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1. Introduction

This note is an amendment to our paper [4], in which we presented a model for a finite-
dimensional Pontryagin space (&, [-,-]e) in which there is defined a symmetric operator
S without eigenvalues. The model consists of a finite-dimensional vector space €, of
d-vector polynomials and the operator S, in €, of multiplication by the independent
variable; here d = codim(dom S) and u is a d-tuple of positive integers determined by
S, see the main Theorem 2.4 in the next section. The space €, is a reproducing kernel
space with reproducing kernel defined by an invertible self-adjoint matrix Q and a matrix
polynomial P(z) both with additional properties which are formulated in Theorem 2.1.
The purpose of this note is to show that this model is in one-to-one correspondence with
the pair {Q,P(z)} up to equivalence. This is what we mean by the essential uniqueness
of the model in the title. In Theorem 2.3 we explain the equivalence relation.

In a sequel [5] to [4] and this note we apply our results to relate the resolvent set,
the spectrum, eigenfunctions and Jordan chains of a self-adjoint extension (with finite-
dimensional exit space) of a closed symmetric linear relation S in a Krein space to
an eigenvalue problem for S*, the adjoint of S, with boundary conditions that depend
polynomially on the eigenvalue parameter.

We have tried to make this note self-contained, but to avoid repetition in the proofs,
we refer, where possible, to proofs already given in [4].

By C%[z], d € N, we denote the vector space of d-vector polynomials in z. Let u be a
d-tuple of positive integers: pn = (pt1,. .., pa) wWith gy > -+ > ug > 1. By €, we denote
the subspace of C%[z] of vector polynomials

p1(2)
. with  degp;(z) <pj, jed{l,...,d}.
pa(2)
Such a space will be called a canonical subspace of C%[z]. The operator S, on €, of

multiplication by z is an operator without eigenvalues and d = codim(dom S,,). Moreover,
Sy, is nilpotent. If m is the index of nilpotency and

9, = dim(dom Sffl), je{1,...,m+1},
(so that §; = dim €, and 0,41 = 0), then g = (u1, ..., pqa) with

uj:#{ie{la"'am}:éi_aﬂrlZj}a jE{l,...,d},

where #Q stands for the number of elements in the set Q. (In terms of notions related
to Young diagrams, p = Con Der §, where § = (d1,...,dm), see [4, Section 5].)

The defect numbers of a closed symmetric operator S in a Pontryagin space (£, [, ]g)
are by definition the defect numbers of the closed symmetric operator J.S in the Hilbert
space $) equipped with the positive definite J-inner product [J-, :]s, where J is an
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arbitrary fundamental symmetry on (9,[-,-]s). The defect numbers are equal if and
only if S has a self-adjoint extension A in (£, [, ]s) and then their common value equals
dim(A/S). Assume S has equal defect numbers d. Then an operator b : §* — C24, where
S* is the adjoint of S, is called a boundary mapping for S if b is linear, ranb = C2¢ and
kerb = S. Alternatively, a linear operator b : S* — C2? is a boundary mapping if there
exists a 2d X 2d matrix Q such that

[9:h]s — [f, Kls = ib({h, k})"Qb({f,g}) forall {f g}, {h k}e€S" (L.1)

Q is called the Gram matriz for b and uniquely determined by b. It is invertible, self-
adjoint, and has d positive and d negative eigenvalues. If b and b are boundary mappings
for S and have Gram matrices Q and 6, then there is an invertible 2d x 2d matrix U
such that

Q=U*QU and b=U""b.
Indeed, applying (1.1) we obtain the equality

b({h,k})*Qb({f.g}) = b({h, k})*Qb({f.g}) forall {f.g},{hk}eS"  (1.2)

Define the linear relation U in C2¢ x C2¢ by
U= {{B({£:9}).b({f.9D)} : {f.0} €5},

Since b and b are boundary mappings, domU = ranU = C?2¢. If B({f,g}) = 0, then
{f,g} € Sand hence also b({f, g}) = 0. The converse also holds. Thus ker U = ker U~! =
{0} and U is the graph of an invertible matrix, which we also denote by U:

Ub({f,9}) =b({f.9}), {f.9} € 5"

If we substitute this in (1.2), we obtain Q = U*QU.

