. Naturally, one may ask if one can reduce one case to the other, but
the answer is not so simple.

The search for a better understanding of the range of f,, leads in a natural
way to equivalent formulations of f,, besides the ones already expressed in
(1.2) or (2.2). When utilized carefully, these alternate formulations can
provide further insight in particular situations. While we do not necessarily
need these most general formulations, we will find it useful to revisit the
calculations in a subsequent section dealing with rational parameters a > 1.
We note also that our alternate formulations below can be obtained as a
particular version of [5, Theorem 1].

In general, writing

a=laf +{a),

a series of routine calculations yield
fa() = —La] [{)n] + |2lafia}n +(a)?n| - | Lafain +(a)|fa)n] . (2:3)

If we further write (a)n = [(a)n| + <<a> n>, then we can re-write (2.3) as
fa(n) = [2laoyn) +(@)n| — | Lalfe)n) + (0} [(@)n] |

3. RATIONAL PARAMETERS «

Recall that if & € N, then fo(n) = 0 for all n € N. Thus, in what
follows we shall concentrate on positive rational parameters « which are
non-integers. The next lemma states that finding the range of f, only
requires the knowledge of a finite amount of values.
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Lemma 3.1. Let a € N and b € N\{1} be relatively prime, and set « = a/b.
Then
Range(fa) = {0} U fa ([1,6% - 1]).
Proof. Given n € N, by the division algorithm, there exist ¢, € Z such that
n=>bq+r, rel0,b?—1].
Now, if r = 0, it is easy to see that f,(b?q) = 0. If r # 0, then

fa(n) = {a2q + Tba;J = {Z |aba + %J J

TN L @]9

ST 1l

= fal(r). O
3.1. Sub-unitary rational parameters a. We will be assuming here that

a € QN (0,1). The function introduced in the following proposition is
reminiscent of the concept of mod operator [12].

Proposition 3.2. Let a,b € N be relatively prime with a < b. Define the
function

¢a7b:N—>NU{O}
by
Gap(n) = na — {an b, neN.
Then, Range(¢q ) = [[0, b— 1]].
Proof. Using (1.1), we have
a
b

proving that ¢q5(n) € [0,b—1] for alln € N. We prove next that [0,6—1] C
Range(¢q). Since a and b are relatively prime, there exist z,y € N that
satisfy Bézout’s identity

na—b<{n Jbgna,

ax —by = 1.
Let r € [[1, b— 1]] be arbitrary. Then

a r
—xr =Yyr+ -

b b
Since 0 < /b < 1 and y € N we have
a
]
and
Gap(zr) = xra —yrb =r(za — yb) =r. O

The following simple lemma will be needed in our next result.
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Lemma 3.3. Let a,b € N be relatively prime with a < b. The range of the
function

(z,y) — ax + by, T,y € [0, b— 1]], (3.1)
includes [[0, b2 — 1] if and only if a = 1.

Proof. Let a,b € N. Notice that the minimum of the function defined in
(3.1) is 0, its maximum is (a + b)(b — 1), so that its codomain is [0, (a +
b)(b—1)]. Note also that the domain has b? elements while the codomain
has 1+ (a + b)(b — 1) elements, and b?> < 1+ (a + b)(b — 1). Since

azy + by = azs +bys  with z1,y1, 22,32 € [0,b— 1],

implies the equality of the pairs (z1,y1) = (2,¥2), the function in (3.1) is
an injection. If @ = 1, then the function in (3.1) is a bijection as its domain
and its codomain have the same number of elements. Let a > 1. Then, by
a < b, we also get b > 1. Since the set [[0,()2 — 1]] and the range of the
function (3.1) have the same number of elements (namely, b?), and since the
maximum of the function is

(a+b)(b—1)=b—a+ (a—2)b+ b

which is strictly greater than b — 1, it is not possible that [0, b? — 1] is a
subset of the range. In particular, then 1 is not in the range of the function
defined in (3.1). This proves the claim. O

Proposition 3.4. Let « € QN (0,1]. The following dichotomy holds:

(i) If @« = 1/b with b € N, then Range(f,) = {0}.
(ii)) If « = a/b with a,b € N relatively prime and 1 < a < b, then
Range(f) = {0,1}.

Proof. By Proposition 2.1, we know that Range(f,) C {0,1}. Moreover,
either using Corollary 2.2 or Lemma 3.1 (or, further noting that f,(kb) =0
for all k£ € N), we have that {0} C Range(fq).

