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Consider boundary eigenvalue problem

0 =3 (1Y (pf) = arf on [-1,1]

7=0
with boundary conditions of the form
Lb(f)=0

Mb(f) = ANb(f)

° E IS: regular, symmetric, bounded below,
quasi-differential expression
(from M. A. Naimark’s book)

e boundary conditions are self-adjoint

e D, >0 and 7T changes sign (indefinite)



To which extend the spectral theory of this
indefinite problem parallels the spectral theory
for the case 1 > 07



To which extend the spectral theory of this
indefinite problem parallels the spectral theory
for the case 1 > 07

e the problem determines an operator A in
the Krein space

Lop(~1,1) & CR



To which extend the spectral theory of this
indefinite problem parallels the spectral theory
for the case 1 > 07

e the problem determines an operator A in
the Krein space

Lop(~1,1) & CR

o A is bounded below,
definitizable,
its spectrum is discrete



To which extend the spectral theory of this
indefinite problem parallels the spectral theory
for the case 1 > 07

e the problem determines an operator A in
the Krein space

Lop(~1,1) & CR

o A is bounded below,
definitizable,
its spectrum is discrete

e | There exists a Riesz basis of the
form domain of A consisting of the
root vectors of A.
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What is the form domain F(A) of A7

F(A) is a subspace of Ly ,(—1,1) o C™

It consists of vectors of the form

f)fla"'7f(n_1> E1461[_171]

1
/_1pnlf("””)|2 < oo
Debe(f) =0



These results parallel the corresponding results
for the case r =1 in

M. G. Krein,

The theory of self-adjoint extensions of semi-
bounded Hermitian transformations and its ap-
plications. II. (Russian)

Mat. Sbornik N.S. 21(63), (1947), 365—404.
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LQ,T(_la 1) D c™

which consists of root vectors of A7

This is much harder question!



A. I. Parfenov in
Sibirsk. Mat. Zh. 44 (2003), 810-819

considered a special case
_f”:ATf on [_171]7
with the Dirichlet boundary conditions

f(=1) = f(1) =0,

where 7 is an odd function in L1(—1,1) such
that

r>0 on [O,1].
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Parfenov’'s answer:

There exists a Riesz basis of

Lo,(—1,1)

consisting of eigenfunctions of A

if and only if

there exist ¢ > 1 and v > 0 such that

[ r@de < e [ r(e)de

0

for all t,z € (0, 1].



Let v > 1. The function

1
z(Inu — In|z|)?’

z e [—-1,1]\ {0}

ru(x) =

does not satisfy the Parfenov condition, since

x € [0, 1]

/O " (€) de =

nNu — Inz’
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No set of eigenfunctions of the problem

1
(Inu —In|x|)

~["(2) = A~ 5 /@),

f(=1) = f(1) =0,

forms a Riesz basis of Ly, (—1,1).
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Does Parfenov’s criteria hold true for all self-
adjoint boundary conditions?

Nol

There exists an odd function , > 0 on [0, 1],
satisfying the Parfenov condition and such that
no set of eigenfunctions of the eigenvalue prob-
lem

_f” — )\’I“f,
f(=1)+ f(1) =0,
f'(=1)+ f(1) =0,

is a Riesz basis of Lo .(—1,1).
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Consider a more general problem

—f"+af=xrf on [-1,1],
with

general self-adjoint boundary conditions
and
a function r which is not necessarily odd

(for simplicity I assume that z7r(x) > 0)

12



T heorem.

Let F(A) denote the form domain of A.

There exists a Riesz basis of

LQ,?“(_la 1) S CT&

consisting of root vectors of A
if and only if
there exists a bounded, uniformly positive op-

erator W in the Krein space Lo ,(—1,1) ® CR
such that

WF(A) Cc F(A).
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Let

a,b € [_171]1 ha, th [_171]
half-neighborhoods of a and b

We say that hqg and hy are

smoothly r-connected

if there exist
o ¢ >0,

e Nnon-constant linear functions
a: [0,€] = hg and B : [0, €] — hy,

e pec HYO,,

such that
o a(0)=a and B(0) =0b,
o [r(a(®))] pt) = [r(B(£))],
o || # [B'[p(0)

14



Let a € [-1,1] and
let hg C [—1,1] be a half-neighborhood of a.

If there exists v > —1 and g1 € C1(hy)
such that

r(z) = |z—al’g1(z) and g1(z) 0, € h,

then hg is smoothly 7r-connected to itself.



Let a € [-1,1] and
let hg C [—1,1] be a half-neighborhood of a.

If there exists v > —1 and g1 € C1(hy)
such that

r(z) =|z—a|”g1(z) and gi(x) #0, =z € hq,
then hg is smoothly 7r-connected to itself.
hq is smoothly 7r-connected to Ay if also

r(z) =[z—0bl"g2(x) and go(z) #0, =€ hy,
where go> € C1(hy)
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Denote by O_ a generic left and by 04 a generic
right half-neighborhood of 0. At least one of
the four pairs of half-neighborhoods
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Condition at 0.

Denote by O_ a generic left and by 04 a generic
right half-neighborhood of 0. At least one of
the four pairs of half-neighborhoods

(0—70—>7 (O_,O_|_>, (O—|-70—>7 (O—|-70—|—)7

IS smoothly r-connected.

“Slightly non-odd functions”
Let ¢ge€ L1(0,1), g >0, e.qg.,
_ 1
g($) - x(mu_mx)Qa T € [Oa 1]

Let 0 <v# 1. Put

() = g(x), x € [0, 1]
—vg(—x), x € [—1,0)
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“Slightly non-odd function”
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Condition at —1.

A right half-neighborhood of —1 is
smoothly 7-connected to itself.

Condition at 1.

A left half-neighborhood of 1 is
smoothly r-connected to itself.

e For A-independent boundary conditions
either of the above conditions is sufficient
for Riesz-basis property of A.

( “one-sided” condition)

e If one boundary condition is A-dependent
our method, in some cases, does not allow
a free choice of the condition. For example
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For the problem

—f” — A\ f
f[(A)y=0
—f'(=1) = Xf(-1)

our method requires Condition at —1 for the
proof of the Riesz-basis property.
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If both boundary conditions are A-dependent,
then our method, in some cases, requires all
the above conditions and

Mixed Condition at +1.

There are

two smooth r-connections between

a right half-neighborhood of —1 and

a left half-neighborhood of 1

with the connection parameters a;-, 5; and p;(0),
7 =1,2, such that

oy | oy |

18,1p1(0) 84lpa(0)| T

Example
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For the problem
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For the problem

_f// = A\rf
(1) = Af(~1)
—F'(-1) = AF (L)

our method requires all the stated conditions

to be satisfied to prove the Riesz-basis prop-
erty.

101
HereA_[1 O]

f LQ,T‘
FA) =!|f(-D)| e & : feHY-1,1]
- f(1) | Ca
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—f"=Arf
/(1) = Af(-1)
—f'(=1) = xf(1)
The function

-1, x € [—1,0)
T(x)_{l—x, z € [0,1]

does not satisfy Mixed Condition at +1.

Our method fails to prove the Riesz-basis prop-
erty for the above problem.
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