In the next sections, we use the following conventions. For vector functions a(z) and
b(z), the identity a(z) = b(z) stands for the proposition a(z) = b(z) for all z € C. For
m,n € N we denote by C™*"[z] the space of all matrix polynomials with coefficients
in C™*" The degree of such a polynomial is —oo if it is the zero polynomial, otherwise
it is the highest power of z for which the corresponding matrix coefficient is nonzero. A
square matrix polynomial is called unimodular if its determinant is a nonzero scalar. As
already done above we write C™[z] for C™*![z]. For z € C by 2* we denote the complex
conjugate of z. Also, * denotes the complex conjugate of a matrix.

2. Uniqueness of the model

The first theorem in this section gives sufficient conditions on a matrix Q and a
matrix polynomial P(z) under which the reproducing kernel space with reproducing
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kernel defined by (2.1) below is a canonical subspace €, of C?[z] and describes—and we
think this is new—the adjoint of and a boundary mapping for the symmetric operator
Sy, of multiplication by the independent variable z acting on this space. For the formula
of the adjoint in this theorem, see also [2, Theorem 6.2]; in the proof we repeat some
arguments from [3, p. 1327].

Theorem 2.1. Let d € N, let Q be an invertible self-adjoint 2d x 2d matriz with d positive

and d negative eigenvalues and let P(z) be a d x 2d matriz polynomial whose j-th row
has degree p; with j € {1,...,d}. Assume that P(z) has the following properties:

(i) The Pontryagin space &p with reproducing kernel

P(2)Q 'P(w)*, z#w*, zweC, (2.1)
is the canonical subspace €, of C[z] where u = (u1, ..., pq).-

(ii) The operator S, of multiplication by the independent variable is symmetric in this
space, its defect numbers are equal to d and its adjoint is given by

S, = {{f.9} € in 2 2f(2) — g(z) = P(2)c for some c € CQd}.
(iii) The linear relation
{{{ﬁg},c} IS Ci x €2 . {f,q9} € S, and 2f(2) —g(z) = P(z)c}

is the graph of an operator by, : Sj; — C24 which is a boundary mapping for Sy with
Gram matriz Q.

The inner product in €, relative to which S, is symmetric is determined by the kernel
(2.1). To emphasize this we sometimes write €, = &p or €, = (€, Kp).

Remark 2.2. In the next section, see the last sentence there, we show that the properties
(a)-(d) of P(z) imply that

() ker P(2) = {0}. (2.2)

zeC
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This equality does not play a role in [4, Sections 10 and 11], but it is now a frequently
used tool in the proofs that follow.

Proof of Theorem 2.1. (i) This statement is proved in [4, Theorem 10.3].

(ii) Step 1. By [3, Theorem 1.1 and its proof], S, is symmetric. We prove that its
defect numbers are both equal to d. Notice that d = codim(dom S,,) and that S, is an
operator without eigenvalues. Let J be a fundamental symmetry on €,,. Then according
to [4, Lemma 3.5] JS,, has a self-adjoint operator extension B in €, equipped with the
J-inner product, which implies that S, has equal defect numbers and A := JB is a
self-adjoint extension of S, in €, which is also an operator. Thus dom A is dense in &,
in fact dom A = €, since €, is finite dimensional. Thus the defect numbers of S, are
equal to

dim(A4/S,) = dim ((dom A)/(dom S,,)) = dim (€, /(dom S,)) = codim(dom S,,) = d.