Now let us assume that fo(n) = 0 for all n € N. Then, for all n € N, we

i) = |55

Let r € [[O, b — 1]] be arbitrary. Let a,b € N be relatively prime and such

that a < b. By Proposition 3.2 applied to a? and b?, there exists m € N
such that ¢,2 y2(m) = 7. Then

a® a’ T
By Proposition 3.2, we have

(3.3)
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and
ala ala Gap(|mE
3] = | lm3]5 |+ Alng)) (3:4)
Multiplying (3.3) by a/b and using (3.4) we get
iy =l 5] - B fesme

Now (3.5), (3.3) and (3.2) imply
r= a¢a,b(m) + b¢a,b(tm%J) .

Since ¢q p(m), ¢a7b( Lm%J) S [O, b— 1]] and since r € [[O, b2 — 1]] was arbitrary,
Lemma 3.3 implies that a = 1. [l

Remark 3.1. Note that, using Lemma 3.1, we can further rephrase the
dichotomy in Proposition 3.4 as follows: For a = a/b with a,b € N relatively
prime and a < b, the equation

LaQnJ = {oz Lanﬂ
is solvable for n in the set [[0, b2 — 1]] \ b [[O, b— 1]].

Remark 3.2. The proof of Proposition 3.4 does not explicitly indicate how
to exhibit the value 1 in the Range(f,) in the case (ii). We show how this
can be achieved.

Let a,b € N be relatively prime and such that 1 < a < b. Let n,k € N be
such that they satisfy Bézout’s identity

a’n — b’k = 1.
Since
a? 1
we deduce
a2
-
Set

o]

a
r<gn<r+1.

Hence, an — br € N. Therefore, since a > 1, we have

0 < alan —br) — 1 = a*n — abr — a*n + b’k = —abr + b*k = b(bk — ar).

Then, equivalently,

Thus, | = bk — ar € N, in particular ar < bk, and consequently,

I
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The last strict inequality yields

In conclusion,
2

fasp(n) = {;nJ — {Z Vbln“ > 0,

3.2. Supra-unitary rational parameters «. Throughout this subsec-
tion, we let o > 1 be a rational number which is not an integer. Our
first result settles the exact range of f, for supra-unitary rational numbers
with denominator 2.

hence f,/5(n) = 1.

Proposition 3.5. Let s € N. Then
(i) Range(stJr%) = {0, s} = s[0,1];
(ii) Range(f28_1+%) ={0,s —1,s} = s[0,1] U (s = 1)[1,1].

Proof. We consider first the case where o = 2s + % Then, for all n € N, we
have

n . .
2sn + 5 if n iseven,

n
lan| = 2sn + LgJ = w1
2sn + 5 if n isodd.

Therefore,

4s%n + 2sn + L%J if m iseven,
lalan]]| = n—1
48’0 + 2sn — s + L

| it isodd
Also, |a®n]| = 4s%n + 2sn + L%J Thus,
0 if n iseven,

s—i—L%J—Ln;lJ if n isodd.

la?n] — |alan]]| =

n—1
4

Now, since {%J — [ J = 0 for n odd, we obtain that

Range(fzs+%) =10, s}.

Suppose next that « = 2s — 1 + % Similar calculations to the ones for the
even case above show that, for all n € N, we have

n . .
2sn — — if m 1is even,
n 2

n
LanJ:2sn+[—§J =2sn — {EW = 28n_n_|_1

if n is odd,
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n

i)

452n—28n—8—|—{

4s’n — 2sn + L if n iseven,

lalan] |

n+1

J if n is odd,
and |a’n| = 4s%n — 2sn + LgJ Consequently,

0 if n iseven,

la®n) — |alan]| =

n+1
4

+|3
s+ |
4

J-1

J = —1 for n odd such that n = 3 (mod 4),

J if n is odd.

n+1
4

n

Note now that LZJ — {
while EJ - { J =0 for n £ 3 (mod 4). This implies that
Range(f%_H%) ={0,s —1,s}.

n+1
4
In what follows, we explore the general situation in which the (non-
integer) rational number o > 1 has denominator b € N\ {1}. By the division
algorithm, we can express our parameter as

O

a:(sb+u)+%,

where s € NU{0}, u € [[0, b— 1]] and a € [[1, b— 1]]. We have the following
decomposition of f,.
Proposition 3.6. Let b € N\ {1}, s e NU{0}, u € [0,b—1] and a €
[[1,() — 1]]. Then

fsb+u+% = 5¢a,b + fqu%’
where ¢qp is the function defined in Proposition 3.2.

Proof. Straightforward calculations give that, for o = (sb+u) + 7, we have
2 2
|a?n] = (sb+ u)?n + 2asn + L%n + %nJ
2
= (sb+ u)*n + 2asn — u’n + K% + u) nJ .