Step 2. By [2, Remark 3.5 and Theorem 3.7], a generalized Von Neumann’s formula
holds for S,

Sy =S, +SiNwel + S5 Nwgl + Y S N,
j=1
where & is the negative index of the Pontryagin space €, and the w;’s belong to C \ R
and satisfy w; # wj, for all j,k € {0,...,k}. Set

Lo = {{K,(-,w)z,w K, (-,w)z} : z € C*}
and
L =span{L,~ : we C}.
We show that
SpNw*l =Ly forall wecC. (2.3)

Let w € C. First, we establish that both spaces in (2.3) have dimension d. That
dim(S}; Nw*I) = d follows from Lemma [4, Lemma 3.4]. To show that dim £, = d, as-
sume that for some # € C¢ we have K, (-, w)z = 0. This means that P(2)Q *P(w)*x =
0 for all z € C. By equality (2.2), we have P(w)*x = 0, and then from property (b) we
obtain that z = 0. Hence dim £,,~ = d. Since both spaces have the same dimension, to
prove that they coincide, it suffices to prove the inclusion £+ C S Nw*I. Let x € cd
and {K,(-,w)z, w*K,(-,w)z} € L. Then, by the reproducing property of the kernel
K, we have that for all {f,g} € S,

[g,K7,(~,w)x]ﬁ — [f,w*KP(-,w)x}ﬁ = <g(w),x>cd — <wf(w),a:>(cd =0.

P P
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Hence {K w)x, w K, (-, )x} € S;, Nw*I. This proves the desired inclusion and
equality (2. 3). From (2.3) and the generalized Von Neumann’s formula we obtain

S, =8S,+L. (2.4)

Step 3. Using (2.4), we prove the equality in the theorem. Denote its right-hand side by

T,. By its definition, S, € T),. Let # € C%, w € C and let {K (-, w)z, w* K, (-, w)z} €
L. Then

2K, (z,w)r —w* K, (z,w)r = P(z)c with c¢=iQ 'P(w)*x

Hence L., € T}, for all w € C. Consequently, S,,+£ C T},. To prove the reverse inclusion,
let {f,g} € T,,. Then {f, g} € €2 and zf(z) —g(z) = P(z)c for some ¢ € C**. By equality
(2.2)

span{ranP(w)* : we C} = c?,
and hence ¢ can be written as a finite sum of the form

c=iQ" Y P(w)'e, with ¢, €C” (2.5)

Define
{fi,01} —Z{K W) ey, w K, (- w)ey b (2.6)

Then, by (2.4), {fi,91} € L. Using (2.1), we find that {f,g} — {f1,01} € S,,. It follows
that {f,g} € Sy, + L. Thus we have shown that 7), C S, + £. Consequently, S;; = T},.

(i) If {{f,g},c} € €% x C* and {f,g} = 0, then P(z)c = 0 for all z € C. From
equality (2.2), it follows that ¢ = 0. Hence, the linear relation is an operator which, as in
the theorem, we denote by b,. By item (ii), domb, = S, ranb, C C?@ and kerb,, = S,,.
We show that b, is surjective. Let ¢ € C2? and let {f1,91} € S, be defined as in the
proof of item (ii), see (2.5) and (2.6). Then

z2f1(z2) — q1(2) = P(2)c,
that iSa b#({flagl}) -
Finally, we prove that Q is the Gram matrix for b,. Let {f,g},{h,k} € S and set

c=b,({f,g}) and a = b,({h, k}). Define {f1, 91} as above. Similarly, with a written as
the finite sum

a:iQflzP(v)*av with a, € C¢,



92 B. Curgus, A. Dijksma / Linear Algebra and its Applications 679 (2023) 86-98

define
{h1 i} =Y {K, (-, 0)au,v* K, (,v)a,}.
Then {f1,91} and {h1, k1} belong to S}, and the differences

{fiony —{f.g} and {hi,k1} —{h,k}

belong to S,,. This and the reproducing property of the kernel K, imply

l9.h]s, — [ kla, = [91. hla, — [f1. k1ls,
= Z(’U — W) (K, (v,w)Cw, ay)

v,w

= iz aiP(0)Q P (w)* ey

=ia*Qc

=ibu({h, k})"Qbu({f, 9})-
This shows that b, is a boundary mapping for S, with Gram matrix Q. O

Denote by & the set of all pairs {Q, P(z)} in which Q is a self-adjoint invertible 2d x 2d
matrix with d positive and d negative eigenvalues and P(z) is a d x 2d matrix polynomial
with the properties (a)-(d) of Theorem 2.1. We say the pairs {Q,P(z)} and {Q,P(2)}
in & are related and denote it by {Q,P(z)} ~ {Q,P(z)}, if there exists a unimodular

d x d matrix polynomial W(z) = [wjk(z)}j’kzl satisfying
degwjr(z) < pj —pp forall j ke{l,... d}, (2.7)
such that
P(2)Q "P(w)* = W(2)P(2)Q '"Pw) W(w)* forall zweC. (2.8)

Theorem 2.3.

(a) The relation ~ is an equivalence relation on &.
(b) For {Q,P(z)} and i@kﬁ(z)} € & the following statements are equivalent:
() {QP()} ~ {Q.P(:)}-
(ii) There exists an isomorphism W : (€, Kp) — (&, Kp) satisfying VS, = S, V.
(iii) There exist an invertible 2d x 2d matriz V and a unimodular d x d matriz
satisfying (2.7) such that

polynomial W(z) = [wjk(z)];l’k:l

Q=V*QV and P(z) = W(z)P(z)V. (2.9)
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(c) If (i)-(iii) in (b) hold then U is the operator of multiplication by W(z) and the bound-
ary mappings b, and b, associated with S, in the spaces (€,, Kp) and (€, Kp)
satisfy the relation

b, (W, Wg}) =V b, ({f,9}) for all {f g} € S,

where W stands for the polynomial W(z) f(z).

Proof. To prove item (a) we use [4, Theorem 6.2], which implies that there exists a

bijection ® : (€, Kp) — (€, K5) satisfying S, = S,,® if and only if ® is the operator

of multiplication by a unimodular dx d matrix polynomial W(z) satisfying (2.7). It follows

that if Wy (z) and Wh(z) are unimodular d x d matrix polynomials satisfying (2.7), then

so are the inverse W;(z)~! and the product Wi (2)Wa(z). From this, it readily follows

that the relation ~ is reflexive, symmetric and transitive, hence an equivalence relation.
We now prove item (b). Assume (i). Then, by (2.8),

W(z)Kp(z,w)W(w)" = Kz(z,w).

Since ker W(-) = {0} and by [1, Theorem 1.5.7], the operator of multiplication by W(z)
is an isomorphism from (&, Kp) onto (€,, Kz). Clearly, it intertwines the operators
S,,. This proves (ii). Now assume (ii). We prove (iii) together with item (c). Since W
is a bijection that intertwines the multiplication operators by z and by [4, Theorem
6.2], there exists a matrix W(z) with the properties asserted in the theorem such that
(Vf)(2) = W(2)f(2), f(z) € €,. We denote by S the adjoint of S, in the space
(€, Kp). Since V¥ is an isomorphism,

_ *7y—1
Slf = \IISH\II
or in full

Sy = {{Uf, Ug} : {f.9} € €, 2f(2) — g(2) = P(2)b.({f,9})}
= {{u,v} : {u,0v} € €, zu(z) —v(z) = W(2)P(2)b,({¥ 'u, ¥ "0} }.

On the other hand
Sy ={{u,v} : {u,0} € €2, zu(z) — v(z) = P(2)bu({u,v})}.
Now consider the relation V in C2? defined by
V= {{bu({u, v}), b ({0, W 0})} = {u,0} € S}

Since by, is a boundary mapping, dom V = C2¢. Since U~1SXW = S* and b, is a bound-
ary mapping, ran V = C2¢. We show that V is an operator. Indeed, if BN({U, v}) =0 for
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some {u,v} € S, then {u,v} € S, and hence, since W~'5,¥ = S5, {U 'y, ¥~'v} € S,
which shows that b, ({¥~'u, #~v}) = 0. The converse also holds. Thus V defines an
invertible 2d x 2d matrix and

b, ({¥ 'u, T 10}) = VB#({U,’U}) for all {u,v} € S;.