Next, we have

alan| = (sb+u)?n + asn + sb _%n_ + %n + (% + u) L%nJ
= (sb+ u)2n + asn + sb _%n_ + QCLTun + Zin — (% + u) <%n>
= (sb+ u)zn + asn + sb _%n_ u’n
+ (% —|—u)2n— (% —i—u) <<%+u> n>
= (sb—i—u)%—l—asn—l—sb_%n_ —u’n + (% —i—u) K% +U> TLJ
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Thus,

lalan] | = (sb+u)*n + asn + sb L%nJ —u?n + {(Z + u) [ (% + u) n”

and

fuln) = asn—so| g + | (5 0)" 0] = | (540) [ (5 +u)n]
= 5¢ap(n) + furg (n). O

Two immediate consequences of the decomposition in Proposition 3.6 are
the following.

Corollary 3.7. Let b € N\ {1}, s € NU{0}, u € [0,b—1] and a € [1,b—1]

relatively prime to b. Then

Range(fsb+u+%) C S[[O,b — 1]] + [[O,u + 1]].

Proof. Noting that {u+%—‘ = u+1, the inclusion follows from Proposition 3.2
and Proposition 2.1 O

Corollary 3.8. Let b€ N\{1} and s € N. Then
Range(fsb+%) = s[[O,b— 1]].

Proof. By Proposition 3.6 and Proposition 3.4, part (i), for all n € N we
have

fsb+%(n) = sp1p(n) + f% (n) = s5¢1(n).
The equality Range( Tops 1 ) = s[[O, b— 1]] now follows from Proposition 3.2.
O

While Proposition 3.6 provides a good starting point for identifying the
exact range of functions such as f, 1, we need a slightly modified version

of it to deal with other supra-unitary parameters of the form sb—+u -+ % with
u > 0.

Lemma 3.9. Letb € N\ {1}, s € NU{0}, and u € [0,b—1]. Let n =bt+r
with t,r € [[O,b—l]]. Then

2ur t r ur t
fsb+u+%(n) = 5T+ LT + B + beJ - {T) + BJ
In particular, for u = 0, we obtain f_,1(n) = sr, which implies the
b

statement of Corollary 3.8.

Proof. The calculations are similar to the ones in the proof of Proposi-
tion 3.6. We only present the essential identities. With o = bs + u + %,

we have
2 t
LOész = (bs + u)zn + 2sn 4 2ut + L% + b + %J
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and
{aLOénJJ = (bs+U)2n+sn+bst+2ut+ l% + %J
Therefore,
2ur t r ur t
falm) = stn =)+ |5+ 5+ 5] = [+ 5
2ur t r ur t
=sr+ |5+l - 1+ .

Our next result states an inclusion relation that improves the inclusion
stated in Corollary 3.7 when a = 1.

Proposition 3.10. For allb € N\{1}, all s € NU{0}, and allu € [0,b—1]
such that sb+u € N, we have

Range(fsb+u+%) - 3[[0,6— 1]] + [[O,u]].

Proof. Let a = sb+ u + %. Using the notation from Lemma 3.9, with

n=>bt+rand t,r € [[O,b — 1]], we can rewrite
2ur  n (ub—1)r n
fa<77,) = sr+ \;T + b72J - \;T + b72J . (36)
Let us denote for simplicity

2ur  n ub—1)r n
x(n,u)27+b—2 and y(n,u):(b2)+bZ.

Clearly, if u = 0, we have |z(n,u)| = |y(n,u)| = 0. If u > 1, we see that

(ub+1)r

=0

z(n,u) —y(n,u) =

and

m(n,u)—y(n,u)gw:u—u_l i<u.

b2 b b2

Therefore,
0 < |z(n,u) —y(n,u)| < |z(n,u)| — |y(n,w)],
and
lz(n,u)| — |y(n,u)| < z(n,u) —y(n,u)] +1< (u—1)+1=uw.
In other words, for all n € [[0, b2 — 1]] and u € [[(), b— 1]], we have
|z(n,u)| — |y(n,u)| € [0,u].
This finishes the proof. ([
In particular, when u = 1, we get the following.
Corollary 3.11. For all b € N\ {1} and all s € NU {0} we have
Range(fy.0y) € 5[0.6— 1] + [0.1].
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Corollary 3.12. Let b € N\ {1}. Then
Range(fpr%) ={0,1}.

Proof. Using Lemma 3.1 and Corollary 3.11, we only need to prove that
1e Range(f1+%). We claim that f1+%(b — 1) = 1. Indeed, letting s = 0,
u=1,¢t=0and r =b— 1 in Lemma 3.9 (or, alternately, in the formula

(3.6)), we have
frpi(b=1) = [2— b:TlJ _ Lb—TlJ

But since 1 < —bgr—gl<2and0<IFTl<1,Wegetfl+%(b—1):1. O

A refinement of the argument in Corollary 3.12 gives the next result.