This equality and the two formulas for S imply the last two equalities in the theorem.
It remains to prove Q = V*QV. Since the isomorphism ¥ amounts to multiplication by
W(z) it follows that the canonical subspace (€, K5) has two reproducing kernels which
necessarily coincide:

W(z)Kp(z,w)W(w)" = Kz(z,w),

see [1, Theorem 1.5.7]. By writing this out, using the equality P(z) = W(z)P(z)V and
the fact that W(z) is invertible, we find that

P)(Q - VQ 'W*)P(w) =0 forall zweC.
Applying (2.2) we find that
Q' - VQ 'W*)Pw) =0 forall wecC.
Since (2.2) also implies that span {ran P(w)* : w € C} = C?¢ it follows that
Ql=vQlve.

From this, we obtain the asserted equality. Finally the equalities for Q and P(z) in (2.9)
imply the equality (2.8), that is, (iii) implies (i). O

The next theorem, the main theorem, provides a model for a finite-dimensional Pon-
tryagin space on which there is defined a symmetric operator without eigenvalues. The
model is a canonical subspace €, together with the operator S,, uniquely determined by
an equivalence class in the set &. The model appeared already in [4], but the essential
uniqueness is new.

Theorem 2.4. Let (&,[-,-]s) be a finite-dimensional Pontryagin space and let S be a
symmetric operator on & without eigenvalues. Then the defect numbers of S are equal
to d := codim(dom S) and S is nilpotent. With m being the nilpotency index of S and

§; :=dim(dom $’1), je{l,....,m+1}, (sothatd; =dim®, 5,41 =0),
let pw= (1, p2,- .., 1q) be the d-tuple with entries

pj=#{ie{1,...,m}: 8 — 8y > 5}, je{l,....d}.
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Then there exist

(i) a pair {Q,P(z)} € & with p; = deg P;(z), where Pj(z) is the j-th row of P(z),

(i) an isomorphism ® : & — (€, Kp) with S = S, ®, where the canonical subspace
C,., the multiplication operator S, and the kernel Kp are related to {Q,P(2)} as in
Theorem 2.1.

The pair {Q,P(2)} is unique up to equivalence in S.

Proof. That S is nilpotent follows from [4, Proposition 3.6]. A proof based on [4, Lemma
3.5] that S has defect numbers both equal to d can be given similar to the proof that .S,
in Theorem 2.1 has defect numbers equal to d. The remaining statements in items (i) and
(ii) are established by [4, Theorem 11.1]. It remains to prove the essential uniqueness.
Assume {Q,Zs(z)} is a pair in & for which there exists an isomorphism ® : & — (€, Kp).
Then ¥ := &' : (€, Kp) — (€, K5) is an isomorphism satisfying with s, =S5,V.
Hence, by Theorem 2.3 (b) we have {Q,P(2)} ~ {Q,P(2)}. O

3. On the kernel of P(z)

In this section, we prove Remark 2.2. We assume d € N and P(z) is a nonzero d x 2d
matrix polynomial with rows P;(z):

7)1(2)
P(z) = : where Pj(z) € C1*24[2].

Pd(z)

We set 0; = degPj(z) € {0} UN, j € {1,...,d}, and define the d x 2d matrix

Poo := lim diag(z77,...,2774)P(z2).

Z—00

We denote by p the degree of P(z). Thus p € {0} UN. Expanding P(z) in powers of z:
P(2) = Py+ Piz+ -+ PP, P; € CP™2,

we associate with P(z) the (p + 1)d x 2d coefficient matriz P

Py

P

P.=1 .

P,
Then

P(z)=[1a zIg --- 2PI;)P, z€C, (3.1)
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and this readily implies that

ker P = m ker P(z) = ﬂ ker P(z), (3.2)

zeC zeW

whenever W C C and #W > p+1. Indeed, the set on the left is contained in the set in the
middle and the set in the middle is contained in the set on the right. To prove that the set
on the right is contained in the set on the left, let W be a subset of C containing mutually
different elements wg, w1, . . ., w, and define the invertible Vandermonde (p+1)d x (p+1)d
matrix M by

Id ’LU()Id ngd

Id wlld w’f[d
M= . .

Id wpId wgld

Then P(wy)x = 0 for all k € {0,...,p} implies, by (3.1), M Px = 0 and hence Pz = 0,
proving (3.2).

We say that P(z) has the predictable degree property if for every 1xd vector polynomial
u(z) = [u1(2) -+ uq(z)] we have

deg(u(2)P(z)) = max{o; + degu;(z), j€{l,...,d}}. (3.3)

The following lemma is the key to the proof of Theorem 3.2 below. It is well-known
in system theory, specifically in convolutional coding. For proofs see [10, Theorem A.2],
[8, Theorems 2.22 and 2.28], [9, Theorem 6.3-13] and Forney’s fundamental paper [6].

Lemma 3.1. If rank P(z) = d for some z € C, then rank P = d if and only if P(z) has
the predictable degree property.

Theorem 3.2. Let Q be an invertible self-adjoint 2d x 2d matriz with d positive and d
negative eigenvalues. If P(z) has the properties

(a) P(z)Q 'P(z*)* =0 for all z € C,
(b) rank P(z) =d for all z € C,
(¢) rank Py, = d,

then

dim ( N kerP(z)) =#{je{l,....d} : 0; =0} (3.4)

zeW

for any subset W of C with #W > p+ 1.
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Proof. In view of (3.2) it suffices to show that

d
dimker P = ZmaX{O, 1-— aj}.
j=1

We denote by 7 : C24[z] — C9[z] and by 7 : C%[z] — C24[z] the operators of multiplica-
tion by P(z) and T (z) := Q~'P(2*)*. By (b), T (2) has full rank for all z € C. Therefore
the Smith Normal Form theorem (see for example [7, Satz 6.3] or [9, Theorem 6.3-16])
yields the existence of a unimodular d x d matrix polynomial £(z) and a unimodular
2d x 2d matrix polynomial F(z) such that

T(2) = F(2) {ﬂ £(z) forall zeC. (3.5)

This implies that 7 is injective.

It follows from (3.1) that P is the matrix representation of the restriction 7|c2a of
7 to C2¢ with respect to the standard bases in C2¢ and the subspace of polynomials in
C4]2] of degree < p + 1. It follows that

ker P = (ker ) N C%, (3.6)

By (a) we have o 7 = 0, hence ranT C kerr. We show that, in fact, equality holds.
For that, consider f(z) € kera. Then P(z)f(z) = 0 and, by (a) and (b), for every z € C
there exists a unique ¢, € C% such that f(z) = T (z)c.. From (3.5) it follows that

c: =E(2)7 1o 0] F(2)" f(2),

hence c, is a polynomial in C%[z] and f(z) € ran 7. This proves the asserted equality. It
follows that

(ker ) N C?? = (ranT) N C%, (3.7)
Now (3.6), (3.7) and the injectivity of 7 imply the following chain of equalities

dim ker P = dim((ran 7) N C2%)
= dim 77 (C??)
= dim{f(z) € C[z] : T(2)f(z) € C*'}
= dim{f(2) € C7[2] : deg(P(")"f(2)) < 1}
= dim{u(z) € C™™[2] : deg(u(2)P(z)) < 1}

d
= z:max{O7 1-— O'j}.
j=1
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The last equality follows from (c¢) and Lemma 3.1. Indeed, using the notation as in (3.3)
we obtain

deg(u(2)P(z)) <1 <& o0 +degu;(z) <1 forall je{l,...,d}
& deguj(z) <1—o0; forall je{l,...,d}.