Corollary 3.13. Let b € N\{1}. Then
Range(fb+1+%) = [o,9].
Proof. Using again Lemma 3.1 and Corollary 3.11, it suffices to show that
[[l,b]] - Range(fb+1+%). We proceed in two steps. First, we claim that
fb+1+%(b2 —b+1) =1. Indeed, letting s=1, u=1,t=b—1land r=11in
Lemma 3.9, and since 1 < 1 + b;r—zl < 2, we get
b+1
2
fb+1+%(b _b+1) =1+ {1*" b2
Secondly, let us fix r € [[1,b — 1]. We will show that there exists a ¢(r) €
[[O,b — 1]] such that fb+1+%(bt(r) + r) =r+ 1. Indeed, let s = u =1 and
t=1t(r) :=b—1—rin Lemma 3.9 and notice that
r r b—1 b—1 r—1 r
fb+1+%(bt+r) =7+ [5+b7+ b J — L b J =r+ [1+T+b7J'
Next, observe that 0 < % + 32 < 1. The left-side inequality is trivial while

the right-side inequality is equivalent to (r — 1)b+r < b? < r < b. This
proves the claim f, ;1 (b(b— 1—7) Jrr) = r+1 and concludes our proof. [
b

J—1:L

The following corollary generalizes Corollaries 3.12 and 3.13.
Corollary 3.14. For all b € N\ {1} and s € NU {0} we have
Range(f$b+1+%) = (s[[O,b — 1]]) U (s[l,b — 1]] + {1})

Proof. 1t is sufficient to consider s >(1. By L;mma 3.[6 and C(ﬁrollary 3.11,
it suffices to show that 1 ¢ Range(f 1) and s{1,b — 1|| + {0,1} C
Range( Jopr1s ;). First of all, using t}f?ri:)rt;tion from Lemma 3.9, for all
re [1,6-1] ,bwe have fsb+1+%(bt +7) > sr>s>1 (and, as we have seen
before, fg . 1, 1 (bt) = 0). For the second claim, we will show that for fized
re ﬂl, b— 1]], we can find to(r),t1(r) € [[0, b— 1]] such that

fa(bto(r) +7) =sr and fo(bti(r)+7) =sr+1.
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Equivalently, we want to show that, for fixed r € [[1, b— 1ﬂ, the equations

! @
respectively

e get]- [+ 4 o
are solvable in t € [[0, b— 1]].

t
The equation (3.7) has the solution ¢ty = to(r) = b—r. Indeed, {%4— —OJ =

b
1 and

2r r to r r
L T 1 e12
ptpty =y tptled?)
incer < b—1< " therefore al [2T+T+t°J 1. The equation (3.8)
— e ereiore also | — — — | = 1. .
Since r < b+17 b bQ b q

has the solution t1(r) = b—1—r by the argument proving Corollary 3.13. O

Similar considerations to the ones proving Proposition 3.10 and Corol-
lary 3.14 give the following result.

Corollary 3.15. Let b € N\{1} and s € N. Then
Range(fsb_1+%) = (s[0,b—1]) U (s[1,6—1] — {1}).

Proof. Let o = sb—1+ 7 = (s — 1)b+ (b — 1) + 3. With s replaced by
s—1 € NU{0}, and u = b—1, in the proof of Proposition 3.10, we find that

(3.6) can be rewritten as
20—-1)r n b—1)b—1)r n
ol = o= [0 4 ] [

As before, letting now n = bt +r with t,r € [0, b— 1]], a few simple manip-
ulations yield
r ot 2r r t
fa(bt+r):sr—([B+BJ—{—?+bf2+ﬂ). (3.9)

Denote
2r r t

t
z(bt,r) = T+ and y(b,t,r) = _?_Fbi?_,_g_

b b
We have

«T(b, tv T) - y(b7 ta T‘) =

(b—1)r . (07 (b—1)2

e (.05 <

This implies that La:(b, t,r) —y(b,t, T’)J = 0, thus
|z(b,t,r)| — |y(b,t,7)] € {0,1}. (3.10)
Using (3.9) and (3.10), we conclude that
Range(fsb_pr%) - s[[O, b— 1]] —{0,1}.

Since —1 ¢ Range(fsb71+%), we have
Range(fsb_1+%) C (sfo,b—=1]) U (s[1,b6—1] — {1}).
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For the converse inclusion, as in the proof of Corollary 3.14, it suffices to
show that

s[[l,b — 1]] —{0,1} C Range(fsbfpr%),
which is equivalent to showing that for fixed r € [1,1) — 1]], we can find
t(r),t(r) € [0,b — 1] such that

fa(bt(r)+r) =sr and fo(bl(r)+r)=sr—1.
Equivalently, we want to show that, for fixed r € [[1, b— 1ﬂ, the equations

r o1 2r r t
SN A 3.11
{ b+bJ [ b+b2+bJ’ ( )
respectively
r ot 2r r
=its =t et (3.12)
are solvable in ¢ € [0,b—1]. The equation (3.11) has the solution ¢(r) = r—1.
The equation (3.12) has the solution #(r) = 7. O

The exact range results stated in Proposition 3.5, Corollary 3.8, Corol-
lary 3.14 and Corollary 3.15 capture some generic supra-unitary (non-integer)
rational parameters o with denominator b > 2. Specifically, we understand
precisely the cases where oo = k+% and k = u (mod b) with u € {0,1,b—1},
but, even in the small denominator cases, we are missing lots of the rational
supra-unitary parameters. The result below is a counterpart to Proposi-
tion 3.5 which settles the exact ranges for all supra-unitary rational param-
eters with denominator 3.