This proves (3.4). O

In the previous section we have that degP;(z) = o; = pu; > 1, for all j € {1,...,d},
and hence (2.2) in Remark 2.2 follows from (3.4) in Theorem 3.2.

Declaration of competing interest

The authors have declared that no competing interest exists.
Data availability

No data was used for the research described in the article.

References

[1] D. Alpay, A. Dijksma, J. Rovnyak, H. de Snoo, Schur Functions, Operator Colligations, and Repro-
ducing Kernel Pontryagin Spaces, Oper. Theory Adv. Appl., vol. 96, Birkhéduser, Basel, 1997.

[2] T.Ya. Azizov, B. Curgus, A. Dijksma, Standard symmetric operators in Pontryagin spaces: a gen-
eralized von Neumann formula and minimality of boundary conditions, J. Funct. Anal. 198 (2003)
361-412.

(3] B. Curgus7 A. Dijksma, On the reproducing kernel of a Pontryagin space of vector valued polyno-
mials, Linear Algebra Appl. 436 (2012) 1312-1343.

[4] B. Curgus, A. Dijksma, Operators without eigenvalues in finite-dimensional vector spaces, Linear
Algebra Appl. 605 (2020) 63-117.

(5] B. Curgus, A. Dijksma, Operators without eigenvalues in finite-dimensional vector spaces: spectral
equivalence (tentative title), in preparation.

[6] G.D. Forney Jr., Minimal bases of rational vector spaces, with applications to multivariable linear
systems, STAM J. Control 13 (1975) 493-520.

[7] F.R. Gantmacher, Matrizentheorie, VEB Deutscher Verlag der Wissenschaften, Berlin, 1986.

[8] R. Johannesson, K.Sh. Zigangirov, Fundamentals of Convolutional Coding, IEEE Series on Digital
& Mobile Communication, IEEE Press, New York, 1999.

[9] T. Kailath, Linear Systems, Prentice-Hall, Englewood Cliffs, 1980.

[10] R.J. McEliece, The Algebraic Theory of Convolutional Codes. Handbook of Coding Theory, vol. I,
II, North-Holland, Amsterdam, 1998, pp. 1065—1138.


http://refhub.elsevier.com/S0024-3795(23)00331-2/bib58AEB9983FDA21B211AA074F04C4C1EDs1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib58AEB9983FDA21B211AA074F04C4C1EDs1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib72C5CC0E2586935D16539F31A2A4FEC4s1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib72C5CC0E2586935D16539F31A2A4FEC4s1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib72C5CC0E2586935D16539F31A2A4FEC4s1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib4DD061C9069DB0519597E0C46A6A8E07s1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib4DD061C9069DB0519597E0C46A6A8E07s1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib81DEA630353ACDF04DB901ADE2CD25C1s1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib81DEA630353ACDF04DB901ADE2CD25C1s1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib9AB1A8B1A031BBB17411B92696235F8Fs1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib9AB1A8B1A031BBB17411B92696235F8Fs1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bibF5455CD4463C6A43E70F2FD8DC3EC51Fs1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib866597B355BDFB093816D525BB9FA711s1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib866597B355BDFB093816D525BB9FA711s1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib4E02C26EEE0070ECBF1A26BCFE316DF6s1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib1EB439F8AFA00A1C17C8CBCF6E620C6Ds1
http://refhub.elsevier.com/S0024-3795(23)00331-2/bib1EB439F8AFA00A1C17C8CBCF6E620C6Ds1

	Operators without eigenvalues in finite-dimensional vector spaces: Essential uniqueness of the model
	1 Introduction
	2 Uniqueness of the model
	3 On the kernel of P(z)
	Declaration of competing interest
	Data availability
	References