Proposition 3.16. Let s € N. Then
(i) Range(f3s+%) ={0,s,2s};
Range(f3s+§) ={0,s,2s,25 + 1};
(iii) Range(fs,_py1) ={0,5 —1,5,25 — 2,25 — 1}
( ={0,s—1,s,25 — 1};
( —1,5,25 — 1,2s};
= {() s—1,s,2s —1,2s}.

S— N
|
~
O
Cla

Proof. (i) follows from Corollary 3.8, (iii) follows from Corollary 3.14 (via
the substitution s — s — 1) and (v) follows from Corollary 3.15.

(i) Let o = 3s + 2. Based on Lemma 3.1, we know that 0 € Range(fa)
and for all the other values in Range(f,) we can concentrate on computing
fa(n) with n € [0,8]. For such an n, we have

4 4
o’n = 9s°n + 4dsn + ?n = LQQnJ = 9s%n + 4sn + LKnJ
Similarly, we compute

lalan]| = 9s®n + 2sn + 3s L%J + E {2;” :
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Hence,
fulo) = 2on 35| 2 [ 3] - | 2|20 |. (3.13)
Using (3.13), we compute:

fa(3) :fa(G):()’ fa(Q):fa(5) :fa(8) =5,
fa(1) = foa(4) =25,  fo(7) =25+ 1.

(iv) Let a = 3s —2+ 2 = 3s — 3. After some algebraic manipulations, we

obtain
o= s 2]+ (2 2] 322w

Using (3.14), we can now compute:

fa(3):fa(6):07 fa(2):fa(5)28—1,
fa(®) =5, fa(l) = fa(4) = fa(T) =25 — 1.
(vi) Let o« = 3s — 1+ 2 = 35 — 3. Since n € [0,8], we have

fa(n) = —sn+ 3s {%W - B W;H . (3.15)

Using (3.15), we obtain:

fa(g):fa(6)207 fa(S)ZS_L fa(2)=fa(5):s,
fa(T) =25 =1, fo(1) = fa(4) = 2s,
completing the proof. O

Besides the general cases already settled above and performing ad-hoc
calculations in the small denominators cases, such as in Proposition 3.5 or
Proposition 3.16, identifying the exact Range(fy) for supra-unitary rational
values of a seems to be a rather difficult task. It is not clear to these authors
how to proceed in general for such parameters beyond the situations already
addressed above. For example, our Wolfram Mathematica experimentations,
see [4], are pretty convincing that the following statement should be true,
but we are unable to prove it.

Conjecture 3.17. For allb € N\{1}, all a € [1,b— 1] relatively prime to
b, and all s € N we have

Range(fsb_%) = (s[[O,b — 1]]) U (5 [[1, b— 1]] — {1})

If indeed true, Conjecture 3.17 would generalize Corollary 3.15 which
corresponds to a = b—1. The following lemma is in the spirit of Lemma 3.9.
The calculations are similar to the ones done there and left to the interested
reader. We include it here since it may indicate a possible direction to deal
with cases such as those in Conjecture 3.17.
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Lemma 3.18. Let b € N\ {1}, u € [0,b— 1] and a € [1,b —1]. Let
n=>ubt+r, witht,r € [[O,b—lﬂ. Then

ar Quar a’t a%J_{um‘ a’t aLm‘JJ
bLbll|

fsb-i-u-i-%(n) = sar—(sb+u) {?J + \‘ b +T+b72 T—’_T

4. TRRATIONAL PARAMETERS «

The goal of this section is to discuss a generalization of [3] and present
several conjectures inspired by it and from extensive experimentations in
Wolfram Mathematica, see [4].

4.1. Generalized golden ratios. Given t € N such that

t¢{(s—1)s:seN},

1++v144t
alt) = %; (4.1)
note that a(t) € (R\Q)N(1,00). The number a(1) = ¢ is the famous golden
ratio; a(504) = 7 is the irrational number in [3]. Our main goal is to prove

the following.

we let

Proposition 4.1. For allt € N and «(t) as in (4.1), we have
Range(fo()) = [1, [a(t)]].

Proof. Fix t € N and simply write «(t) = « for ease of notation. Let n € N.
We begin by observing that o? — a = t, hence o?n = tn + an. Therefore

fa(n)=tn+ |an| — Loz LomJJ.

Our first goal is to show that 0 < f,(n) < a. Since f,(n) € Z, this in turn
will give that 1 < f,(n) < |«] for all n € N, and hence the inclusion of sets

Range(faq)) C [1, [(t)]]-
Note that, by (1.1), we have
fa(n) <tn+ |an] — (alan]| — 1)
=tn+1—(a—1)|an]
=tn+1—(a—1)(an —(an))
=n(t—ala—1))+ 1+ (a—1){an)
=1+ (a—1){an)
<l+4+(a—1)
Similarly, we can write
fa(n) > tn+ [an] — alan]
=tn— (a—1)|an]
=tn — (o —1)(an —(an))
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= (a—1){an)
> 0;
the last strict inequality uses the fact that > 1 and o ¢ Q (that is, (an) =0

is equivalent to a = |an]/n € Q). We record for future purposes that we
obtained the stronger inequalities

(a —1){an) < fa(n) <1+ (a—1){an), VneN. (4.2)
We will prove next the inclusion

Range(fa()) 2 [1, a(t)]]-
The essential tool in this regard is Kronecker’s approximation theorem [13]
which states that for irrational c, the set {{an) : n € N} is dense in [0, 1].
Let m € [1, [a]]. Since m/a € (0,1), we have that

Ve>0 dneN: %—e<<an)<%+e. (4.3)

Let € = (o)/t € (0,1). We will break our discussion into two cases. If
m = |aJ, by (4.3), there exists some n € N such that

(v — 1){an) > (a — 1)LZJ — («
By (4.2), we get that
foln) > (0~ )1 @ gy Lol o)y
Since fo(n) < |a, we get that fo(n) = |[«a].
If1<m< |al—1,since € < m, from (4.3) we get some n € N such
that

-1 1 -1 1
me=1) 1 < (a—1){an) < mia—1) + —.

a a a a

Thus, by (4.2) again, we have
-1 1 -1
fa(n)<l+m—l——:m+l—m <m+1
« e
and
-1 1
falmy > MO 2,

because m < a — 1. Therefore, f,(n) = m. O

In particular, we get
Range(f,) = {1} and Range(f;) = [1,22].

A slight refinement of the first part of the proof of Proposition 4.1 yields
the following result.

Proposition 4.2. Let p € N, t € N and «(t) as in (4.1). Then
Range(fm(t)) - [[1, Lpa(t)J]]. (4.4)
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Proof. Fix p,t € N and simply write 5 = pa(t) for ease of notation. Let
n € N. We begin by observing that 5% — pS = p*t, hence 3°n = ptn + ppn.
Therefore

fa(n) = p*tn+ [pBn] — | BBn]].
We will show the inclusion Range(fs) C [1,|3]]. The main observation
used in the estimates below is that

plz] < |pz| <plz|]+(p—-1) VpeN, Vz>0. (4.5)
Then, by (4.5), we have
fo(n) < p*tn+plAn) +(p—1) = (B|Bn) — 1)
=p’tn+p— (8 -p)|Bn]
= n(p*t — B(B —p)) +p+ (B —p)(Bn)
=p+(8—p){Bn)
<p+(B-p)
- 8.
Similarly, using again (4.5), we can write
fa(n) > p*tn + p|Bn] — B|Bn|
= p’tn — (B — p)[An]
= p’tn — (8 — p)(Bn — (Bn))
= (8 —p)(Bn)

> 0;
the last strict inequality uses the fact that 8 > p and 8 ¢ Q. The required
inclusion follows. O
It is useful to note that in the preceding proof we obtained the stronger
inequalities
(8 —=p){Bn) < fa(n) <p+(B—p)(Bn), VneN. (4.6)

When we attempt to adapt the proof of Proposition 4.1 to demonstrate the
converse inclusion in (4.4) for p > 2, the “obvious” choice of € in Kronecker’s
approximation theorem, using now (4.6) instead of (4.2), significantly limits
the range of m.

4.2. Conjectures and partial results. By Proposition 2.1 we have
Range(f,) C [0, [a]]. (4.7)

Based on Wolfram Mathematica experimentation, see [4], we state the fol-
lowing

Conjecture 4.3. For all positive irrational numbers o, we have

[[1, Laj]] C Range(fa).
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If Conjecture 4.3 is true, then we have the equality in Proposition 4.2.
Assuming Conjecture 4.3 holds, together with the inclusion in (4.7), sug-
gests the following quadruplicity of the range result.

Proposition 4.4. If Conjecture 4.3 is true, then for all positive irrational
parameters a, one of the following equalities holds:

(A) Range(fa) = [1, o],
(B) Range(fa) = [0, [a]].
(C) Range(fa) = [1,[a]]
(D) Range(fa) = [0, [a]].

Proof. The equality in (A) holds for all irrational parameters considered in
Proposition 4.1. In particular, we have Range(f,) = {1}.

The equality in (D) holds for 7 and e. We used Wolfram Mathematica to
calculate

fﬂ'(l) =0, f7r(2) = fTr(3) =1, fﬂ'(4) = fﬂ'(5) =2, fﬂ(6) =3, fﬂ'(7) =4,
and
fe(7) = fe(l()) =0, fe(2) = fe(?’) = fe(5) = fe(ﬁ) = fe(9> =1
fe(l) = fe(4) = fe(S) =2, fe(ll) =3.
The equality in (C) holds for a = v/2. Indeed,
Range(fﬁ) ={1,2}.
First, f 5(k) = k for k € {1,2}, so {1,2} C Range(fﬁ). Next, fix n € N

and set m = LﬂnJ By the definition of the floor, m < v2n < m + 1.
Since v/2n is irrational, in fact m < v/2n < m+ 1. Multiplying by v/2 gives

o —vV2<V2m < 2n,
hence |v2m| € {2n — 2,2n — 1}. Therefore

fos(n) =2n—[V2[V2n]| =2n— [V2m] € {1,2}.

Thus Range( f \/5) C {1,2}, which, together with the converse inclusion,

yields Range(f\/i) ={1,2}.
The equality in (B) holds for a = 2 + /2. That is,

Range(f2+\/§) ={0,1,2,3}.
The inclusion {0, 1, 2,3} C Range ( foy \/5) follows from the equalities
f2+\/§(1) =1, f2+\/§(2) =3, f2+\/§(3) =0, f2+\/§(4) =2

To prove the converse inclusion we use the following two properties of the
floor function. For every positive real number z with r = [4(z — |z])] €
{0,1,2,3} we have

|4z | = 4|x| + .
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For all positive integers n € N and all positive real numbers x we have
n— x| =[n-—z].
Let n € N be arbitrary. A straightforward calculation shows that
fora(n) =20+ [4V2n] — 2[V2n] — |2v2n + V2| V2n]].

Set |v2n] = m. Then there exists » € {0,1,2,3} such that [4v/2n] =
4m + r. Hence,

forya(n) =2n+4m +r —2m — LQ\/in—i—\f?mJ
= {2n+2m+r—2\f2n—\/§m-‘
= [w].

Next, we will obtain an estimate for the positive irrational number, we
called it w, whose ceiling is the value f,  5(n). First, it follows from

|4v/2n| = 4m + r that

1
m+£<\f2n<m+rl_ )

and, equivalently,

1
\@n—TZ <m<\/§n—£.

Transforming linearly the preceding two inequalities and adding them we
obtain
1 1
—T;— +£\/§<2n+2m—2\f2n—\/§m< —g—krl_ V2.
Adding r € {0,1,2,3} to each term of the preceding inequalities and sim-

plifying the left and righ expression, we get inequalities for w

(2+V2)r -2 2+ V2r+v2

— <w<

2

4 4
Considering the extreme cases for r € {0,1,2,3}, that is » = 0 on the
left-hand side and r = 3 on the right-hand side, we get the following open
interval membership for w:

13
Consequently,
f2+\/§(n) = [Uﬂ € {O’ 17273}

Since n € N was arbitrary, this proves Range( foy \/5) C {0,1,2,3}, and
completes the proof. O

The conjectured statements in Proposition 4.4 account for the seemingly
deep differences among positive irrational numbers. It would be interesting
to explore these differences further. We state two more conjectures.
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Conjecture 4.5. For all irrational numbers o € (0,1) we have

Range(fa) = {0,1}.
That is, all irrational o € (0,1) satisfy the equality in item (D) in Proposi-
tion 4.4.

Remark 4.1. By Corollary 2.2, the preceding conjecture is equivalent to
1 € Range(f,), which in turn is equivalent to the following statement: For
every x > 1 there exists k € N such that

|2[zk]] > [2%k].

While Conjecture 4.5 was formulated based on experiments in Wolfram
Mathematica, we now aim to provide some partial rigorous evidence in sup-
port of its validity.

Our first observation is that Conjecture 4.5 holds for all sub-unitary num-
bers « in some right-neighborhood of a square-root rational. We first set
some notation. Let k,n € N be such that k& < n and assume that \/k/n is
irrational. In this case, we call y/k/n a square-root rational, and denote it
by si.n. With k,n as above, we also write

1
€ = —min{[vknw —Vkn,Vkn — kanJ} > 0.
n
Proposition 4.6. Let k,n € N be such that k < n and s, irrational. If
Q €[Sk, Sk + €kp), then fo(n) = 1.

Proof. Let x,y € R. The following three statements follow from the defini-
tions of the floor and ceiling function:

lz] <y < [z]<[y] & z<[y]
Let k,n € N be such that k¥ < n and assume that sz, = /k/n is

irrational. Notice that s;,, is irrational if and only if vkn is irrational. To
evaluate fs,  (n) we calculate

: 2
( > n - k,
n
and estimate

{ ﬂ MJ:{ i[\/ﬁJJ<\/EL\/%J<\/§\/%:k.

Therefore f, , (n) = 1.
Let z be a nonnegative real number such that x < €. In particular,

x<%([\/%]_m)'
Then L\/EJSK\/EJ”’>”JSM+M<WM,
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and consequently,

|Skn + x| = K

Since we also have

z < l<\/%— [\/%J) <

we can estimate

L(skm + ) L(sk ntaxn|| =

IA
SR
-
_l_
K
N——

Clearly,

2
| (S + x)QnJ = \\( %—i— x) nJ =k (4.8)

if and only if

) Vi (R VR)
Since
T <E€ < —< !
kn 9 \/ﬁ(\/m—f-\/g),

we deduce that (4.8) holds with so chosen z. Since under this estimate we
also have

L(s;w + ) L(skn + x)n” <k,

we have proved that for o = 53, + « we have f,(n) = 1. O

Our second observation in support of the validity of Conjecture 4.5 is the
calculation of the sets

Ap = {a €(0,1] m) =1},

where m € N\ {1}. With this notation, and using Proposition 3.4, Conjec-
ture 4.5 can be restated as

U{Am:meN\{l}}:(O,l)\{%:beN}.
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We wrote Wolfram Mathematica code that calculates the sets A,, and
their finite unions. For example,

Utn- )
U s )Y v 6)
Ul )Y vas)
u[ 28Ul )
U[Vs) Ul is)U )

Q

[0.14142,0.14286)
U [0.14434,0.14583) U [0.14586,0.16667)
U [0.16903,0.17143) U [0.1715,0.2)
U [0.20203,0.20408) U [0.20412,0.25)
U [0.25265,0.33333) U [0.3371,0.5) U [0.50529, 1)

Figure 1 displays the individual sets A,, for m € {2,...,50}, rendered
in rainbow colors and arranged vertically, with Ay at the bottom and Asg
at the top. The union of these sets is shown in black at the very bottom
of the image. The union consists of 10 intervals. Among the 9 gaps be-
tween successive intervals, three are particularly narrow. These occur near
0.1458, 0.1715, and 0.2041, with respective widths of approximately 0.00003,
0.00007, and 0.00004. Even at a magnification of 5000%, only the second
gap is barely discernible in the PDF image.

0 1t1t1

FIGURE 1. The sets AQ, .., Asg in rainbow colors and their union in black

The only positive irrational number a for which the function f, is constant
that we encountered in our explorations is a = ¢, the golden ratio. Therefore
we conjecture:

Conjecture 4.7. For all positive irrational o we have

Range(fa) = {1} & a=p.



24 A. BENYI AND B. CURGUS

Remark 4.2. We disprove the following invariance conjecture: For all ir-
rational @ > 1 and all p € N, if Range(f,) satisfies the equality in item
(X), where X € {A, B, C, D}, then Range( f,o) would also satisfy the same
equality.

To disprove this conjecture, consider o = 1 + 1/4/2 and calculate

fa() =1, fa(2) =0, [fu(7)=2.
Since [a| = 2, by Proposition 2.1 we have Range(f,) = {0,1,2}. Hence,
o = 1+ 1/4/2 satisfies the equality in item (D) in Proposition 4.4. Notice
that 2a = 24++/2. We proved in the proof of Proposition 4.4 that 2o = 24++/2
satisfies the equality in item (B) in Proposition 4.4.

We conclude with a couple of remarks regarding variations of the function
fa discussed here.

Remark 4.3. Throughout this article, we worked with the domain of the
function f, being the set of positive integers. Naturally, one may ask what
happens if we consider the domain as being the set of negative integers. For
this, we note that, since [z] = —|—z], given n € N we have

fa(_n) = _ga(n)7

where now g, : N = Z, go(n) = [a? n|—[afan]]. In other words, fo(—N) =

—9ga(N); the analysis of the Range(g,) will most likely be of a similar flavor
to one we have seen for Range(fy).

Remark 4.4. Finally, one may ask about negative parameters oc. Note now
that for a < 0, we can write f, = h_, where, for n € N and 5 > 0, we have
denoted
hg(n) = |8%n] — [8[Bn]].

This is yet another variation on the function f,. There are a few other
such variants, obtained by appropriately interchanging the floor and ceiling
operations in the definition of f,. The analysis of their ranges is left to the
interested reader.
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